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Preface 

The textbook Aaodynamics consist~ or two parts, each forming a separate 
volume: Fundamentals of Theory, Aerodynamics of an Airfoil and a Wing, and 
Methods of Aerodynamic Calculations. Before beginning the second part, readers 
should be familiar with the theoretical fundamentals of aerodynamics set out 
in the first part. Study of the material on applied aerodynamics, i.e. on the de
termination of aerodynamic characteristics, will help students master aerody
namic theory because according to didactic principles, scientific information 
is best assimilated when used actively to solve practical problems. Such an ap
proach relies on the information stored in the researcher's memory and on a 
comprehensive understanding of the logical relations that Pxist between indi
vidual elements. 

Mastery of the methods of aerodynamic calculations is important as an in
troduction to problems involving the relations between the theory and the prac
tical solution of specific problems. Study of these methods will also acquaint the 
reader with new phenomena inherent in the processes of flow over bodies. 

For the most complete and systematic presentation of applied problems of 
aerodynamics, academic courses should first treat the aerodynamics of airfoils 
and isolated wings [lifting, control, and stabilizing surfaces (Chaps. 6-9 of 
Part 1)]. The aerodynamics of bodies of revolution should be studied next and 
followed by a discussion of various combinations of wings, empennage, control 
surfaces, and bodies of revolution with account taken of the interference be
tween them (Chaps. 10-12 of Part 2). Section 11.6 considers unsteady flow over 
bodies of revolution, which is one of the main elements in the design of modern 
high-speed craft. The section includes a solution to a problem of practical sig
nificance: the calculation of stability derivatives for conditions of slender body 
oscillations at low frequencies. 

Special attention is given to the development of methods for calculating 
the aerodynamic characteristics of craft, particularly to the definition of the 
concepts of aerodynamic interference underlying these methods. An important 
section deals with the calculation of aerodynamic drag with account taken of 
interference. Considerable space in Part 2 is devoted to the determination of 
aerodynamic coefficients and their derivatives (stability derivatives) for un
steady flow. A special section deals with the non-stationary characteristics of 
craft that combine thin bodies of revolution (fuselages)! and wings. The section 
presents a numerical method for determining stability derivatives at subsonic 
velocities. It also considers ways to approximate these derivatives using inter
ference corrections and corresponding values of the derivatives for separate wings 
and bodies of revolution. 

An important place in the book is allocatetl to applied modern high-speed 
aerodynamics. Supersonic flow over a cone, for example, is considered in rela-



6 Preface 

tion to the influence of physicochemical transformations in the air (dissociation). 
Among the problems of this kind reflected in the second part of the book 
(Chaps. 13-15) are the flow of a gas in the boundary layer, the calculation of 
skin friction and heat transfer, ablation, and force and thermal action during 
the motion of bodies in a rarefied fluid. The important theoretical and practical 
questions of heat protection are too specific for detailed treatment here, and 
students may want to consult other sources for more information on these topics. 

An appreciable part of the book is devoted to the stability of craft. A sec
tion deals specifically with the influence of the planform and Mach number on 
the)erodynamic characteristics of a swept wing and its static stability in rolling. 
Information is also given on the role of aerodynamic interference in producing 
a rolling moment. 

Modern aerodynamics is characterized by two approaches to applied engi
neering problems. Firstly, general flow equations can be compiled and solved 
with the aid of computers. This approach is suitable when a tnodel has been cho
sen in advance that includes multivariant initial conditions and provides for 
a large volume of calculations. The flow over bodies can also be~studied analyt
ically by posing theoretical problems, formulating their correct physical and 
mathematical statements, and creating new ways of solving the problems. Such 
analytical solutions, which are extremely useful to 'engineers if properly applied, 
are discussed in great detail in the textbook. 

In performing aerodynamic calculations, it is important to find solutions 
in the dimensionless form. When conditions are similar aerodynamically, such 
solutions may then be extended from model to natural phenomena associated 
with the flow over craft and the flow of a gas in general. Dimensionless solutions 
are important even when conditions are dissimilar aerodynamically, however. 
By solving a definite problem, which may have no analogue, in the dimension
less form, we find the required parameters that determine the process and relate 
to the characteristic gasdynamic quantities known for such a process. For exam
ple, instead of calculating the absolute pressures, densities, or temperatures, 
we calculate their values related to the corresponding stagnation quantities. 
This aids in problem solving and reliable estimation of the values of the gasdy
namic parameters being sought. 

Naturally, the sections on applied aerodynamics in the second part of the 
textbook arejnot a complete treatment of the methodology of aerodynamic cal
culations. The material included, however, is a useful introduction to the prin
ciples of aerodynamic research. Part 2 should assist readers in developing the 
skills needed to formulate and solve aerodynamic problems that may arise in 
their future research. 

Nikolai F. Krasnov 
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A Cone in 
a Supersonic Flow 

10.1. System of Equations 
for Axisymmetric Flow 
over a Sharp-Nosed Cone 

10 

The problem of the flow over a sharp-nosed cone is one of the most 
important ones in aerodynamics. Its solution is of a major practical 
significance because it allows one to calculate the aerodynamic 
characteristics of craft or their elements having a conical shape, 
and, furthermore, to use the results of the solution for calculating 
a supersonic flow about sharp-nosed bodies of revolution. For exam
ple, this solution yields the initial point on the curve of flow para
meter distribution for a sharp-nosed curved body. In addition, the 
model of axisymmetric flow over cones is used for an approximate 
calculation of the distribution of the parameters of a gas over the· 
periphery surface of bodies of revolution (the method of "local cones"). 
The same results are used as comparative ones when investigating 
the aerodynamics of blunt-nosed cones. 

A number of approximations for the simplified calculation of the 
flow over a cone have been developed in theoretical aerodynamics in 
addition to the exact solutions. Some of them relate to slender cones 
in a linearized flow or in a flow with very large numbers M. The exact 
solution may be applied to cones of any angle in flows of any velocity. 
The main condition that must be fulfilled here is associated with 
the retaining of a conical flow near the body. A conical flow is one· 
whose parameters remain constant along straight lines issuing from 
the apex of a cone in an in viscid flow. The results obtained are also 
used, however, when studying viscous flow. The in viscid properties 
such as the pressure, velocity, and density, are treated as the para
meters on the edge of the boundary layer formed on the cone; and are 
factors determining the skin friction and heat transfer from the gas 
to the wall. 

Let us imagine a cone with a semi-apex angle ~c in an axisym
metric supersonic flow. Our task is to calculate the flow of a gas 
between this cone and a conical shock wave ahead of it. It is also 
necessary to determine the angle es of the linear generatrix of the-
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Fig. 10.1.1 
Velocity components on an in
termediate conical surfaee: 
1-shock: 2-cone inflow; 3-inter· 
lTIE"diate conical surface 

V~(M~I 

-o -- K 

.conical shock (Fig. 10 .1.1). To do tltis, we shall consider a system of 
equations in spherical coordinates (8, r, 11') as applied to a case of 
flow when the gas behind the shock experiences physicochemical 
transformations under the influence of a high temperature. We shall 
assume further that thermodynamic equilibrium i~ e.-;tabli~hed in 
the disturbed region. 

The solution being ~ought for:: uune mnst correspond to an axisym
metric conical field of a dist;,rbed flow in which the gas parameters 
remain constant along straight lines that issue from the apex and are 
generatrices of the intermediate conical surface~ (including the 
conical surfaces with the semi-apex angles El -= 8 5 and El ~ ~c) 

In view of the indicated property of the solution being sought, 
any partial derivative of tlw gas parameters with respect to the 
spherical coordinate r (Fig. 10.1.1) equals zero. Accordingly, con
tinuity equation (2.4 .. '37)*, in which we must take the partial deriv
atives with respect to r and ~, (two-dimensional flow) equal to zero, 
has the form 

2pVr + V 8 dp/d0 + p dV8 /d0 + pV8 cot 0 = 0 (10.1.1) 

The equations of two-dimensional flow near a cone obtained from 
system (3.1.45) in which the terms characterizing the viscosity are 
taken equal to zero, as well as the partial derivativE's with respect tot 
and r, can be written aR 

•dl'rlde = F 0 

pFe dV 8 /d0 + pVrVe + dp!d0 = 0 

(10.1.2) 

(10.1.3) 

In accordance with the number of parameters being determined, 
we shall add the follO\ving equation to these relations: 

_.!!__ m8 p T 
Ps -m-p;T;' ( 10.1.4) 

* Please do not forget that Chapters 1-9 are in Part 1 (Vol. 1) of the book. 
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It has been obtained from equation of state (1.5.8) for a gas at an 
arbitrary point of a tlow and from the equation of state Ps= p8 T8R 0/m 0 
related to the conditions directly behind the shock (the subscript 
"s"). The system being considered must also include the energy equa
tions (3.4.14) 

i + V2/2 = i 8 + V~/2 (10.1.5) 

and general relations of the type of (4.2.8)-(4.2.11) for calculating 
the enthalpy, entropy, mean molar mass, and the speed of sound: 

i = /1 (p, T) 

S = / 2 (p, T) 

m = / 3 (p, T) 

a = t~ (p, T) 

(10.1.6) 

(10.1.7) 

( 10.1.8) 

(10.1.9) 

The system can be used in this form for studying the flow of a 
dissociating gas over a cone. In the particular case of the absence .)f 
dissociation, this system is simplified. If we assume that in the 
disturbed region between the shock and the cone surface the specific 
heats and the mean molar mass of the gas remain the same as in the 
undisturbed flow, while the speed of sound and enthalpy depend 
only on the temperature, then instead of Eqs. (10.1.6)-(10.1.9) we 
must use relations (4.3.1)-(4.3.4) written in the following form: 

. cJJp k p 
~=cpT=FfP= k=t ·-p 

T P 
S =Cv ln pk-l +C1 =Cv ln ph+ C2 

m = const 

a2 = kRT = kp/p 

Equations (10.1.1)-(10.1.3) remain unchanged. 

10.2. Flow over a Cone 
at Constant Specific Heats 

(10.1.10) 

(10.1.11) 

(10.1.12) 

(10.1.13) 

Results of an important practical significqnce have been obtained 
for a flow over a cone for constant specific heats. They can also be 
used for approximate estimates of several parameters (for example, 
pressure) when the flow is attended by t:onsiderable heating that 
produces physicochemical transformations and, consequently, a 
change in the specific heats. 

To solve the problem, we shall use Eqs. (10.1.1)-(10.1.3) and 
(10.1.10)-(10.1.13). It isYmore convenient to use Eq. (10.1.3) if somP 
transformations are performed. For this purpose, we shall use the 
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expression a2 = dp/dp for the speed of sound written in the form 

ip/d8 = a2 dp/d8 (10.2.1)· 

After introducing the valnes of dp/d0 from (10.2.1) into (10.1.:3), 
we obtain 

!'JVe dV8/d0 + pV,.V8 + a2 dp/d8 = 0 

Inserting here the value of the derivative dp/d0 evaluated by 
(10.1.1), we find the transformed equation 

(10.2.2y· 

The square of the speed of sound in this equation by (3.6.21) is 

2 _ k+1 *2 k-1 (l'2 t- V2) a --2-a --2- r-- e (10.2.3) 

We see from the system of equations (10.1.2) and (10.2.3) that the 
problem of the flow over a cone has been reduced to a kinematic 
problem associated with determination of the velocity field in the 
disturbed flow near the cone, i.e. with finding of the functions Vr (8)• 
and V 8 (0) for the velocity components, or the fm1ction V (8) = 
= Vv; + V~ for the total velocity. Using the calculated total: 
velocity and formulas (10.1.4), (10.1.5), (10.1.10), and (10.1.11), 
we can determine the pressure, density, temperature, enthalpy, and 
entropy of the gas. We can use relations (3.6.26). (3.6.31), and 
(3 6.33) instead of the indicated formulas to rletermine the pressure,. 
density, and temperature, respectively. 

The boundary conditions at which numerical integration of the 
differential equations (10.1.2) and (10.2.2) is performed are deter
mined by the conditions of flow of the gas on the cone, and also by 
the conditions characterizing the gas parameters directly behind 
the shock. 

The boundary condition of flow over the cone consists in that the 
velocity component normal to its surface is zero, i.e. 

V e = 0 when 8 = ~c (10.2.4)· 

We have two conditions for the shock. We obtain the first of them 
taking the tangential velocity components ahead of the shock equal 
to those behind it, i.e. Vr,= = Vs,r (Fig. 10.2.1). Accordingly, 

(10.2.5}· 

Using this equation, we can obtain the second condition. To do· 
this, let us compile an expression for the horizontal velocity com
ponent Us of the gas on the shock (Fig. 10.2.1): 
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"fig. tO.l.t 
Triangles of velocities ahead of 
a shock and directly behind it 
·with supersonic flow over a cone 

Multiplying both sides of this expression by Vs.r and having in 
view· (10.2 . .'i), we obtain 

(10.2.6) 

where Vs.r and Vs.e are the tangential and normal velocity com
ponents on the shock. respectively. 

We shall now use Eq. (4.4.4) of a shock polar (hodograph) and 
write it in the form 

where w 5 is the vertical component of the velocity of the shock. 
Using (4.4.3), we have 

z - 2 v~ 
-tan es - k + 1 . *2 v + 1 a - ooUs 

Taking into account that tan2 08 = cos-2 88 - 1, while the value 
•Of V 00 Us is determined from (10.2.6), we find 

1 2 v~ 
cos 2 88 k+1 a*2 -V~.r+V8,eVs.rtan8 

Having in view (10.2.5), we obtain the boundary condition on 
rthe shock: 

e 1 ( k-1 v2 *z) tan 8 = V V k+i s,r -a 
s.r s, e 

(10.2.7) 

The system of equations (10.1.2), (10.2.2), and (10.2.3) is inte
·grated by a numerical method. The magnitude of the shock angle 08 

.and the free-stream velocity V oo are nsnally considered to be set. The 
.solution of the equations is aimed at determining the velocity field 
and finding the corresponding semi-apex angle ~c of the cone and the 
velocity Vr = Vc on it. 

Let us consider how the problem is solved. We use the given values 
•of es and v 00 to find the radial velocity component from (10.2.5): 

Vr,"" = Vs,r = V oo cos 08 (10.2.8) 



Ch. 10. A Cone in a Supersonic Flow 17 

Fig. 10.2.2 
To the calculation of the flow 
over a cone 

V~ -

\•Ve shall designate this velocity, which is identical for the con
ditions both ahead of the shock and directly behind it, by vrl = 
= V oc cos 01 , where 01 = 08 . Using this value of V.,,. = Vn, by 
(10.2.7) we calculate the normal velocity component Vs,e = V81 
behind the shock: 

V _ 1 ( k-1 v2 *z) 
81 - Voo sin61 k+1 rl -a (10.2.9) 

Let us consider an intermediate conical surface near the shock 
with an inclination of its generatrix of 81 - ~01 , where ~01 is a 
small increment of the angle 0 (Fig. 10.2.2). 

The radial velocity component llr 2 on this surface can be cal
culated by Eq. (10.1.2) \Vritten as a difference one: 

(10.2.10) 

Assuming here that Vr = Vr 2 and ~8 = ~01 = 01 - 02 , we 
obtain 

(10.2.10') 

\Ve determine the normal component V82 from Eq. (10.2.2), also 
written as a clifference one: 

Ve- Ve1 = (dValdElh ~e 

Assuming that V 8 = V 82 and ~e = ~01 , we fmd 

Ve2 = Ve1 + (dVeldElh ~01 

(10.2.11) 

(10.2.11') 

where the derivative (dV8 /d8)1 is evaluated from (10.2.2) according 
to: the parameters on the shock: 

(10.2.12) 

(10.2.13) 

2-055 
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Taking as the initial quantities the obtained values of Vr 2, V 92 , 

and also the value of a; determined by (10.2.3) in the form 

k+1 *2 k-1 (V2 + v2 ) a2 =-2- a -· -2- r2 92 

we can find in a similar way the parameters Vr 3 , V 83 , and a3 on the 
following intermediate surface with an angle of inclination of the 
generatrix of 

i=2 

83 = 82 - ~02 = e~- )1. ~ei 
I 

For an arbitrary conical surface with a generatrix angle of 

i=m-1 

8m=01 - ~ ~0; 
I 

the velocity components are calculated by the formulas 

Vr,m = Vr.m-1 + V9,m-1 ~0m-l 

Ve,m = Ve,m-1 + (dVe/d0)m-1 ~m-1 

(10.2.14) 

(10.2.15) 

(10.2.16) 

where the derivative (dV8 /d8)m-t is found from (10.2.2) according 
to the parameters Ve,m-1• Vr,m-l• am-I• and em-1 = Elm-2- ~em-2· 
The calculations are terminated when a certain value of the angle 
of the intermediate cone (Fig. 10.2.2) is reached: 

i=n-1 

en= en-1- ~en-1 = el- "\;1, ~0; 
I 

(10.2.17) 

and the normal velocity component becomes equal to zero, i.e. 

Ve,n = Ve,n-1 + (dVeldtl)n-1 ~en-1 = 0 (10.2.18) 

Here the derivative (dV 8/d0)n_1 is found from (10.2.2) according 
to the values of V8,n_1 , Vr,n-1, and an_1 on the neighbouring inter
mediate conical surface with a generatrix angle of 

i=n-2 

en-1 = 81- ~ t18; 
1 

(10.2.19) 

In the process of calculations, as a rule, we do not succeed in 
choosing such a small angle t10n-I in the very f1rst approximation so 
that the equality Ve,n = 0 will be satisfied. Usually a calculated 
value of Ve.n that reverses its sign in comparison with that of Ve.n 
on the neighbouring surface with a generatrix angle of en _1 corresponds 
to the chosen value of ~en_1 . This indicates that an increment of the 
angle t10n_1 smaller than the chosen one corresponds to the value of 
Ve,n = 0. To determine this increment, we have to perform inter-
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polation using the equation 

(10.:2.18') 

We use the value of ~en-I to evalnate the velocity on the cone: 

(10.2.20) 
and the angle 

i=n-1 

en= ~c = el- ~ ~ei (10.2.21) 
1 

Similar calculations can be performed in the reverse sequence, by 
setting the conditions on the cone. We also have to know the angle ~c 
and the velocity Vc on the cone. Numerical integration is completed 
when the boundary conditions (10.2.5) and (10.2.7) are satisfied. 
As a result, we find the parameters of the gas in the disturbed region, 
and also the shock angle ahead of the cone, as well as the free-stream 
velocity (Mach number). 

Each operation of numerical integration, \vith the values of 86 

and V oo given (or ~c and Vc), allows one to determine the wlocity 
field, i.e. the function v = V(8), where v = Vv; + v~. and to 
establish the correspondence between a given semi-apex angle ~c 
and the velocity Vc on it, on the one hand, and between the shock 
angle eS and the velocity v OOo on the other, 

By repeating the calculations at various given angles 05 and a 
fixed value of the velocity V oo• we can find relations of the form 
~c = ~c (8 5), Vc = Vc (~c), or Vc = Vc (08). The results obtained 
can be presented graphically in the plane of the hodograph w, u in 
the form of what we call an apple curve (Fig. 10.2.3a). This curve is 
the locus of the tips of the velocity vectors Vc of the disturbed flow 
directly on the cone. Point A on the apple curve and belonging to the 
tip of the velocity vector corresponds to a cone \\'ith a given semi
apex angle ~c; point B on the shock polar coincides with the tip of 
the velocity vector vs,r on the corresponding shock with the angle es. 

Curve AB is a hodograph, i.e. the locus of the tips of the velocity 
vectors in the disturbed region of the flow between the cone and the 
shock. The following must be done when constructing the hodo
graph. We use the velocity triangle in Fig. 10.1.1 to determine the 
velocity components for an intermediate conical surface: 

Vr = V cos (8- e); Ve = - V sin (0- e) (10.2.22) 

When integrating numerically, we use the found values of Vr 
and V 9 for the given angles 8 to determine the relation 

(10.2.23) 
2• 
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Fig. 10.2.3 
Apple curve (1) and shock polar (2) 

according to which we evaluate the angle e of inclination of the 
velocity vector V to the cone axis. The polar coordinates V and e 
determine the position of the points on the hodograph (see point C 
in Fig. 10.2.3a). 
f ~The described graphical method of solving the problem on the 
supersonic flow over a circular cone was proposed by A. Busemann. 

With the aid of an apple curve and a family of hodographs, we 
can graphically explain the physical nature of a supersonic gas flow 
over a cone. Gradual isentropic compression of the gas occurs along 
the streamlines in the region between the shock and the cone. In 
Fig. 10.2.3a, displacement from point B on the shock polar along 
the hodograph to point A on the apple curve corresponds to this. 
The streamlines, as can be seen from Fig. 10.2.2, gradually curve 
and approach the surface of the cone, adopting Lhe direction of the 
generatrix. 



Fig. 10.2.4 
Supercritical flow over a cone 
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M~'"l -V~ ' . .3c > 3c ,'~ 
___ (_ ·_~_j_~ 

Let us draw an arc of radius a* with point 0 as its centre 
(Fig. 10.2.3b). If hodograph AB for the given angle ~cl of the cone 
is to the right of the arc, then isentropic compression behind the 
shock wave occurs at supersonic velocities. For a certain cone angle 
~c 2 > ~c1 , part GK of the hodograph may be to the left of the arc, 
and part KD to the right of it. Hence, the disturbed flow is mixed. 
In the region adjoining the shock, it is supersonic, and near the cone 
surface, it is subsonic. For a larger angle ~c 3 > ~c 2 , hodograph EF 
is to the left of arc a*, and, consequently, the clistm bed flow is com
pletely subsonic. 

An analysis of the apple curve reveals that hvo solntions (see points 
A and A' of intersection of straight line AO and the apple curve) 
correspond theoretically to each cone angle ~c. One solution yields 
a lower velocity and a larger shock angle, and the other, a higher 
velocity and a smaller shock angle. Experimental investigations 
show thaL the second solution corresponding to a stable flow behind 
the shock is suitable. 

vVe can indicate point T A at which a ray from the origin of coordi
nates is tangent to the apple curve. This point corresponds theoreti
cally to a unique solution and determines the critical cone angle 
~c.cr· If the actual cone angle is larger than the critical one, this curve 
cannot be used formally to stndy the flow over the cone. In real con
ditions, the shock detaches from the tip and becomes curved 
(Fig. 10.2.4). Such a flow is called supercritical. It is not difficult 
to note that the critical angle is a function of only the free-stream 
velocity (or, correspondingly, of the number Moe= V= 1aoo or the 
speed ratio 'Aoo = V oola*). 

According to experimental data, the shock moves away from 
the tip at angles ~c somewhat larger than those determined by the 
exact theory of flow over a cone. For example, it has been found 
experimentally for the number Moo = 2.45 that the shock moves 
away at an angle of ~c = 46°, whereas the theoretically calculated 
value is ~c = 45°46'. 

Experimental investigations show that a conical flow corresponding 
to a constant velocity on the cone is retained until the speed of sound 
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Fig. 10.2.5 
Family of apple curves and 
shock polars: 
1-shock; 2-family ot apple curves; 
3-familY of shock polars 

is reached on its surface. The corresponding cone angle ~~ can be 
determined from point A" of intersection of an arc of radius a* and 
the apple curve (see Fig. 10.2.3b). Consequently, in practice, the 
apple curve may be used in calculating the flow over the entire conical 
surface for angles of ~c ::( ~~. The velocity at the cone tip found 
with the aid of the conical theory (using the apple curve) agrees with 
experimental data for all values of the angles ~c ::( ~c.cr• i.e. for 
the conditions of flow in which the shock still remains attached. 

The apple curve shows how the velocity Vc on the cone and the 
shock angle es depend on the cone angle ~c at a given free-stream 
velocity V oc (at given values of Mao or Aoo)· To obtain such a relation 
for a different velocity V oo (Moo or Aoc), it is necessary to perform 
numerical calculations of the flov,· over the cone and construct the 
relevant apple curve for the new conditions of flow. A family of 
such curves shows how the velocity on the cone and the shock angle 
depend on the cone angle ~c and the velocity V oo (Moo or Aoo). 
Figure 10.2.5 shows a family of apple curves constructed for various 
values of the speed ratio Aoo = V oola*. This figure also contains the 
corresponding shock polars, which allows us to compare the flow 
over a wedge with the same semi-apex angle ~c as the cone. 

A close look at Fig. 10.2.5 reveals that the velocity on the cone 
is higher than on the wedge (OAc > OAw)· For a wedge, the flow 
on an oblique shock turns through the wedge angle ~s = ~w• whereas 
for a cone, the flow on the shock occurs at a smaller angle ~s < ~c· 
Consequently, the angle es.w of inclination of the leading shock 
wave ahead of a wedge is larger than the angle es.c ahead of a 
cone. 

The same result can be obtained from Fig. 10.2.3a. Let us connect 
points Aw and B to point 0 2 and erect perpendiculars from point 0 2 

to the straight lines Aw0 2 and B0 2 obtained. The angles between 
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the perpendiculars and the horizontal axis u determine the slope of 
the shocks formed ahead of the wedge e,,w and the cone 0s,c· A glance 
at the f1gure reveals that 8s,w > 8s,c· In accordance with this result, 
the angle of inclination of a shock ahead of a cone (the same as 
ahead of a wedge) behind which the flow turns through the critical 
angle is reached at a larger semi-apex angle than for the wedge. 
Hence, the critical angle of a cone is larger than of a wedge with the 
same semi-apex angle (see also Fig. 10.2.5). The explanation is that 
unlike the plane flow near a wedge, the flow in the vicinity of a cone 
is spatial and ensures a smoother change in its direction. 

Of importance in calcnlating the flow over a cone is the determi
nation of the pressure density, and temperature from the found values 
of Vc and 08 • Taking into account the isentropic nature behind 
a shock. we shall use the corresponding relations (3.6.26)-(3.6.33). 
Having in view that in formnla (:LG.33) the temperature T 0 does 
not change behind a shock and is determined from (3.6.35), we shall 
find the following formula for the lemperature on a cone: 

J: =(1-i'~) ( 1 + "; 1 M~) (10.2.24) 

where Vc Vc!V max• 
The stagnation pressure in formula (3.G.2G) has to be calculated 

with a view to the losses in the shock. Designating the value of this 
pressure hy p~ and introducing the parameter v 0 = p~/p 0 evaluated 
from the stagnation pressure p 0 ahead of a shock by (3.6.29), we 
obtain for the pressure on a cone 

:: = Vo [ (1- V~) ( 1 + k 2 
1 JU~) r/(h-1) (10.2.25) 

The parameter v 0 = p~/p 0 is determined depending on the number 
Moo and the angle 88 ahead of the cone with the aid of (4.3.21) and 
(4.3.22) as follows: 

1+11 

~ l llf2 sin2 e ""26 
V 0 =[(1+6)M.;,sin2 08 -0j ~o 00 

6 
8 J 

(1-6) (t+ 1_ 6 M;.,sin 2 68 ) 

(10.2.26) 

We use the equation of state to calculate the density ratio: 

PcfPoo = (PcfPoo) T oofTc (10.2.27} 

According to the absolute value of p 0 , we determine the pressure 
coefficient on the cone: 

Pc = (Pc - Poo}/qoo = 2 (Pc - Poo)/(kM;.,poo) (10.2.28) 

We determine the drag force due to the pressure (the wave drag) 
with the aid of relation (1.3.2). Assuming that p = Pc• Cr.x = 0, 
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/'... 
Sr = Smld = nR~. dS = 2nR dl, and cos (n, x) =sin ~c (see 
Fig. 10.1.1), we obtain 

lc 

Xw = qooSmtct Pc sin ~c 2 ~ 
- 2rtR dl 

nRc 
0 

Having in view that dl sin ~c = dR, we find the following expres
sion for the wave drag coefficient.: 

1 

Cx,w=Xw/(qooSmld}=2 J pjldR (10.2.29) 
0 

where R = R!Rc. 
Since the pressure coefficient Pc on the cone in supersonic flow is 

constant, we find the following expression for the wave drag coeffi
cient: 

Cx,w = Pc (10.2.30) 

Hence, the wave drag coefficient of a cone at axisymmetric super
sonic flow equals the pressure coefficient on its surface. As a result 
of processing the data of the exact theory, we can recommend the 
following approximate formula for calculating the wave drag coeffi
cient (or the pressure coefficient) in such a flow (see [1]): 

Cx,w = Pc = 2 · 10-3 (0.8 + M~) ~.\" 7 (10.2.31) 

where ~c is the semi-apex angle of the cone, deg. 
Calculations by this formula may be performed up to values of 

~c ::( 50° and Moo = 7;-8. The lower limit of the number Moo corre
sponds to the critical value of the cone angle ~c.c r at which a shock 
still remains attached. To calculate the shock angle ahead of a 
sharp-nosed cone, we can use the approximate relation (see [2]) 

0 ( k+1 )1/2 Moosm08 =1-cos~c+ 1+-2-M~sin
2 ~c (10.2.32) 

This relation yields satisfactory results at values of ~c and Moo 
such that may be used when calculating by formula (10.2.31). The 
error grows at high values of ~c and Moo when the influence of dis
sociation becomes significant (Moo > 10 and ~c > 30-40c). 

1 0.3. Influence 
of Equilibrium Dissociation 
and Ionization of a Gas 
on the Flow over a Cone 

To solve the problem of the flow over a cone with account taken of 
the influence of equilibrium dissociation and ionization, we shall 
use a system including differential equations (10.1.2), (10.2.2), equa-
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tions of state (10.1.4) and energy (10.1.G), and alsothe general rela
tions (10.1.6)-(10.1.9) for determining the enthalpy, entrop?. mean 
molar mass, and the speed of so11Ild in the dissociating and ionizing 
gas. The general scheme of numerical integration of the differential 
equations is the same as with constant specif1c heats. 

\Ve begin our calcnlatiom; with determination of the gas para
meters behind an obliqne shock according to tlte given angle es. 
\Ve determine the radial velocity component l's,r by (10.:2.8), and 
the normal component Ys,e according to the shock theory taking 
into account dissociation and ionization (see Sec. 4.2). In a first 
approximation. we assume the value [see (4.2.12)1 

"-1'(1) - (V l' ) '1·' - (V r } 'TT L.l I n - nl - 112 I ~ nl -- e,()O - )! s.8 I)! e,:JO (10.3.1)· 

equal to unity, i.e. consider the condition of stagnation behind the 
shock at which Vs,e ~ 0. \Ve find the pressure corresponding to these 
conditions by formula (4.2.15). Assuming that ~l'n _c= 1 and navmg 
in view that Mnr = Moo sin 88 , we obtain 

(10.3.2)· 

By expression (4.2.16), in which we assume that ~ l'n = 1 and 
l'n1 = V., sin 88 , we calculate the enthalpy: 

(10.3.3) 

We can find the density p<~> from the nlues of p<!> and i<~> by 
using graphs of the thermodynamic functions of air [3, 4], and then 
in a second approximation determine the change in the relative 
velocity by (4.2.21): 

~ v·<~> cc~ 1 - poo/pq> (10.3.4) 

We use this velocity increment to determine more precisely the 
pressure 

p~2 ' = PX) (1 + k!M"oo sin~ eA ~ v;t) 
and the enthalpy 

P sin~e ~Vz 
"<2J _ · [1 + oo s · n (') .\ i7•2')] ls -loo ·-.- ....~-L\t n 

2 tl 

(10.3.5)· 

(10.3.6) 

Using graphs of the thermodynamic functions, \Ve find the density 
p<~) and determine more precisely the quantity ~ v;,3

': 

~ V< 3> = 1 - p /o<s2 ) n oo~ 
(10.3. 7)· 

If the value of ~ "V<~> differs only slightly from that of ~ V<;,>, the 
iteration is terminated and the normal velocity component behind 
the shock is determined: 

Vs.e = Y81 = 1'8, oo (1- ~0~>) = v·oo sin_Os (1- ~V<~>) (10.3.8), 
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We can also use the tables contained in [5] for our calculations. 
From these tables according to the values of p<p and i<P (in these 
tables the enthalpy is designated by h, m 2/s2 ), we can determine the 
temperatnre T<p and the mean molar mass of the air m<~>, and then 
<:alculate the density by (4.2.17): 

(10.3.9) 

where we may assume for undissociated air that moo = 29 g/(g· mol). 
Next by formulas (10.3.4)-(10.3.6), we evaluate p<p and i<~>, find 

T<~> anrl m<~> from the corresponding tables, and by expression 
(10.3. 9) rletermine the quantity 

<2! _ p~2 ' m~2 ' Too 
Ps ---··--·~ Poo 

Poo moo s 
(10.3.9') 

Introduction of the value of p<~> into formula (10.3.7) yields~ 0~>, 
while expression (10.3.8) yields V5, 8 = Ve1 -

For the given integration step ~81 , we calculate V, 2 and V82 on the 
neighbouring conical surface by (10.2.10') and (10.2.11'), respective
ly. In formula (10.2.11'), we determine the derivative (dV8/d0)r 
by expression (10.2.12) in which we find the speed of sound a 1 from 
tables or graphs of thermodynamic functions according to the known 
values of p<~> and i<~> (or of p<~> and T<P). 

On the chosen conical surface, we determine the enthalpy by 
Eq. (10.1.5): 

(10.3.10) 

For further calculations, one should use the value of the entropy 
.()f the gas assuming that the disturbed flow behind the shock is 
<isentropic in the entire region, and, therefore, that the entropy is 
everywhere the same as in the gas flow behind the shock. We deter
mine this entropy S = S s = const from tables of the thermodynamic 
functions according to the values of p<~> and i<~> (or p<~> and T<~>). 

Using the enthalpy i 2 and the entropy S, we can find the speed of 
.sound a 2 from tables or graphs, and by formulas (10.2.10') and 
(10.2.11') calculate the velocity components V, 3 and V93 , respective-

2 

ly, on a conical surface with the angle El = 85 - 2J t10i. In a 
i=1 

:similar way, we calculate the flow parameters for neighbouring 
intermediate conical surfaces. We terminate these calculations 
when on one of these surfaces the normal velocity component V e.n 
is zero. The corresponding angle (10.2.21) is the semi-apex angle of 
the cone in the flow, and the velocity is the velocity V0 (10.2.20) 
.on this cone. The corresponding enthalpy is 

ic = is + (V: - V~)/2 
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where 
v; = F~ 1 + F;1 and is = i<~> 

We can determine the temperature Tc, pressure Pc• and density 
Pc on the cone from the enthalpy ic and entropy S = Ss according to 
tables and graphs or the relevant formulas. 

All the parameters on a cone in a flow with the preset Mach number 
Moo depend not only on the temperature T oo• which is characteristic 
for varying specific heats, but also on the free-stream pressure Poo• 
on which the degrees of dissociation and ionization depend. 'Vith 
given parameters ~c· M oo• and T "'' we can choose the flight altitude 
H instead of Poo as the function determining the change in the para
meters of the gas on a conical snrface. At given values of Too and 
M"", the flow parameters on a cone are functions of the angle ~c and 
the altitude H. 

Processing of the results of calculating the parameters of the 
flow over a cone by this method, and also of experimental data. 
allows us to obtain approximate relations for the pressme coefficient 
Pc• the relative density p = pooiPc• anrl the shock angle 88 (see [6]): 

Pc = 2 sin2 ~c [(1 - 0.25p) cos2 (0s- ~c)J-l (10.3.11) 

p = 2 { i- (2 tan ~c/tan 88) [ 1 + V 1- 2p tan2 ~0/(1- 0.5p)2r 1J 
(10.3.12) 

102 Moo sin 0s = 44- log Poe+ 0.5 (201 + log Px) Moo sin ~c 

(10.:3.13) 
where Px is the atmospheric pressure, Pa. 

The above relations yield satisfactory results for values of p;:::::; 0.1 
and less. Calculations with the aiel of these relations do not require 
the use of tables of the thermodynamic functions. vVe nse the known 
values of Moo, ~c• and Poo (these values are given) and Eq. (10.3.13) 
to determine first 08 , next p with the aid of (10.3.12), and then the 
pressure coefficient by (10.3.11). 

To determine the temperature T 0 , we must use equation of state 
(1.5.8). Relating this equation once to the flow of the gas on the cone 
and a second time to the conditions in the oncoming stream, we fwd 

(10.3.14) 

a 

By (10.3.14) and the found values of Pc and p, we calculate Tc = 
= amc or with the aid of a graph of the function me = / 3 (p0 , Tc) 
(see Fig. 1.5.7), we find the corresponding value of Tc by f1tting. 

Some resnl ts of calculating the parameters on a cone are presented 
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Fig. 10.3.1 
Pressure on a cone with account 
taken of the dissociation of the 
gas 
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Fig. 10.3.2 
Temperature on a cone with ac
count taken of the dissociation 
of the gas 
(T 00=220 K, M 00 =10) 

Tc, K 

in Figs. 10.3.1-10.3.3. The nature of the change in the pressure Pc• 
temperature Tc, and the density Pc on a cone when dissociation and 
ionization occur is the same as directly behind a shock. The pressure 
here, like that behind a shock, depends only slightly on the dis
sociation and ionization. Its magnitude depends mainly on the 
free-stream conditions; the maximum excess pressure on a cone 
cannot exceed a certain limiting value p 2 - p 1 obtained from 
(4.2.14) provided that Vn 2 = 0, V n1 = V1 = V oo (a normal shock) 
and equal to P2 -PI = Poo v~. At the same time, the temperature 
and density change appreciably, this change being greater with 
an increasing cone thickness. 

If the cone angles are not large, then even at appreciable flow 
velocities these parameters on a cone are under a slight influence 
of physicochemical transformations. Calculations reveal that at 
Moo = 24 the density does not virtually change with the altitude 
up to angles of ~c = 15°, and at Moo = 10 (Fig. 10.3.3)-np to angles 



Fig. 10.3.3 
Density on a cone in a dissoci
ating air flow 
(T00 =220 K, M 00=!0) 

Fig. 10.3.4 
Change in the shock angle ahead 
of a cone in a supersonic 
flow 
(solid line-real gus, dashed line
perfect gas) 
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of Be = 35°. Consequently, the interval of angles Be which compara
tively low temperatures and a negligibly small degree of dissociation 
correspond to expands with diminishing of the velocity. The same 
phenomenon is observed when the flight altitude decreases. 

Larger angles of a cone cause more intense heating, and, as a 
result, dissociation and ionization, which can snbstantially affect 
the flow parameters. Figure 10.3.4 shows this influence on the change 
in the shock angle 05 ahead of a cone with the semi-apex angle Be = 
= 40°. The angle 05 is smaller than what is observed for constant 
specific heats (k = 1.4). This causes a reduction in the strength of 
the shock and an increase in the velocity behind it, which leads to 
a growth in the velocity on the cone in the flow. 

A growth in the flow velocity and a decrease in the sound speed 
lead to an increase in the number Me on a conical surface in a dis
sociating gas. 

An increase in the local Mach number causes the pressure to drop. 
At the same time, it grows because of the increase in the number 
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of gas particles upon dissociation and, consequently, on the larger 
number of their collisions. The overall effect manifests itself in 
a growth, although insignificant, in the pressure (see Fig. 10.3.1). 

We have considered two cases of in viscid flow over a cone. One 
of them is associated with the flow of the gas at constant specific 
heats that is entirely non-equilibrium, and the other with equilibrium 
dissociation. The two cases can be considered as limiting ones cor
responding to the boundaries of an interval inside of which non
equilibrium flows in the disturbed region are arranged. The para
meters in such a region vary from their completely non-equilibrium 
values on a shock to equilibrium values at the end of the relaxation 
length (near the surface or on it). 

1 0.4. Blunt-Nosed Cone 

Shape of Blunt Noses 

In many craft, the noses are blunted. Such nose shapes are em
ployed first of all for very high airspeeds when the main requirement 
is for the noses to withstand the high temperatures of the gases 
flowing over them. But quite often, low-speed craft (or their separate 
elements) have a blunt-nosed shape, which may be due to the struc
tural features, the designation of the craft, etc. It is virtually always 
necessary to consider a blunt body because it is impossible tech
nologically to create an absolutely sharp nose. 

Let us consider conical bodies with various shapes of their blunted 
noses as the most widespread ones. Figure 10.4.1 shows a cone-sphere
(a conical body with a blunt spherical nose). The equation of the 
straight part of the generatrix of such a body tangent to the sphere 
has the form 

r - r n = (x - Xn) tan ~c (10.4.1) 

where r n and Xn are the coordinates of the point of tangency of the 
spherical nose and the generatrix determined in terms of the nose 
radius Rn and the semi-apex angle ~c: 

rn = Rn cos ~c; Xn = Rn cot ~c cos ~c (10.4.2) 

The equation of the generatrix of a spherical nose in .. a system of 
coordinates whose origin coincides with its apex is as ... follows in a 
dimensionless form: .. 

(10.4.3) 

where r = r!Rn and X= x!Rn. 
The slope of a tangent at a given point of the generatrix to the 

axis is 
tan ~ = dr/dx = (1 - -;;)ir (10.4.4) 



Fig. 10.4.1 
Tangent cone-sphere 

Fig. 10.4.2 
Secant cone-sphere: 
1-secant cone-sphere; 2- tangent 
cone-sphere; a-nat-nosed cone 
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The nose of a cone can be designed so that the generdtrix will be 
not a tangent, but a secant with respect to a spherical surface 
(Fig. 10.4.2). The radius of such a surface constructed for a point 
with the coordinates rn and Xn will be Rn,s > Rn, where Rn is the 
radius of a tangential nose related torn and Xn by expressions (10.4.:2). 

Figure 10.4.2 shows a cone blunted in the form of a flat surface 
(a flat nose) that may be considered as a sphere with an infinitely 
large radius. A spherical nose and a flat one, in turn, may be con
sidered as the "limiting" shapes of an elliptic surface. Figure 10.4.3 
depicts a cone with a blunted nose in the form of such a surface. 

A spherical tangential nose and a flat nose are the most charac
teristic shapes of blunting that can be considered as the extremes 
of :m intPrval, as it were, containing other possible shapes. Both these 
characteristic shapes are of interest when studying the aerodynamics 
of blunted bodies with an intermediate nose shape because they 
allow us to estimate the extreme values of the aerodynamic para
meters inherent in them. 

The aerodynamic characteristics of blunt-nosed bodies depend 
substantially with a given type of nose on the degree of blunting, 
by which is meant the ratio of the radius of the nose base rn to that 
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Fig. 10.4.3 
.Cone with elliptical blunting 

of the mid-section (maximum cross section) of the body rmld (rn 
= rnlrmid). A change in the degree of blunting of a cone with a 
spherical tangential nose or a flat nose corresponds to the interval 
0 ::( 1:-n ::( 1. At rn = 0, we have a sharp-nosed cone, and at 1: = 1, 
a cylinder. Blunting in the form of tangential and secant noses is 
characterized by the ratio rnl Rn,s that varies from r nl Rn,s = 0 
(a flat nose) to (rn/Rn.s)sph for a tangential sphere of radius Rn,s = Rn. 

Features of Supersonic Flow 

An aerodynamic property of blunt-nosed bodies that is important 
in practice consists in that upon motion in the atmosphere at very 
high speeds, they are heated and destroyed less than sharp-nosed bodies. 

Let us consider the gas-dynamic phenomena that underlie this 
property of blunt-nosed bodies. Figure 10.4.4 shows a flow near a 
blunt-nosed conical body. A detached shock wave with a varying 
strength at different points of its surface forms ahead of the body. 
Far away from the nose, the shock wave transforms into an ordinary 
disturbance wave with an infinitely small strength and an angle of 
08 = (.too = sin -l (1/ Moo). The strength will be maximum at the 
crest of the wave (point B in Fig. 10.4.4) where 08 = n/2. Since 
in the vicinity of the nose the angle es differs only slightly from n/2, 
then the corresponding part of the wave has a snfficiently high 
strength close to that of a normal shock. 

The transition of the gas particles through such a strong shock is 
attended by appreciable losses of the total head and by an increase 
in the entropy. As a result, a layer of some thickness forms at the 
surface of the body in which the gas has a high entropy. It is assumed 
that such a high-entropy layer is confined by a part of the shock 
wave and the surface obtained by the rotation of a "sonic" streamline, 
i.e. a streamline passing through a "sonic" point on the wave (point S 
with the coordinate rs.n in Fig. 10.4.4). 

In the high-entropy layer, owing to the different stagnation at 
various points of the shock wave, the flow is characterized (Fig. 10.4.4) 



Fig. 10.4.4 
Supersonic flow over a blunted 
cone: 
1-hsonic points", 2-shock wave; 
3-"sonic" streamline; 4-high
entropy layer 
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by a velocity gradient in the direction of the normal n and, there
fore, by a varying value of the local number Mover the thickness t1. 
If the boundary layer has a considerably smaller thickness than the 
high-entropy one, the velocity gradient in it may be disregarded in 
comparison with that in the high-entropy layer. This simplifies in
vestigation. It is assumed that in the high-entropy layer, the velocity 
at various points of the section is the same. It can be assumed to 
approximate the mean velocity between the values on the sonic 
streamline, and also on the zero one passing through the wave crest. 
This velocity is obviously lower than that on a sharp-nosed cone. 
Near the surface, the region of the flow occupied by the high-entropy 
layer and characterized by low velocities (and, consequently, by 
low ,~f ach and Reynolds numbers) has a decisive influence on the 
formation of the processes in the boundary layer. 

A significant feature of the flow consists in that under the in
fluence of blunting, the flow conditions in the boundary layer change. 
Owing to the decrease in the local Reynolds numbers based on the 
velocity in the high-entropy layer, the laminar boundary layer 
transforms into a turbulent one much farther downstream, and, 
consequently, the length of the laminar boundary layer grows. This 
facilitates a diminishing of the skin friction and a reduction of the 
heat fluxes to the wall. 

The reduction of the heat fluxes due to the increase in the entropy 
of the gas during a transition through a shock is called the entropy 
effect. It should be had in view here that the entropy effect consists 
not only in a decrease in the velocity on the boundary layer edge, 
but also in a drop in the density of the gas, i.e. in lowering of the 
Reynolds numbers. At the same time, the increase in the entropy also 
leads to elevation (in comparison with a sharp-nosed body) of the 
temperature on the boundary layer edge. This is the opposite effect 
of the high-entropy layer resulting in a certain increase in the heat 

3-05t 
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Fig. 10.4.5 
Pressure coefficient on the sur
face of a flat-nosed cone at 
Moo= 6.85: 
solid line-experimental data; dashed 
lin~-data ~alculated according to 
tfre cone theory for a sharp-nosed 
body 
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flux from the boundary layer to the wall. But calculations and 
experimental investigations show that the overall entropy effect 
upon an appropriate choice of the wall and the shape of the blunting 
is associated with diminishing of the heat fluxes. 

The wave drag of a blunt-nosed body in comparison with a sharp
nosed one, as a rule, grows, although slender conical bodies with 
small blunting are characterized by lo\vering of the drag. The ex
planation is that notwithstanding the increase in the pressure at 
the nose, a reduced pressure in comparison with that for a sharp
nosed cone appears on a considerable part of the surface in the flow. 
Such a decrease in the pressure behind the nose is shown in Fig. 10.4.5. 
The latter depicts experimental results obtained in a wind tunnel for 
a slender flat-nosed cone in a supersonic flow at M oc = 6.85. The 
minimum pressure is reached at a distance from the nose of about 
10 blunting diameters (x ~ 10Dn)· At x ::::::; 100Dn, the pressure 
regains its value on a sharp-nosed cone. If such a cone has a small 
length and, consequently, a small surface with a reduced pressure, 
the decrease in the drag for this part is not sufficient to compensate 
its growth because of the increase in the drag of the face. For a 
sufficiently long cone, the decrease in the drag of the peripheral 
part may be more substantial and will lead to a decrease in the 
total drag of the blunt-nosed conical surface in comparison with the 
sharp-nosed one. 

The main effect due to blunting consists not in the change in the 
drag, which at a low degree of blunting is comparatively small, but 
in a substantial decrease in heat transfer. Investigations show that this 
advantage of blunting manifests itself mainly in the region of hyper• 
sonic velocities. · 

We may also indicate other cases of the use of blunt-nosed surfaces 
associated not so much with the need to diminish heat transfer as 
with the increase of the drag. Landing spacecraft modules are designed 
with surfaces of this shape. They are characterized ·by high values of 
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cxa ensnring their more intensive retardation in the atmosphere. 
Measures must be taken to protect such moJules or craft from 

destruction because of aerodynamic heating. 

Flow over a Cone 
with a Spherical Nose 

Equations of Flow and Their Solution. Investigation of the gero~ 
dynamics of an entire blunt-nosed body is associated with the study
ing of the flow over its blunted nose. The results of these investiga
tions are the basis for calculating the flow parameters on the remain
ing part of the body. In addition, these results are of an independent 
significance because they allow one to determine the aerodynamic 
characteristics of a blunted nose. The onrall aerodynamic charac
teristics of a body can be determined by summating the components 
for the nose and for the remaining part. We must indicate here that 
if the flow over the peripheral part of a body depends on the blunting, 
the conditions of flow over the nose itself are determined only by 
the shape of the part of the nose up to the sonic point on its surface. 
If such a sonic point is on the peripheral surface (downstream of 
the line where the nose joins the body), the disturbances on this 
surfacr of the body propagate upstream in the direction of the nose, 
and the flow over it may not be treated without regard to the flow 
over this region. 

Let us consider the problem of the flow over the spherical nose of 
a conical body assuming that the flow over the nose is not affected 
by its peripheral surface of the body. Although we shall study in
viscid flow, the ,-;olu tion being sought is of a rn ajor practical signifi
cance: it allmvs us to determine the basic Conditions of the flow outside 
the boundary layer needed for studying the skin friction and heat 
transfer in the boundary layer. 

We shall first consider the flow in the vicinity of the stagnation point, 
'vhich is one of the most characteristic points of a spherical surface., 
It is interesting to investigate this flow first of all because it i&' 
associated with such a practical problem as the determination of the· 
heat fluxes, which may reach thcir"highest value here. The solution: 
of the problem on the flow near the stagnation point also allows us 
to determine the distance from the shock wave to the nose, as well 
as the distribution of the gas-dynamic parameters in this smaU 
region; the solution can be obtained in the general case with account 
taken of the physicochemical transformations of the gas. 

To solve the stated problem, Yv'eshall use the equation of motion,. 
which according to (3.1.2!) for an "invis,cid" (v = 0) and a "weightless'~ 
gas (G- = 0) is as follows in the vector 'form: 

(10.4.5~ 

B* 
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Fig. to.4.6 

M~ -v_ 
Shock 
wave 

!! c 

Supersonic flow over a spherical surface 

Rso 

Let us write Eq. (10.4.5) in a system of curvilinear orthogonal 
coordinates. We make the origin of coordinates of this system coin
cide with stagnation point 0 on the spherical surface, measure the 
coordinate x along the surface, andy along a normal to it (Fig. 10.4.6). 
Using (3.1.22) and taking into account that we are studying a steady 
flow (aV/at = 0), we transform Eq. (10.4.5) as follows: 

grad ("P/2) + curl V X V = -(1/p) grad p (10.4.6) 

Considering the projections of the vectors onto the directions of 
the coordinate lines q1 and q2 of the curvilinear system [see (2.4.11)], 
we obtain equations of motion: 

[grad (V2/2)] 1 + (curl V X Vh = -(1/p) (grad p)1 } 

[grad (V2/2)1 2 + (curl V X V) 2 = -(1/p) (grad p) 2 (
10

·
4

·
7

) 

The values of [grad (P/2)] 1 and [grad (V2/2)l 2 can~be determined by 
(3.1.24). Substituting V2/2 for p, we obtain 

( 10.4.8) 

where by (2.4.40), q1 = x, q2 = y, and q3 = y. 
Sin~e we are dealing with axisymmetric flow, we have 

a (V212)/aq 3 = a (V2/2)/ay = o 

Using the values given by (2.4.42) for Lame's coefficients h1 and 
h 2 , we shall write formula (10.4.8) as 

( 
V2) ( y2) ( y )-1 a(V2/2) a(V2/2) 

grad 2 
1
i1 + grad - 2- 2

i 2 = 1 + Rn • ax i1 + f}y iz 
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whence 

(grad ~2 ) 1 = ( 1 -!- ~n r 1 a\ ~;2) ; (grad ~2 ) 2 = a (~:/2) 
(10.4.9) 

Let us consider the cross (vector) product 

curl V X V =[(curl V) 1 i 1 + (curl V) 2 i 2 +(curl V) 3 j 3 ] 

Hence we find the projections: 

(curl V X V)1 = (curl V) 2 V 3 - (curl V) 3 V 2 

(curl V X Vh = -(curl Vh V 3 + (curl V)a V1 

Since we are considering axisymmetric flow, in these expressions 
V 3 = 0. The projection of the vector (curl V) 3 in accordance with 
(3.1. 28) is 

( IV) 1 [a(h2V2) a(hlFI)J 
cur a= hlh2 aql - aq2 

or with a view to (2.4.40) and (2.4.42), 

(curl V)a = ( 1 + ~n r1 { a~y - a [(1+~~Rn) Vx] } (10.4.10} 

Therefore, 

(curl V X V) 1 = -(curl V)a V 2 

=-( 1 +_Y_)- 1 v { aVy _a[(i+y!Rn)Vx]} 
Rn Y ax ay l 

>-(curl V X V)2 =(curl V)a V1 

= ( 1 + ;n r 1 v X { ~:y - a [(1+y!Rn) V:x] } I 
ay J 

(10.4.11) 
It follows from (3.1.24) that 

1 ap d 1 ap 
(grad p) 1 = h; · aq

1 
, (gra P)z = h

2 
• aq

2 

or with a view to (2.4.40) and (2.4.42), 

( 
y )-1 ap ap (grad P)t = 1 + Rn ax, (grad p)z = ay (10.4.12) 

Introducing (10.4.9), (10.4.11), and (10.4.12) into (10.4.7), after 
transformations we obtain the following equations of motion: 

1 ~fRn. a;;oc + Vu a~x + :~~n = - p (1 +1y/Rn). ~~ (10.4.13) 

(10.4.14) 
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The equations of motion have to be supplemented with an equation 
of continuity, which by (2.4.46) for steady flow (oplot = 0) can be 
written as 

a (prVr)tax + a [pr (1 + y!Rn)Vullay = o (10.4.15) 

If we assume that we are investigating a region in the vicinity of 
a critical point and the oncoming flow has a very high supersonic 
velocity, the initial equations (10.4.13)-(10.4.15) can be simplified. 
Actually in Jthese conditions, the flow behind a shock wave is vir
tually incompressible because the number M 2 differs only slightly 
from its value [(k - 1)/2k]1/2 corresponding to a limiting case of 
·flow (at M oa -+ oo and k = const) behind a normal shock. Con
-sequently, in the vicinity being considered, we can assume that the 
-density is constant and equals p80-the density behind the shock at 
the stagnation point. Hence, we may substitute the constant quantity 
p10 for the variable density p in the equations of motion and con
tinuity. 

Since we are dealing with high velocities, in this case a shock wave 
•Comes close to the surface of the body. The region of disturbed flow 
.occupies a layer of thickness s very small in comparison with the 
l'adius of curvature Rn of the nose surface. 

Therefore, if we assume that s!Rn ~ 1, then evidently y!Rn « 1 
because 0 ~ y « s. Consequently, we may disregard the quantity 
y!Rn in the equations of motion (10.4.13) and (10.4.14) and of con
tinuity (10.4.15). With a view to the above simplifications and to the 
fact that for the conditions near the stagnation point we may assume 
that r ~ x in (10.4.15), Eqs. (10.4.13)-(10.4.15) can be written as 
follows: 

v v -
V aVx + V aVx +~= _ __£__ .!J!... 

"' ax Y ag Rn Poo ax 

V _ avy v avu _ v~ = _ __2._ ._.!!_!!_ 
X Dx + y ay Rn poo ay 

a(xVx) I a(xVy) -0 
ax I ay -

(10.4.16) 

(10.4.17) 

(10.4.18) 

ln Eqs. (10.4.16) and (10.4.17), we have introduced the dimen
-sionless density p = Poolp ~ poo/p50 = const. We shall show that 
Eqs. (10.4.16) and (10.4.17) can be simplified still further. To do 
this, let us consider the order of magnitude of the terms in these 
equations. According to its physical meaning, the order of the 
quantity Vy will be Vy ,..., V50 , where V 50 is the velocity behind the 
11o.rmal part of the shock wave. The order of x and y for a small 
vicinity is determined respectively by the values of x ~ s0 and 
y ,., s0 (s0 is the distance from the normal part of the wave to the 
su.rf.ace of the nose). 
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It follows from Eq. (10.4.18) that the order of the quantity xVx is 
s0 so 

V ~ (}(:tT,,) d V \ soVso d 
.1: x "' · · x or s0 x "' -- x 

ely ., s 0 
0 0 

whence we find V x "' V50 • Hence, the order of magnitude of the 
component 1-x is the same as of Vy. It is not difficult to see that 
the order of the third terms on the left-hand side of the equations is 
V~ 0/R 0 , and of the other ones is V~0/s0 • Since s0 « R 0 , the order of 
the third terms is smaller. and they may be disregarded. 

Hence, instead of (10.4.16) and (10.4.17), we have 

V oVx +lly aVx = _ _§!__,!__!:__ (10.4.16') 
X Dx oy poo ax 

llx oV,, + l'y avy = _ _i_,~ (10.4.17') 
ax ay poe ay 

The solution of the simultaneous equations (10.4.16'), (10.4.17'), 
and (10.4.18) must satisfy the boundary conditions on the surface 
of the body at an arbitrary point where at y = 0 the normal velocity 
component !' 11 = 0. and then at the stagnation point where at 
y = x = 0 the velocity components Vx = V Y = 0. In addition, 
the solution must satisfy the boundary conditions behind the shock 
wave. These conditions for the components of the velocity at point A 
at a distance of s from the nose surface have the form (see Fig. 10.4.6): 

l'x = l'8 COS(~- ~s) (10.4.19) 
V 11 = - Vs sin (~- ~s) (10.4.20) 

where ~ is the angle made by a tangent to the surface at point B 
that is on the same normal as point A. 

The total velocity V 8 behind the shock is determined by formula 
(4.~ 18). Assuming that V 2 = V 8 , V1 = V "" and p1/p 2 ::::::::; pooiPso = 
= p, we find 

(10.4.21) 

The solution of the problem on the flow in the vicinity of the 
stagnation point can be reduced to finding of the velocity field. 
Hence, the problem being considered is a purely kinematic one. 
For this purpose, we must exclude the density and pressure from 
the equations of motion and differentiate (10.4.16') with respect 
to y, and (10.4.17') with respect to x~ 

aVx aVx V a2Vx aVy aVx V 82Vx _ p 82 p 
ay ·---ax+ x a:say + ay ·ay- + Y---ajj2- - poe • ax ay 

(10.4.22) 
aVx aV11 a2Vq aV11 av11 a2~·.11 p a2p 
7iX • ---ax+ v X ---;);2 + fJX • fJY + v y ay ax = - poo • ay ax 

(10.4.23) 
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Let us introduce a function determining the double vortex com
ponent [the component of the velocity curl (curl V)z = 2ro~; see 
(2.2.3)]: 

(10.4.24) 

Using the function (10.4.24), and also continuity equation (10.4.18}, 
we can transform equations (10.4.22) and (10.4.23). Since the right
hand sides of these equations are the same, we have 

av,., . aVx + V a2Vx + aVy . aVx + V a2Vx 
ay ax X ax ay ' ay ay y ay2 

_ avx. aVy --V a2Vy _ av,,. aVy -V a2Vy =O 
ax ax X ax2 ax ay y ay ax 

or 

( 
aVx _ aV11 ) ( aVx + aVy )+V ( a2

Vx _ a
2
Vy) 

ay ax ax ay X ax iJy ax2 

+ Vy ( a2V2" - a2Vx ) = 0 (10.4.25) 
ay ay ax 

It follows from (10.4.24) that 

From continuity equation (10.4.18), we find 
aVxlox + 8Vyloy = - Vxlx 

Therefore, Eq. (10.4.25), in which oVxloy- oVylox = Qz, can be 
written in the form 

QzVxlx = Vx aQzfax + Vy (jQzloy (10.4.25') 

Hence, our task consists in finding the solutions of Eqs. (10.4.18) 
and (10.4.25') satisfying the indicated boundary conditions. 

We shall find the solution for V x in the vicinity of the stagnation 
point (whose coordinates are x = 0 and y = O) in the form of the 
series 

V x = a0 (y) + a1 (y) x + a 2 (y) x2 + a3 (y) x3 + . . . (10.4.26) 

where xis a small parameter, and an are coefficients that are functions 
of the coordinate y. 

The structure of series (10.4.26) can be simplified. Indeed, owing 
to symmetry of the flow, the function V x (x) is odd, i.e. velocity 
components Vx equal in magnitude, but opposite in sign correspond 
to values of x that are identical in magnitude, but opposite in sign. 
Consequently, only terms with odd exponents are retained in expan
.sion (10.4.26), i.e. 

(10.4.27) 
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Having in view that we are considering a small neighbourhood 
near the stagnation point, the terms containing x to the third and 
higher powers may be ignored. Hence, 

V x = a1 (y) X (10.4. 28} 

Let us introduce the function 
y 

F (y) = ) a 1 (y) dy 
0 

satisfying the condition F (0) = 0. Therefore, 

Vx = x dF/dy = xF' (y) 

(10.4.29} 

(10.4.30)· 

Let us insert the expression (10.4.30) for Vx into (10.4.18): 
av 

xF' (Y) + xF" (y) + x ayY = 0 

From this equation, we find an expression for the second velocity 
component: 

Vy =- 2 J F' (y) dy + f (x) =- 2F (y) + f (x) (10.4.31)· 

where f (x) is an arbitrary function of x. 

According to the condition of flow without separation, V Y (x, 0) = 
= 0. Consequently, f (x) = -2F (0). But the function F(O) = 0, 
therefore f (x) = 0 and 

Vy = -2F (y) (10.4.32)-

To determine the form of the function F(y), we shall introduce 
(10.4.30) and (10.4.32) into (10.4.25'): 

[-a:F"I (y)/xl Vx = VxF" (y)- 2F (y) F"' (y) 

From (10.4.32), the function F (y) =#= 0, hence 

F'"(y) = 0 

The general solution of this equation has the form 

F(y) = - Vy/2 = c0 + ely+ c2y2 

(10.4.33) 

(10.4.34)· 

Since Vy = 0 when y = 0, then c0 = 0. \Ve can determine the 
other two coefficients if we use the conditions on a shock wave near 
the critical point at x-+ 0. Particularly, it follows from condition 
(10.4.21) that directly behind the normal part of the shock wave· 
(0 5 = n/2) the velocity at point C (see Fig. 10.4.6) Vy = Vs = 
= -~ V oo· Since the coordinate of the point y = s0 , we have Vy = 
= V 5 = -2 (c1s0 + c2s~). Therefore, we can compile the first 
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equation for finding the coefficients c1 and c2 : 

pV"" = .2 (c1s0 + c2S:) (10.4.35) 

To find the second equation, we shall differentiate (10.4.34) with 
rrespect to y: 

F' (y) = c1 + 2c2y 

In accordance with this result and by (10.4.31), the velocity 
component is 

(10.4.36) 

Let us consider point A on the shock wave at a distance of y = s 
from the surface of the nose. Equating the velocity Vx found from 
.(10.4.36), i.e. 

Vx.A =X (cl + 2c2s) 

to its value (10.4.19) on the shock wave: 

Vx,A = Vs COS(~- ~s) 
we obtain 

x (c1 + 2c2s) = V8 cos (~ - ~8 ) 

Going over to the limit at x-+ 0 and assuming that s = s0 and 
V8 = p V ""' we find an expression relating to point C on the normal 
part of the shock wave 

lim cos (p- Ps) = c1 j- 2c2.ro ( 1 0.4. 3 7) 
x-o x pVoo 

We can calculate the limit on the left-hand side as follows. Inspec
'tion of Fig. 10.4.6 reveals that at point A on the shock wave the angle 
l3 - ~s = n/2 - (cp + ~ 8 ). Consequently, We have cos(~ - ~s) = 
= sin (cp + ~8). Near the stagnation point, the angles cp and ~s 

-are small, and we may assume that cos (~ - ~s) ~ cp + ~s· Accord-
ingly, 

lim ..1.. + lim li. 
X-+0 X x-0 X 

It is evident that lim (r.p/x) = 1/Rn, while the second limit can 
x-o 

:be written as 

lim.l!!.= lim(~·~)=(~) • -1
-

x-o x x-o (I) x ro x=O Rso 
(10.4.38) 

where lim~= (1.!..) ; lim~= R1 
; R80 is the radius of cur-

x-o ro ro =o x-o x so 

vature of the shock wave at its crest (if Rs is the running value of 
rthe radius of curvature of the wave, we have Rso = lim R 8 ). The 

X--+0 

.angle ro (see Fig. 10.4.6) is related to the shock wave angle 08 by 
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the formula 
(1) = rr/2 - es (10.4.39) 

To determine (~ 5 /w )x=o· we shall use formula (4.2.19), which we 
obtain with the aid of (4.2.21) and (10.4.39) as follows: 

PooiPs = [tan (0s - Bs)l/tan es = tan w/tan (w + ~s) 
For small value:- of w and Bs• the ratio pooiPs = w/(w + ~ 8 ). Con

sequently, 

lim r~·=.c lim( (Js -1) ol· (~) =~-1=--l---t 
x~o x~o Poo . W x~n (loo p 

Hence, 
lim c's(B-fl,) =-1- , (~- 1 ) _1_ 
x~n x Rn ·t- P Rso 

Let us introduce this expression into (10.4.37): 

At high flow vrlocities, we may assume that R 50 /R 11 :::::::: 1, therefore 

c1 + 2c 2s0 = V ooiR,0 (10.4.40) 

Equations (10.4.35) and (10.4.40), in addition to c1, c2 , contain 
a third unknown-the distance s0 from the shock wave to the nose. 
Therefore, we must add another independent equation to the system 
{10.4.35) and (10.4.40) that follows from the expression for a vortex: 

fQz= 
0
8
Vx-

0
8
Vu =:.~[x(c1 +2c2y)]- :~[-2(c1y+c2y2)]=2c2...., 

• y X uy uX 

( 10.4.41) 

Expression (10.4.41) is suitable for determining a vortex on the 
surface of the nose and directly behind the shock wave on the part 
of the flow near the stagnation point. A vortex in the flow behind 
the shock wave can also be found from Eq. (10.4.6), which in accord
ance with the relation i + V2 /2 = const transforms to the expression 

curl V X V = grad i - (1/p) grad p (10.4.42) 

Let us tah advantage of the relation for the entropy known from 
thermodynamics: 

T dS = di - dp/p 

according to which we can obtain the vector relation 

T grad S = grad i - (1/p) grad p 

Hence, we can write (10.4.42) as 

curl V X V = T grad S 

(10.4.43) 

(10.4.44) 

(10.4.45) 
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7 Shoclr wave 
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fl/z 

(b) 

Fig. 10.4.7 
To the determination of the strength of a vortex behind a shock wave 

This equation can be related to the conditions on the shock wave. 
Let us consider arbitrary point A on the wave (see Fig. 10.4.6). 
By projecting the vectors in (10.4.5) onto the direction of the tan
gent •· we obtain the expression 

(curl V X V),; = T 2 dS 2/dT (10.4.46) 

where T 2 is the temperature at point A behind the shock. 
The component (curl V X V),; of the cross product is determined 

as follows. At point A, the vector curl V, whose magnitude is Qz, 
is oriented along a normal to the vertical plane of symmetry 
(Fig. 10.4. 7a). The quantity V is the velocity vector behind the 
shock wave, V = V 8 , in this plane of symmetry. Since the vectors 
curl V and V are perpendicular to each other, the magnitude of their 
cross product is 

I curl V X V I = I curl V I I V I sin (n/2) = Qz Vs 

The vector equal to the cross product curl V X V is perpendicular 
to the plane containing the vectors curl V, V, and belongs evidently, 
like the vector V = V 8 , to the plane of symmetry (Fig. 10.4. 7 a). 
The projection of the cross product curl V >: V onto the direction 
of a tangent, as can be seen from Fig. 10.4. 7, is 

~curl V X V),; = QzVs sin (08 - ~s) (10.4.47) 

To compute the right-hand . side of (10.4.46), we shall use 
Eq. (10.4.43), relating ft to the conditions at the same point A 
behind the shock wave: 

(10.4.43') 

We shall take the equations for the enthalpy i 2 and the pressure 
p 2 in the form of (4.2.6) and (4.2.4), respectively. Since we are con
sidering high velocities at which i1 ~ i 2 and p1 ~ p 2 , we can write 
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these equations in the form 

i 2 = V~n/2 ·- V; 2/2 

P2 = P1V;1- P2V~2 
or with a view to (4.2.3) 

i2 = [V~,oo (1 - p2 )]/2 

P2 = P1~,oo (1- p) 
where Vnl = Vn,oo• and p = PIIP2 = Poolp. 

Differentiation yields 

ai2 =(1-p2)Vn,oodVn,oo- v~.""P dp; 

dp2 = 2 (1- p) p1 V n,oo dV n.oo- rr 1 V~,oo d"p 
Inserting these expressions into (10.4.43'), we find 

T2 dS2 = (1- p)2 Vn,oo dVn,oo 

(10.4.48) 
(10.4.49) 

(10.4.48') 

(10.4.49') 

(10.4.50) 

It follows from Fig. 10.4.7b that the increment of the normal com
ponent dVn,oo = V(~> dw. Here, since the velocity V(V at point A(O 
at a small distance from the given point A differs from the velocity 
V-r at point A by an infinitesimal, the differential 

(10.4.51) 

where Rs = d1:/dw is the radius of curvature of the wave at point A 
(Fig. 10.4. 7bJ. 

In accordance with (10.4.51), we shall write Eq. (10.4.50) in the 
form 

T2 dS2 = (1- i)) 2 Vn,ooV,; dT!Rs (10.4.52) 
Introducing (10.4.47) and (10.4.52) into (10.4.46), we find 

QzVs sin (8 8 - ~8)'= (1-p) 2 Vn,ooV,;IRs 

Using formula (10.4.21) for V8 , and also the expressions 

Vn,oo = V oo sin 88 ; V,;= V oo cos 88 (10.4.53) 
that are obtained from the triangle of velocities in Fig. 10.4. 7b, we 
find the following expression for a vortex: 

Qz = V oo (1 - p) 2 sin 88 cos 8s/[(p2. sin2 88 + cos2 88 )
112 Rsl (10.4.54) 

Substituting n/2 - w for 8s here, we have 

Qz = V"" (1 - p)2 cos w sin w/[(p2 cos2 w + sin2 w)l/2 R 8 ] (W.4.54') 

In the vicinity of the stagnation point, where the quantities w 
are small and R 8 -+ R 80 , we obtain 

(10.4.54") 
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Equating the right-hand sideR of (10.4.41) and (10.4.54") and 
taking into account that wlx = 1/R80 , \Ve find the coefficient 

(10.4.55) 

Introducing this value of c2 into Eqs. (10.4.35) and (10.4.40) and 
solving them simultaneously, we obtain a relation for the coeffi
cient c1 : 

(10.4.56) 

We determitle the velocity on the surface of the nose from (10.4.36) 
provided that y = 01: 

Vx=Xc1 =+ (xVoo/R80) V2p-p2 (10.4.57) 

It follows from the property of oddness of the function V x that 
when x > 0 or x < 0, we have, respectively, V x > 0 or V x < 0. 
This signifies that the plus sign has been taken for c1 in formula 
(10.4.57) and, consequently, in Eq. (10.4.56). 

Detachment and Shapeof a Leading Shock Wave. In addition to 
the coefficient c1 , the solution of the system (10.4.35) and (10.4.40) 
yields a relation for the shock wave detachment (standoff) distance 
S0 from the nose: 

( 
Voo ) 1 

So= Rso -cl ~ 

Let us introduce into this equation the Yalues of c2 from (10.4.55) 
and c1 from (10.4.56) with the plus sign' 

(10.4.58) 

The,_.right-hand side of this formula- includes the radius of cur
vature R 80 of the wave on the axis, which in the preset free-stream 
boundary conditions should be considered as a function of the 
spherical nose radius Rn. If we proceed from the assumption that 
on the axis the wave is concentric to a sphere, then R 80 = Rn + S0 . 

Introducing the new notation R80 = R 80 /Rn and s0 = s0 /R 80 , we
obtain 

(10.4.59) 

In actual conditions, concentricity is not observed. The deviation 
from relation (10.4.59) increases with a decreasing number Moo· 
To take account of the deviation from the concentric shape of a 
shock wave, we can use the expression obtained from experimental 
data: 

(10.4.60) 
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Fig. 10.4.8 
Relative shock wave detachment distance ahead of a spherical nose in a supersonic 
flow: 
a=for air (against p); IJ-tor oxygen, nitrn~;en, and air (again8t .U 

00
), p

00
=!03 Pa, 

T00 =290 K 

As a result, the shock detachment distance related to the radins 
of a spherical nose is 

- ~- s0 _ 'o R,o _ ~ (1 ~)-2.5 
So--R --R ·-R ·--So -So 

11 so n 
(10.-1.61) 

where we take :;0 in accordance with (10.4.58) in the form 

So= P _ [1- (2p- p2) 112] (10.4.62) 
(1-p)2 

The quantity s0 calculated by (10.4.61) and (10.4.G2) is plotted 
against p = poo/p 8 in Fig. 10.4.8a. On the section up to the value of 
p < 0.4, the curve shown in Fig. 10.4.8a and characterizing the 
change in the detachment distance for a :--hock wave near a spht>rical 
nose is approximated by the simple relation (see [7]) 

s0 = 0.52 fp/ (1 - p)] 0
'
86 (10.4.63) 

In the obtained relations, the dimensionless density p = poo/p8 

is a similarity criterion for the relative (dimensionless) detachment 
distance s0 = s0 / Rn and is determined from the conditions of eqnilib
rium dissociation directly behind the straight part of the shock 
wave. 

Formula (10.4.63) reflects a real phenomenon consisting in that 
the temperature lowers in conditions of dissociation and this leads 
to an increase in the density. Consequently, additional compr!'SSion 
of the gas takes place and, therefore, the shock wave approaehes thP 
surface of the body. 
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Of interest are the results of calculating the relative shock detach
ment distance obtained in [7]. These results are shown graphically 
in Fig. 10.4.8b and depict the change in the quantity s0 = s01Rn 
-depending on Moo for the flow of air, oxygen, and nitrogen over a 
:sphere. A glance at the figure reveals that at values of Moo = 9-13, 
when the change in the specific heat of the air is mainly due to the 
-dissociation of oxygen, the curve of s;; against Moo for air is closer 
to the corresponding curve for oxygen. With an increase in Moo, 
the dissociation of nitrogen begins to have a greater and greater 
.significance, and the curve characterizing the change in the relative 
:shock detachment distance for air comes closer to the curve for 
nitrogen because this component predominates in the air. 

How dissociation and ionization affect the detl\chment distance 
can be established clearly for pura gases such as oxygen and nitrogen. 
At Moo = 18, oxygen dissociates appreciably; as calculations show, 
its density reaches] aj maximum value, and the distance s0 

(Fig. 10.4.8b) is minimum. With an increase in M oo• the oxygen 
becomes completely dissociated, the compression diminishes, and 
the distance of detachment of a shock wave grows accordingly. 
With a further increase in Moo. primary ionization of the gas occurs, 
its specific heat grows and, consequently, its compression, which 
leads to a decrease in the value of i;. For nitrogen, the effect of the 
variability in the specific heat is observed at considerably higher 
values of Moo than for oxygen. In addition, since dissociation and 
ionization in nitrogen proceed not consecutively, as in oxygen, but 
virtually simultaneously, the non-monotonic nature of the change 
in the values of Sa for nitrogen is less pronounced than for oxygen. 

For air, which is a volume mixture (containing about 26% of 
·oxygen and 7 4% of nitrogen), the So curve is more monotonic than 
for pure oxygen, which can be seen from Fig. 10.4.8b. 

The shape of the generatrix of the leading shock wave can be 
determined by calculations based on the solution of a system of the 
corresponding gas-dynamic equations of the supersonic flow over 
blunt-nosed bodies, and also experimentally. Interesting results of 
determining the parameters of such flow and, particularly, the shape 
of a shock wave are given in [7]. 

Calculations and experimental investigations of the supersonic 
flow over cones with a spherical nose (cone spheres) show that the 
generatrix of a shock wave can be approximated by the hyperbola 

(10.4.64) 

shown in Fig. 10.4.9. In Eq. (10.4.64), a and bare the semiaxes of the 
hyper bola. They can be determined as follows. It is known from 
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Fig. 10.4.9 
Shock wave ahead of a cone
sphere in a supersonic flow 

analytical geometry that tlw radins of cnnatme at a point of a 
cune given by the equation r = r (x) is 

R = -(1 + r' 2 f1 2 /r" (10.4.G;)) 

where r' = dr/d:r and r" = d2r/dx2
• 

In accordance with (10.4.64), we l1ave 

r' = (1 --;- r2 /b 2)1/2 b2 /(ra); r" = -b4/(r3a 2 ) 

Let us introduce the values of these deriyatiyes into (10.4.65): 

R=~[1+~(1 ~~)] 312 
1046 a b2 I b" ( • • 6) 

Assuming that r = 0, we finrl tlw radius of c11rYature H 80 on the 
axis 

Rso --~ iJ2/a (10.4.67) 

Accordingly, (10.4.6li) can be \\Titlen in the form 

[ 
r2 ( a2 )]:1;2 

R=Rso 1 --[- b2 1 + "'b" (10.4.66') 

A shock a long way downstream from a body in a flmv transforms 
into a weak disturbance wave whose inclination to the direction of 
the free-stream yelocity is determined by the angle 

Os =~too= sin-1 (1/M oo) = tan-1 ( 1/ V MZx, -1 ) 

Inspection of hyperbola equation (10.4.G4) reveals that the slope 
of the shock wave generatrix at an arbitrary point is 

tan es = r' = (1 + r2 /b'2 ) 112 b2 '(ra) 

Going over to the limit at r -+ oo, we obtain 

tan 08 =tan ~oo = b! a= 1/ V M~- 1 (10.4.68) 

4-055 
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By solving (10.4.67) and (10.4.68) simultaneously and determining 

(10.4.69) 

we thereby obtain the possibility of calculating the radius of cur
vature of the shock wave by (10.4.66'). 

Initial Gradient and Velocity Distribution. By (1C'.4.57), the 
velocity gradient at the stagnation point (the initial gradient) is 

( av x ) = }: = ~ V 2P _ pz 
ax X=O Rso 

( 10.4. 70) 
y=O 

Experimental verification shows that if in (10.4.70) we assume 

(10.4.71) 

i.e. proceed from an expression assuming a smaller deviation from 
a concentric shape of a shock wave near the spherical surface of the 
nose than follows from (10.4.60), the results obtained for the initial 
velocity gradient are suitable for both very high and low supersonic 
velocities. The working relation has the form 

(10.4. 72) 

We can express the quantity ; 0 in terms of the relative detachment 
distance ~ if we use the expression 

- so So Rso -=s""-o-
So = -R-n = _R_s_o • _R_n_ = y ~ 

1-s0 

according to which 

~ ~2 ( .. / 4 ) So= - _o 1- V 1 + ---
2 s~ 

(10.4.73) 

The relative detachment distance ;;; in this formula can be deter
mined from (10.4.63). Relation (10.4. 72) is suitable provided that 
expression (10.4.73) is used for values of p~ 0.4. 

The velocity distribution on the spherical surface of the nose in 
the vicinity of the stagnation point can be expressed in accordance 

with (10.4. 70) in terms of the initial velocity gradient .A: 

(10.4.74) 

Here x is the length of a circular arc calculated from the known 
central angle cp as x = cpRn. 

Hence, 

(10.4. 74') 
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Fig. 10.4.10 
To the determination of the 
pressure by Newton's method 
for a supersonic flow over a 
blunt-nosed surface 

Experimental investigations show that Eq. (10.4.74') corresponding 
to the conditions of flow over a small section of the sphere near the 
stagnation point at a very high free-stream velocity can be used for 
calculating the velocity on a considerably greater section of the 
curved surface, and also with comparatively small Mach numbers 
Moo· The results of experiments in wind tunnels at Moo = 1.2-4. 9 
confirm the linearity of dependence (10.4.74') of the velocity on the 
angle q> from cp = 0 to q> = 50° and show that there is a small devia
tion from this relation within the interval of 50° < cp < 90°. Formula 
(10.4.74') may be used in practical calculations for all values of q> 
from 0 to 90° with a good approximation. 

The Use of Newton's Method for Calculating the Flow over a 
Blunt-Nosed Conical Body. This method is based on Newton's cor
puscular theory according to which gas particles are disturbed only 
when they collide with a solid wall and completely lose the momen
tum component normal to the wall. If Vn,oo is the normal component 
of the free-stream velocity vector and dS is an elementary area of 
the surface in the flow (Fig. 10.4.10), then for a point being con
sidered the loss in the momentum in unit time is 

Pea V n.oo (V n,oo- 0) dS = poo v;,oo dS 

The value of the impulse of the force produced by the excess pressure 
(p - Poo) dS during the same time, by the theorem on the impulse 
of a force, is determined by the loss in the momentum. Consequently, 
the excess pressure at the given point is p - Poo = Poo V~,oo· We 
can see from Fig. 10.4.10 that Vn,oo = V oo cos q>, hence 

p - Poo = poo V~ cos2 q> 

Dividing both sides of this equation by the velocity head 
poo V~/2, we obtain Newton's formula for the pressure coefficient 

P = 2 (p- p,.,)/ (pool!!.)- 2 cos2 cp (10.4.75) 
4* 
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This formula corresponds to the flow model described above, i.e. 
Newton's model, when gas particles rebound elastically upon interact
ing with a surface. A drawback of this model is that it does not give 
a fundamentally correct reply to the question of how the gas particles 
behave after the collision. Actually, their velocities after a collision 
do not equal the components of the free-stream velocity vector 
tangent to the snrface, while the velocities of these particles behind 
the place of collision are not determined in general by this model. 
Hence, in practice Newton's model does not consider the process 
itself of a flow over a body. 

This shortcoming is absent in Euler's model providing for the 
investigation of the flow of a fluid near a surface, i.e. for the deter
mination of the velocity and other parameters at each point and, 
as a result, for the calculation of the interaction of the fluid with 
the body in the flow. 

But with a view to the simplicity and convenience of calculations 
according to Newton's theory, the necessity arises of improving it 
to obtain better results when calculating the aerodynamic variables. 
Let us consider one such improvement. Examination of formula 
(10.4. 75) shows that at the stagnation point for which the central 
angle q> = 0, the pressure coefficient p0 = 2. Consequently, we shall 
write (10.4. 75) in the form 

(10.4. 75') 

Experimental investigations show that if instead of the value 
p0 = 2, which does not exist for real flows, we use in formula 
(10.4.75') a value of p0 obtained either experimentally or by exact 
theoretical calculations, this formula will yield results very close to 
actual ones on a considerable section of a spherical surface. Formula 
(10.4.75'), unlike (10.4.75), is called Newton's modified or improved 
formula, according to which the excess pressure is 

P - Poo = (p~ - Poo) cos'' q> 

whence the ratio of the pressure p at a certain point to the pressure 
p~ at the stagnation point is 

p/ P! = cos2 q> + (Pool p~) sin 2 q> (10.4.76) 

Near the stagnation point, the flow can be considered in a first 
approximation as incompressible, and it can be calculated with 
the aid of the Bernoulli equation 

(10.4.77) 

where pis the density, assumed to be constant within a small vicinity 
of the stagnation point and equal to the density p~ at this point. 
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After inserting (10.4.77) into (10.4.7(\), provider! that p = p~, 
we get 

V2 ' ' 
x Po P Po [ 1 ( o , Pxo · o ) J --=-, --, =-, - cos-<p 1 -,-sin-cp 

2 Po Po Po Po 

Let us calculate the derivative with respect to x: 

ll x dV" -= 2 cos <p sin <p d((! • 4 ( 1 - P": ) 
dx dx Po Po 

Going over to the limit at <p-+ 0. x-+ 0 and taking into account 
that (cos cp)x~o _= 1, (sin q:),..,~o = <p = x!Rn, (Vxfx)x~o = 

= (dV)dx)x~o ='A, and (d<p/dx)x~o = 11Rn, we fmd a relation for 
the initial velocity gradient: 

( 
dV x ) = ~ = _1_ v/" 2 (p~-: Poo) 
dx x~o Rn Po 

(10.4. 78) 

When using (10.4. 78) to determine the initial velocity gradient, 
we must know the pressme p~ and density p~ at the stagnation point. 
In accordance with the linear law expressed by relation (10.4.74'), 
the velocity distribution can be represented by the relation 

V x = <py2 (p~- Poo)/p~ (10.4.78') 

In addition to this formula, the relation obtained from Eq. (3.6.26} 
for the pressure in an isentropic flow can be used to calcnlate the 
velocity. We shall assume in this equation that Po = p~. V = Vx, 
and that the quantity k equals the value of k calculated for the 
stagnation point with account taken of the influence of the tempera
ture T~ and the pressure p,; at this point. Solving the equation relative 
to the velocity V x• we find 

v = v [1- (p/p')(k-1)/k]l/2 x 111a-x o 

Equation (3.6.22) yields the follo\ving expression for the maximum 
velocity: 

2 2 
V a 2oo + l'2oo max= koo-1 

where the variables with the subscript "oo" correspond to the undis
turbed flow ahead of the shock wave. Dividing both sides of the last 
equation by V~ and having in view that M~ = V~/a~, we find 
the relation 

V2
m"x ? 1 

" - I 1 
V~ = koo- 1 . 111~ T 
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Fig. 10.4.11 
Velocity distribution on a blunt 
cone in a supersonic flow: 
1-experimental curve; 2-velocity 
on a sharp-nosed cone (theory) 
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In accordance with this relation, the working expression for the 
velocity has the form 

Vx =( 2 ·~+1)1/2[1-(J!,--)(k-1)/k]i/2(10.4.79) 
V oo koo -1 M 00 Po 

where pip~ is determined with the aid of Newton's formula (10.4.76). 
We can simplify the calculations of the velocity and other para

meters of a gas to a still greater extent with the aid of tables of the 
thermodynamic functions. Knowing the law of the change in the 
function :rt (/..) =pip~ [see (10.4.76)], we can determine the values of 
the gas-dynamic functions f..=Vxla*, e=plp~, and T=TIT~ 
from tables [8]. 

Assuming here that the critical speed of sound a* and the stag
nation parameters p~, p~, T~ are known, we can calculate the follow
ing quantities for the point on a blunt-nosed surface being considered: 

Vx=A.a*. p=ep~. p=:rtp~, T=TT; 

The parameters of the gas on the peripheral conical surface joining 
the spherical nose can as a first approximation be taken the same as 
on the line of joining, i.e. at the end of the nose. Particularly, the 
velocity on the cone can be found by (10.4.78') assuming that cp = 
= n/2- ~c: 

V." = V c = (nl2- ~c) Y 2 (p~- Poo)lp~ (10.4.80) 

We obtain a different relation for the velocity on the cone from 
(10.4.79) if we assume in accordance with (10.4.76) that 

__!!_= P~ =sin2 ~c+ PO: cos2 ~c (10.4.81) 
P~ Po Po 

where ~c = nl2 - lf!c is the cone angle [lf!c is the central angle for 
a half-sphere (see Fig. 10.4.10)]. 

The velocity obtained in this way is considered as a constant 
quantity over the entire surface of the cone. Experimental investi
gations show that the real velocity differs from this value and that 
the velocity distribution has the form shown in Fig. 10.4.11. It 
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Fig. 10.4.12 
To the calculation of the aerodynamic drag for a blunt cone 

grows with an increasing distance from the stagnation point and 
reaches its maximum value at a certain distance from the point 
where the nose joins the cone. Farther downstream, the velocity 
decreases, and on remote peripheral sections reaches a value corre
sponding to the velocity on a sharp-nosed cone. 

The pressure (wave) drag of a blunt cone can be found from the 
pressure distribution by calculating this drag as the sum of the 
drags of a spherical nose (the subscript "sph") and the conical part 
of the surface (the subscript "c"): 

Xa = Xsph + Xc 

Assnming in (1.3.2) that the drag coefficient cr,x = 0 and taking 
the area of the base cross section (mid-section) of the cone as the 
characteristic area s. i.e. s = smld = :rtrinld• we obtain for the 
nose 

) 
- ./""-.... dS 

Xsph = qooSrnld p cos (n, x) -
8
--
m!d 

8 sph 

whence the wave drag coefficient is 

r - ./"--..... ds l p cos (n, x) -8-
• mid 

8 sph 

./"--..... 
A close look at Fig. 10.4.12 reveals that cos (n, x) = cos q> and 

dS = 2:rtr dl = 2:rtr dr/cos q>. But since r = Rn sin q> and dr = 
= Rn cos q> dq>, we have 

d S = 2:rtR~ sin q> dcp 
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With a view to the above expressions and to formula (10.4. 75'), 
we obtain 

Qlc=JT/2-Bc 

~ 
2:rr.R~ sin <p 

(ex. w).,ph = Po cos2 q> cos cp ----'"=2-- dcp 
:rtrmid 

0 

2 R ( 1 cos2 Be ) 
COS IJC - 2 ( 10.4.82) 

If we assume in this formula that rmid = rsph• we obtain the wave 
drag coefficient for a blunted nose related to the base area S = Jtr~ph· 
Taking into account that rsph = Rn sin lf!c• we find 

(10.4.83) 

The drag of a conical part with the side surface area S side is 

r - /'""---. 
Xc = qcx,Smid J p COS (n, x) dS/Smld 

sst de 

Examination of Fig. 10.4.12 shows that 

/'""---. 
cos (n, x) = cos (n/2 - ~c) = sin ~c; dS = 2nr dl = 2nr dr/sin ~c 

Also taking into account that 

p = Po cos2 cpc = Po cos 2 (n/2 - ~c) = Po sin 2 ~c; S mid = Jtr~id 

we obtain for the drag coefficient of the conical part 

rmid 

) 
- . 2 R • R 2:rtr dr 
Po sin 1-'c Sill t-'c 2 • R :rr.rmid Sill pc 

rsph 

(10.4.84) 

By summing (10.4.82) and (10.4.84), we find the total drag coeffi
cient related to the area S mid = nr~id: 

exa = qoo~:id = (ex. w)sph +(ex, w)c 

- [ R~ ( cos
2 ~c ) = Po rinid cosz ~c 1 - 2 

Xc • 3 (.'. (2 . A J + - 2 - Sill 1-'c r mid- Xc Sill f'c) 
rmid 

(10.4.85) 
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In the particular case when Rn = 0, we obtain the drag coefficient 

for a sharp-nosed cone. We find the value of this coefficient from the 

condition that Po = 2 and Xc sin ~c = rmld: 

(10.4.86) 

If Xc = 0, the surface in the i1ow becomes a spherical segment of 

height Rn (1 - sin ~c) (Fig. 10.4.12). Assuming in (10.4.85) that 

Xc = 0, we obtain formula (10.4.83) for the wave drag coefficient of 

such a spherical surface. In this formula, (jlc = n/2 - ~c. 

Flow over a Flat Nose 

The results of theoretical and experimental investigation of the 

pressure distribution over a i1at nose are depicted graphically in 
Fig. 10.4.13. An analysis of these results allows us to establish a 

general law for the change in the pressure coefficient in the form of 

p = p0f(r), where Po is the press me coefficient for the nose centre 

coinciding with the stagnation point, r = r!Rn is a dimensionless 

quantity (Fig. 10.4.13), and f (r) is a "universal" function depending 

on r. 
Accordingly, the wave drag coefficient for a i1at nose is 

I 

(ex, w)rJ =Po \ f (r} d;:z 
0 

Assuming that the universal function f(r) is suitable for any 

supersonic velocities, we can calculate the integral in the above 

formula and obtain 
(10.4.87) 

This value is about double the drag coefficient for a hemisphere 

whose value by (10.4.83) is determined by the expression (c:c, w)suh = 
= 0.5p 0 (when q:c = n/2). -

The magnitude of the shock detachment distance from a flat 

nose is greater than from a sphere. An estimate leads to the con-

clusion that if for a spherical nose the quantity Sa = s0 / Rn is of the 

order of the density ralio p = poo/p~, then for a flat nose we have 

So "'vp=. In accordance with experimental data, the relative detach
ment distance is 

S0 = s0/ Rn = 1.03 V pi (1- p) (10.4.88) 

The radius of curvature of the wave on the axis that determines 
the shape of the wave near the nose, like the detachment distance, 
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is proportional to the radius of flat blunting. Experimental investiga
tions show that 

(10.4.89) 

In accordance with (10.4.89), when p-+ 0, the quantity Rso -+ 
-+ oo because at the limit the wave contacts the flat surface of the 

Ill OS e. 
Let us consider the velocity gradient at the centre of the nose 

oeoinciding with the stagnation point. As shown by investigations, 
its value at this point does not equal zero. We can assume that a 
flat nose affects the flow in the vicinity of the stagnation point 
.similar to a spherical surface having a radius of R~q. Consequently, 
we can choose such an equivalent sphere radius R~q at which the 
curvature of the wave on the axis will approximately equal its 

r1 - - eq value ahead of the nose. I herefore, (R80)n Rn = (R80)sph Rn , where 
Rn is the radius of the nose. By (10.4.78), the velocity gradient at 
the centre of the flat nose is 

~ = _1_ vr 2 (p~-: Poo) (10.4.90) 
R~q Po 

where R~q = Rn (R80)n/(Rso)soh; here (R~ 0)n (Rs 01Rn)u is found 
by (10.4.89), and (R80)sph = (Rs 0/Rn)soh• by (10.4.71). Experimental 
investigations show that for high velo-cities formula (10.4.90) yields 
quite satisfactory results. 

Drag of a Slender Cone 
with Slight Blunting 

Relation (10.4.85) corresponds to the assumption of such a flow 
over a blunted body when the velocity and pressure on the conical 
.surface are the same as at the tip of a spherical nose. This phenomenon 
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is not observed in real conditions. but as a fm;L approximation such 
an assumption can be justified for a sufficiently thick cone. The 
phenomenon corresponds to the experimentally observed rapid recov
ery of the pressure coefficient to the value on a sharp-nosed conical 
surface Pc (at a high velocity, Pc == 2 sin2 ~c). For example, for a 
cone sphere of 40° at M oc = 6, such a recovery occurs at a distance 
from the nose that is somewhat larger than its diameter. This phenom
enon is most pronounced at moderate numbers Moo. The influence 
of the part of the surface near the nose on the total drag is not great 
because of the small magnitude of this part, and therefore the pres
sure on it may be taken the same as on the remaining conical surface. 

Investigations reveal, however, that for slightly blunted slender 
bodies the pressure on the conical part is appreciably lower than that 
on a sharp-nosed cone, and with an increasing distance from the nose 
it recovers fairly slowly to the pressure on a sharp-nosed cone (see 
Fig. 10.4.5). With an increase in the supersonic velocities, the in
fluence of blunting on the pressure distribution grows. A blunted 
nose affects the flow in a disturbed region having a length of scores 
and hundreds of blunting diameters; the more slender the body, the 
longer is this region and, consequently, the more effective is the 
action of LlunLing. In addition, the blunting effect depends on the 
shape of the nose, for example, it is substantially greater for a 
flat nose than for a sphere. Aerodynamic investigations of slender 
blunted conical bodies were performed by a cad. G. Cherny [9]. 
Figure 10.4.14 presents a graph plotted according to the data of these 
investigations that allows us to calculate the drag coefficient of a 
cone with bluntness of an arbitrary configuration [c~ = 4X~/(qoond~)l. 

a 
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Examination of this graph reveals that at a certain length of the 
cone its drag becomes minimum. A minimum drag coefficient is 
achieved in accordance with the graph depicted in Fig. 10.4.14 at 
a relative cone length of xldn = (0.68/~~) c~(2b (where ex. b is the 
drag coefficient of the blunted part related to the area ;n;d~/4). In 
comparison with the relevant value for a sharp-nosed cone, the 
minimum value of the drag coefficient is lower by about 10%. 



A Sharp-Nosed Body 
of Revolution in 
a Supersonic Flow 

11.1. Use of the Method 
of Characteristics 

11 

A craft (for example. a rocket or a missile) or· certain of its struc
tural elements may have the shape of a sharp-nosed body of revolu
tion. Let ns consider the calculation of the supersonic flow over a 
sharp-nosed body of revolution at a zero angle of attack. The con
figmation of the body of revolution (Fig. 11.1.1) is giYen by the 
equation of its generatrix r = J (x). The free-stream parameters are 
also known (M=, ]Joo. P=· Too). If the thickness of the body of revo
lution is such that it disturbs the flow signiftcautl~r, the latter can be 
calculated by the method of charactcristies. 

The calculations are usual! v commenced with determination of 
the conical flow near the tip, ,~·hich in the close vieinity of the nose 
may be replaced with a cone (in Fig. 11.1.1 point /( corresponds to 
its boundary). As a result, the velocities are found on tbe generalrices 
OD. OA, and other intermediate conical surfaces (including the 
generatrices of the cone OK and of the shock OS), as well as the 
angles w, ~t, and ~- The semi-apex angles El of the intermediate eones 
are chosen arbitrarily, but so that the intervals M) are sufficiently 
small and ensure the preset accuracy of the parameters lwing cal
culated. 

It is good practice to accompany the calc1ilations by a graphical 
constmction of a network of characteristic curves as shmvn in 
Fig. 11.1.1. Initially, we plot element KD of the first family charac
teristic by drawing through point /( a straight line at the angle 
~K + ~K (where ~K = ~ 0 ) to the cone axis up to its intersection 
point D with the adjacent generatrix of the intermediate conical 
surface whose semi-apex angle is 80 . As a result, we determine the 
coordinates x0 and r0 of point D graphically. 

We obtain a higher accuracy when determining these coordinates 
analytically. To do this, let us write an equation for an element of 
a first family characteristic, i.e. 

(11.1.1) 
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Fig. 11.1.1 
To the calculation of a supersonic flow over a body of revolution according to the 
method of characteristics: 
1- generatrix of the body of revolution: 2- first family characteristic; 3 -second fami
ly characteristic·, 4-normal shock; 5-curved part of shock 

and an equation for the generatrix, i.e. 

r0 = x0 tan 00 (11.1.2) 

Upon solving these equations, we find the unknowns x0 and r0 • 

In a similar way, we calculate the coordinates of the remaining 
points of first family characteristic KS having the form of a broken 
line that is the boundary of the conical flow. Here we find the coor
dinates Xs and rs of point S at the intersection of element E S of the 
first family characteristic with generatrix OS of the conical shock 
by solving the simultaneous equations 

rE - rs = (xE - Xs) tan (!lE + ~E) 
rs = Xs tan Els 

(11.1.3) 

(11.1.4) 

The coordinates of points of characteristic KS obtained in this 
way correspond to the angles !l and ~ assumed to be constant along 
each of the considered elements of the characteristic and equal to the 
values of these angles at the beginning of the element. 

To obtain more accurate data, we can calculate the coordinates 
from the mean values of the angles !l and ~ between the extreme 
points of a characteristic element. Therefore, particularly, instead of 
11.1.1) we shall write 

rK- r0 = (xK- x0 ) tan [(!lK + !lo + ~K + ~0)/2] (11.1.1') 

and instead of (11.1.3) 

rE- rs = (xE- Xs) tan [(!lE + !ls + ~E + ~s)/2] (11.1.3') 
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In these equations, x0 , r0 , and x 8 , rs are the refined coordinates 
of points D and S. 

After we have determined the form of curve of characteristic KS. 
the velocities, the numbers M, and the angles ~t and ~ at points on 
this characteristic, we can reduce the solution of the problem to 
finding of the velocity field (the numbers M) in the region between 
the characteristic and a generatrix of the body in the flow. For this 
purpose, we shall use the relevant relations for the characteristics 
in a physical plane (the plane of the flow) and in the hoclograph plane. 

When choosing relations for characteristics in a hodograph plane. 
we must take into account that the flow is ~·ortex-jree (isentropic) in 
the region of the flow confined by (1) normal shock generatrix OS, 
(2) second family characteristic S U (which is gradually constructed 
in the course of solving the problem), and (3) body generatrix OU. 
In the adjacent region confined hy the same characteristic S U, 
sections SH of the curved shock and U R of the body generatrix, the 
flow is vortex (non-isentropic). 

To find the velocity field for the isentropic section of the flow, let 
us draw throngh each point of characteristic KS elements of a sec
ond family characteristic. One of them, passing through point D, 
will intersect the wall at point B, and it is just at this point that 
we have to fmd the velocity. We determine the coordinates of this 
point by simultaneously solving an equation of an element of a 
second family characteristic 

r0 - rB = (x0 - XB) tan (~0 - f!n) 

and an equation of a generatrix of the body 

rB = j (xB) 

(11.1.5} 

(11.1.6} 

By solving Eqs. (11.1.5) and (11.1.6), we find the coordinates of 
point B (xB, rB)· We determine the angle ~B of inclination of 
a tangent to the generatrix at point B that coincides (because of 
flow without separation) with the angle of inclination of the velocity 
vector at this point from the equation 

(dr!dx)B =tan ~B = [dj (x)!dxlx=xB (11.1.7} 

To find the velocity at point B, we shall use Eq. (5.4.9). This 
equation, written in the difference form at y = rand e = 1 (axisym
metric flow), becomps 

AA XB-XD 
~w0 +up0---- m0 =0 

ro 
(11.1.8) 

In this equation, the increment ~~0= ~B-I~o is the difference 
between the angles of inclination of the velocity vectors at points 
B and D. By (11.1. 7), we have 

~B = tan- 1 [(dr/dx)Bl (11.1.7'} 
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Taking into account that ~w0 = WB - w0 , from (11.1.8) we 
find the angle 

(11.1.9) 

where by (5.4.6) 

m0 = sin ~0 sin flo/cos (~0 - flo) (11.1.10) 

We fmd Lhe angle w0 in (11.1.9) from Table 5.3.1 according to 
the value of the number M0 at point D. Having evaluated WB by 
(11.1.9), we use the same Table 5.3.1 to determine the values of the 
number MB and the angle flB = sin- 1 (1/ MB) at point B correspond
ing to, the value of WB. Next, we can calculate the pressure from the 
found numbers M. 

Let us first find the pressure PK at point K which the number MK 
corresponds to: 

(11.1.11) 

where the stagnation pressure behind a conical shock 
I 

Po = PoVo (11.1.12) 

is determined according to the stagnation pressnre Po (3.6.29) ahead 
of the shock and the value of the function v0 calculated from (10.2.26) 
according to the shock angle 8s and the number Moo. 

The pressure at point B is 

' ( k-1 M? )-k/(k-0 ' 11 113) PB= Po 1 +-2 - i3 = P 0 'Jt (MB) ( · · 

Wefindthefunctions n(MK) and n(MB) in (11.1.11)and(11.1.13) 
using the values of the numbers MK and MB from tables con
tained in [8]. 

The pressure coefficients are 

j)K = 2 (PK - Poo)/(kM~poo) and 

PB = 2 (PB- Poo}/(kM!,poo} 
(11.1.14) 

We determine the velocity, temperature, and density from the 
following expressions, respectively, 

VK(B/Vmax = {1- [pK(B/p~](h -l)/ki}I/2 

TK(B)IT 0 {1 + [(k- 1)/2]Mf{(B)}-1 

(11.1.15) 

(11.1.16) 

(11.1.17) 

where we find p0 and T 0 from the free-stream parameters by formu
las (3.6.34) and (3.6.35), respectively, and the maximum velocity 



Ch. 11. Sharp-Nosed Body of Revolution in Supersonic Flow 65 

from (3.6.22): 

V - ( J12 __ 1_ 2 ) 1/2 
max- 00 + k-1 aoo (11. 1.18) 

Having calculated the parameters at point B, we draw through 
it an element of a first family characteristic np to its intersection 
point C with the straight section of the second family characteristic 
issuing from point A (see Fig. 11.1.1). We determine the coordinates 
of point C from the solution of the eqllations for elements AC and BC 
of the characteristics. The equation of element AC of a characteristic 
has the form 

rA - rc = (xA - xc) tan (~A- fAA) 

and the equation of element BC 

rB - rc = (xB - xc) tan (~B --i- [.tB) 

(11.1.19) 

(11.1.20) 

By so lYing these equations simtLltaneonsly, we find the coordi
nates of point C (xc, rc). To find the angles ~c and we at this point, 
we mnst use Eqs. (5.4.8) and (5.4. 9) for the characteristics. Writing 
these equations as difference ones and assuming that e = 1, we 
obtain 

where by (5.4.5) 

xc-xB 
~WB-~~B---lB=0 

rB 

.Tc-XA. 
~wA+~PA--r-· mA=O 

A 

and (5.4.o), we have 

lB =sin ~B sin f.tB/cos (~B + flB) } 

mA =sin ~A sin flA/cos (~B- [lA) 

(11.1.21) 

(1'1.1.22) 

( 11.1. 23) 

Instead of the four unknowns ~WB, ~WA, ~~B· and ~~A in 
Eqs. (11.1.21) and (11.1.22), expressions (5.4.20) allow us to consider 
only two unknown qnantities, namely, ~WB and ~~B (or ~WA 
and ~PA)· 

With a view to expressions (5.4.20), Eq. (11.1.20) can be trans
formed as follows: 

A A (.l, (.l, (.l, XC- X A 0 1 1 24 LlWB+WB-WA+LlPB+t-'B-1-'A-~mA= ( 1. . ) 

Sohing this equation simnltaneously with (11.1.21) for the vari
able ~~B• we obtain 

A. 1 [xc-xA xc-xB A. J ~pB= z ~mA-~lB-(WB-WA)-(~B-1-'A) (11.1.25) 

We use the found value of ~~B and (11.1.21) to find the angular 
increment 

(11.1.21') 



66 Pt. II. Methods of Aerodynamic Calculations 

The absolute values of the angles at point C are as follows: 

~e = ~~B + ~B• We = ~WB + WB (11.1.26) 

We use the value of we and Table 5.3.1 to find the number Me 
and the disturbance angle !lc = sin -I (1/ M c). When required, the 
number Me allows us to find the other parameters, namely, the 
pressure, density, temperature, and velocity. 

The parameters calculated in this way are a first approximation, 
because along the elements of the characteristics the coefficients l 
and m, and also the radial coordinates are assumed to be constant 
and equal to the corresponding values at points A and B. These 
parameters can be refined if instead of lB, mA, rB, and rA we introduce 
into Eqs. (11.1.21) and (11.1.22) the values calculated as the mean 
ones between those given at points A and B and those obtained at 
point C as a first approximation. For these mean values, we have 
the relation" 

lB =sin ~B sin ftn/cos (~B + fln), 

where 
rB = (rB + rc)/2, 

~u = (~n + ~e)/2; 
~~=(~A+ ~e)/2; 

m~ =sin ~A sin ftA./cos (~A- [lA) 

flu= (fln + f.te)/2 } 
ftA = (flA + fle)/2 

( 11.1.23') 

(11.1. 27) 

(11.1.28) 

By continuing similar calculations, we can determine the para
meters at all the points of the second row including point N at the 
intersection of elements P N of the first family characteristic and 
SN of the second family characteristic drawn from the end of a 
straight conical shock. 

The further calculations consist in finding the parameters at the 
intersection point of an element of a first family characteristic 
drawn through point N with the extension of the shock beyond point 
S. In practice, to obtain a better approximation, we draw the 
characteristic not through point N, but through point F between N 
and S (see Fig. 11.1.1). We choose the coordinates XF and rF of 
point F so that element FH of the characteristic closest to the shock 
would be sufficiently small and could be considered as a straight 
section. We calculate the parameters at pointF (w, M, fl• ~)accord
ing to their known values at points S and N by linear interpolation. 
For example, 

WF = Ws + (wN - Ws) (XF - Xs)f(XN - Xs) (11.1.29) 

The equation of element FH of a first family characteristic has 
the form 

(11.1.30) 
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By solving this equation simultaneously with the equation of 
a straight shock generatrix rH = XH tan 08 , we determine the coor
dinates XH and rH and thus find as a first approximation the position 
of point H on the shock. These coordinates must be refined because 
the real shock behind point S becomes curved. Indeed, the first fami
ly characteristics (ES, FH, etc.) are expanding waves in their nature. 
When encountering a compression shock, these "·aves reduce its 
strength and, consequently, inclination, as a result of which the 
shock becomes curved. 

The flow behind such a compression shock is vortex (non-isentro
pic), consequently to determine the velocity at point H we use 
Eq. (5.4.41) for element Fll of a first family characreristic taking 
into consideration the change in the entropy behind a curved shock. 
Assuming in this equation that YF = rp and e = 1 (axisymmetric 
flow) and solving it for ~~F simultaneously with (5.4.38), we obtain 
relation (5.4.46) in which e = 1 and YF = rp: 

~~F= [ ( ~) -1]-1 ( Wp- UJ.s __;_ xH-xF lp-xu-xp .~ cp) 
d~ s ' rp kR ~n 

(11. 1.31) 

where the derivative (dw/d~)s is found by (5.4.39), while the coeffi
cients lp and cp are calculated by the relevant formulas (5.4.42). 

Formula (11.1.31) includes the quantity ~S determining the 
change in the entropy when passing from point li to point F. In 
first approximation calculations, we assume that point li is on the 
extension of the straight generatrix of the shock. \Ve could therefore 
assume that the change in the entropy equals zero, i.e. ~S = 0. 
But this assumption lowers the accuracy of our calculations because 
point li is actually on the curved section of the shock (ll'). Better 
results are obtained if we assume that the entropy (or stagnation 
pressure) at point H does not equal its value at point F. 

The stagnation pressure Po,H at point li is calculated in a first 
approximation as follows. Let us assume that the deflection angle 
~H: of the flow through the shock at point H equals the angle of 
inclination of the velocity vector at point F. We can determine 
the corresponding shock angle e~.H from the value of the angle 
~H: = ~F· For this purpose, we shall use formula (4.3.25) in the form 

tan 8' M2 sin2 8' 
...,-----:-:~--'s-'-,H--.,.::-:-- _ oo s,H 
tan (8~,H -~H) - 1-6+6M~ sin2 8~,H' 

(11.1.32) 

At given values of ~:H. M oc" and 6 = (k- 1)/(k + 1), this tran
scendental equation is solved for 8~,H by SUCCessive approximations. 
We can use the value of e~.H and formula (11.1.12) to determine the 
stagnation pressure at point li. Assuming that at point F the stagna
tion pressure p~,F equals the stagnation pressure Po,s at point S 
5* 
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calculated from the shock angle Os.s by formula (4.3.22), we can 
find the relation 

(Po,H - Po,F)/p~,F = (Po,H - P6,s)IPo.s 

Inserting this relation into (5.4.45), we determine the entropy 
gradient !:!..S/!:!..n contained in formula (11.1.31). We now use the 
latter formula to find the value of !:!..~F; next we calculate the angle 
increment !:!..wp from (5.4.41) at YF = rp and e = 1: 

( 11.1. 33) 

The values of ~~F and ~ffiF give us the angles for point H: 

~H = ~H' = ~~F + ~F• ffiH = ffiH• = ~ffiF + ffip (11.1.34) 

Knowing the angle ww, we find Mw and flH' from Table 5.3.1. 
The found value of ~H' allows us to refine the shock angle at point H 
by formula ( 11.1.32) and find the coordinates xw and rw of the 
new point H' in a second approximation. For this purpose, we shall 
compile an equation for the section of the shock behind point S: 

rs - rw = (Xs - XH•) tan 81,H· ( 11.1.35) 

and an equation of an element of a first family characteristic: 

rp- rw = (xF- XH·) tan (~F +[!F) (11.1.36) 

where 

Solving (11.1.35) and (11.1.36) simultaneously, we find the refined 
coordinates XH· and rw. If required, one can calculate the parame
ters at point H (wH', MH' and ~w) in a third approximation. 

The data obtained on the parameters at points H' and N allow 
us to evaluate the parameters at point J (see Fig. 11.1.1). These 
calculations are similar to the solution of the first problem (see 
Sec. 5.4 in Part I) associated with the determination of the velocity 
at the intersection point of characteristics of different families issu
ing from ~two closely arranged points. 

We find the coordinates X.r and r.r of point J by solving Eqs. (5.4.10) 
and (5.4.12) given respectively for elements N J and H' J of charac
teristics of the first and second families: 

rN - r.r = (xN - r,1) tan (~N + [LN) (11.1.37) 

(11.1.38) 

To calculate the parameters at point J in the vortex region of the 
flow, we use the relations for the characteristics in the plane of the 
hodograph taking into account the changes in the entropy. These 
difference equations have the form of (5.4.11) and (5.4.13). Equa-
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tion (5.4.11) given for s = 1 and y = r \vith a view to the notation 
adopted for element N J of a first family characteristic has the follmv
ing form: 

XJ-X'( XJ-X'( ~S 11w:\"- M~v---- z~, --1- ---.- C-,; = 0 
, IJ~' ~":'>~ -' ' kR ~n · ( 11.1.39) 

For element H' J of a second family characteristic, we use 
Eq. (5.4.13): 

where 
~o);o.;~w.r-w:\', 

L\WH' =W.r-WH', 

!1~:-; ~c ~J- ~-,; } 

i1~H' = ~J- ~H' 
(11.1.41) 

To determine the coefficients l;o.;, c", mw, and tw, we must use 
formulas (5.4.15) in which we replace the parameters bearing the 
subscripts "B " and "A" with parameters bearing the subscripts "~" 
and "H'", respectively. We calculate the entropy gradient /1S · 11n 
using relations (5.4.16) or (5.4.18) in which the snbscripts ":\'" and 
"H'" should be snbstitl!ted for "B" and "A", respPctin:ly. Here we 
determine the stagnation pres:omres pi1.H for poinl H' and Po.-s for 
r;oint N by formula (4.;:3.22) from the shock angles es,H' and e,,S, 
respectively (0s,H' < 05 ,;;:). 

The system of equations (11.1.39) and (11.1.40) includes four 
unknown quantities: /1wN, 11~N· 11wH'• and /1~H'· The nnmber of 
unknowns can be halved if we take account of relation (5.4.20) by 
analogy with which 

f1ww = f1wN + W.'J" - WH'; f1~H' = f1~N __:__ ~N - ~H' (11.1.42) 

Let us perform the corresponding substitntion in (11.1.40): 

/1(J)N + W:-~ - WH' + f1~-s __:__ ~;-.; - ~H' 

.T,J-XH .T.J-XH' ~S 
- mH,- .-tw=O (11.1.40') rw kR ~~~ 

Solving this equation simultaneously with (11.1.39) for /1~N, 
we find 

(11.1.43) 

According to the found value of /1~::-i'• we calculate the angular 
increment from (11.1.39): 

( 11' 1. 44) 
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We use t1roi\" and t1~N to determine the absolute values of the 
angles at point J: 

ro.1 = t1rox + roN; ~J = t1~N + ~N 
Table 5.3.1 gives us the number MJ and the disturbance angle 

J.LJ for the found value of ro.~. We find the stagnation pressure Po,J 
(the entropy SJ) at point J by interpolation using the values of 
Po,H' and Po,N at points H' and N. 

\Ve can refine the found parameters if instead of lN, mH', eN, and 
tH' we introduce into Eqs. (11.1.39) and (11.1.40) the values calcu
lated from the arithmetic means of the angles ~ and f1 in accordance 
with formulas (5.4.25). 

In this way, we consecutively, step by step, determine the coordi
nates of points H', J, ... , L of the second family characteristic, 
and also the gas-dynamic parameters at these points. Using the 
variables found for point L, we can determine the velocity and other 
parameters at point R on the surface of the body in the flow. We 
find the coordinates of point R by solving the following equation 
for element LR of a second family characteristic: 

(11.1.45) 

and the equation of the body's generatrix rR = f (xR). Solution of 
these equations yields the values of xR and rR. 

Point R is in the vortex region of the flow where element LR of 
a second family characteristic intersects the body's generatrix. 
Consequently, Eq. (5.4.27) has to be used to calculate the velocity. 
Assuming that s = 1, and substituting r for y and the subscript 
"L" for "D", we can write the equation 

(11.1.46) 

where 

~WL = WR - WL; ~~L = ~R - ~L (11.1.47) 

We fmd the coefficients mL and tL by formulas (5.4.28) in which 
we replace the subscript "D" with "L". We find the entropygradient 
~Sf ~n by one of the formulas (5.4.29) provided that the subscripts 
"D" and "B" are replaced with "L" and "R", respectively. The stagna
tion pressure Po,R at point R is known, and equals the pressure at 
points A. B, ... , U, G belonging to the same streamline closest to 
the surface of the body. We calculate the value of P~.R by formu
la (4.3.22) and the value of the shock angle 8s,S· We determine the 
stagnation pressure Po,L at point L by interpolation of the values 
Po.T and p~,G = Po.R for points T and G, respectively. 

The angle of inclination of a tangent to the surface of the body at 
point R is known hom the equation of the generatrix r = f(x) and 
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Fig. 11.1.2 
Distribution of the pressure 
near bodies of revolution with a 
parabolic nose: 
I-with account taken of tl1e vor
tex flow behind the shock; ;!-for a 
potential flow behind the stwck 

!J/p.;;l 
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is ~R = tan-1 [(dr/dx)R]_ We therefore know the difference ~~L = 
= ~R - ~L• and by Eq. (11.1.46) we can directly calculate the 
angular increment ~WL· \IVe use this increment to calculate the 
angle wR = ~WL + WL and to determine the number MR, the 
pressure and the other parameters at point R with account taken of 
the vortex nature of the flow. 

Calculations and experimental investigations show that a substan
tial int1uence of the vortex nature of the flow behind a curved shock 
is observed only at high flmv velocities. For example, for a parabolic 
nose with a fineness ratio of Amid = Xmid/(2rm 1d) = 5 (the length of 
the nose is five times larger than the diameter of the mid-section, 
i.e. the maximum cross section 2rm 1ct) at a value of the parameter 
K 1 = M oo 1Am1ct = 'l, which the number M oc = 5 corresponds to, the 
calculated wave drag increases at the expense of the vortex by 5% in 
comparison with its value in a potential flow. At the same time, 
when K 1 = 4 (Moo = 20), it grows by over 25%. The effect of the 
growth in the drag is explained from a physical viewpoint by the 
fact that an additional part of the kinetic energy of the flow has to 
he spent on the formation of vortices. 

Figure 11.1.2 shows the pressure distribution found by the method 
of characteristics for two bodies with a parabolic nose, the equation 
of whose generatrix is 

(11.1.48) 

where r = r!rmlct and x = xlxmld (xmld is the distance from the nose 
to the location of the mid-section of the body whose radius is rm1ct)· 

For a body of revolution with such a generatrix (Fig. 11.1.3), the 
tangent slope at an arbitrary point is 

dr 2r ld - 1 -
tan~= -=-m-(1-x) = -,-(1-x) 

~ Xm~ hm~ 
(11.1.49) 
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Fig. 11.1.3 
Body of revolution with a pa
rabolic generatrix 

r 
X 

I - --:;-4 
xb 

--------~~ 

while at the tip, for which x = 0, we have 

tan ~ 0 = 1/Amid 

X 

(11.1.50) 

where Amid = Xm 1d/(2rm1ct) is the fineness ratio of the nose. 
The graph in Fig. 11.1.2 shows the pressure distribution for a value 

of the parameter K 1 = Moo tan ~ 0 = M oo!Amld = 2. It can be seen 
that the pressure for vortex flow is higher than that for potential flow. 
This increase should be taken into consideration in practical cases 
beginning from values of the parameter K 1 of about 1.2 to 1.5. At 
lower values of K 1 , the vortex influence may be disregarded. The 
graph confirms the similarity for the parameter K 1 at high velocities 
not only for cones, but also for affine-similar bodies of revolution 
with a curved generatrix such as parabolic bodies (for affine similarity 
in greater detail see Sec. 11.3). This similarity also extends to cylin
drical parts of bodies. The flow over two bodies differing in their 
dimensions can be seen to be characterized by a single curve for the 
pressure function plpoo - 1 because in each case the parameter K 1 
is the same. 

The law of similarity in the parameter K 1 is of a great practical 
significance. Indeed, instead of experimenting with different models, 
we can test a single model in a wind tunnel, obtaining data on the 
pressure distribution for a number of values of the parameter K 1 . 

Next, in accordance with the similarity law, these data may be 
extended to the entire set of affine-transformed bodies with specific 
geometric dimensions. For example, if the results in Fig. 11.1.2 
were obtained at Moo = 6 for a body with a nose fineness ratio of 
Amid = 3 so that K 1 = 2, then evidently the found curve also holds 
(as can be seen from the graphs) for another body with a fineness ratio 
of Amid = 6, but when Moo = 12, i.e. provided that the same value 
of K 1 = 2 is retained. Using the similarity law, we can relate the 
results obtained, for example, to a body with Amid = 5 and 
Moo = 10, etc. Hence. in the given case, the validity of the similarity 
law is restricted to the single value of the parameter K 1 = 2. To 
extend these limits, experiments or calculations are performed for 
different values of K 1 • 
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Fig. 11.1.4 
Region of possible application 
of the similarity law in the par
ameter K1 

P·c=xcfdc=l/(2 tan 11,); )_mid= 
=-"mid 1 nn1id=-l/tan f3o: 
1\ ,=JI., tan 13ol 

IZ 
Acol/( 2wn f>o) 

vV e shall note another import ant conclusion of the similari ly 1 aw. 
lL consists in that wh· n it is impossible to obtain a high-veloeity 
!low. the required results can bt1 produced for !'maller number::; M =· 
For this purpose, an experiment has to be run using a lower fineness 
ratio of an affme-similar model ·with retaining of the given parame
ter K 1 . Here the field of application of the similarity law for a sharp
nosed body of revolution can be established by analysing the possi
bility of using this law for a cone tip. Such an analysis is performed 
by comparing the results of approximate aerodynamic calculations 
with the exact theory or an experiment and f1nding the deviation 
from the tolerated error. This method was employed to construct 
the hatched area in Fig. 11.1.4 for a cone (the zone of doubtful simi
larity) outside of which the application of the similnrily law yields 
an error of under 5-6%. 

When nsing the graph in Fig. 11.1.4 to deterrnine the tield of 
application of the similarity law for a parabolic nose with a tinPness 
ratio of Amid• this graph should be reconstructed so that the fineness 
ratios of the nose calculated from the condition "·mid = 1/tan ~ 0 are 
laid off along the horizontal axis. 

\Vhen investigating the effect of a vortex flow. iL was shown that 
an increase in the airspeed makes it necessary to take iuto considera
tion (when calc1llating an inviscid flow) the influence of factors that 
may be ignored at low velocities. 

Experiments and theory show that at large n11mbers M =• factor-s 
such as the boundary layer and various effects observed in it (disso
ciation, ionization, heat transfer between the wall and the gas) 
influence the flow to some extent. Vibrational excitation. dissocia
tion, and ionization of the air that may appear at very high flow ve
locities because of the substantial elevation of the temperature in 
the inviscid region of the flow between the shock wave and 
the body snrface also affect the flow. It shonld he noted that the 
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influence of high gas temperatures on the change in the pressure 
.distribution is considerably lower than on the distribution of the 
velocity, temperature, and density. 

The parameters of inviscid flow, provided that the gas experiences 
physicochemical transformations owing to the high temperatures, 
can be calculated by a number of methods, including the method 
of characteristics (see [ 10-12]). 

Know-ing the distribution of the pressure coefficient p = (p -
-poo)lqoc, whereqoo= kM!,poo/2, wecancalculatethewave drag force 
and coefficient for a body of revolution in a supersonic flow at a zero 
angle of attack. To calculate the wave drag coefficient, we shall use 
formula (1.3.2), as we did when deriving formula (10.2.29). We shall 
take into account here that 

.or 

Sr = Sm1d = nrfnid; dS = 2nr dl; dl = dx/cos ~ 

As a result, 

/'" 

cos (n, x) =sin~; sin ~/cos~= dr!dx 

xh 

X w 2 \ -- ( dr ) d e ,w=---==-- pr - X 
x qooSmw rmw • ~ 

0 

xh 

ex, w = 4/'"IT>Id ,\ pr tan~ d7i 
0 

where Xu is the length of the body of revolution; 

X = xlxm!d; xb = X])Xm!d 

(11.1.51) 

(11.1.51') 

r = rlrmid; tan ~ = dr/dx; Amid = Xmid/(2rmid) 

Figure 11.1. 5 gi yes an idea of the changes in the wave drag coeffi
cient. It has been constructed from the results of calculating this 
coefficient by the method of characteristics for a parabolic body of 
-revolution. It can be seen that an increase in the number Moo and 
the fineness ratio Am ld is attended by diminishing of the drag coeffi
cient. An increase in the fineness ratio corresponds to greater sharp
ening of the body, which, naturally, causes the drag to lower. As 
regards the influence of the number Moo, the change in the coeffi
·cient cx.w indicated above points not to a decrease in the drag [with 
an increase in Moo it grows in accordance with the relation X w = 
= c,. w (kpoo M!,/2) S m !d], but to a certain deviation of this change 
from a quadratic law (relative to Moo). For large Mach numbers 
{Moo> 5-6), it is exactly such a law of the change in the drag that 
is realized in practice because the coefficients ex. w change insig
nificantly. 
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fig. tt.1.5 
Wave drag coefficients for a parabolic nose 

To estimate the wave drag coefficient for parabolic noses or bodies 
of revolution close to them in shape, we can nse the relation (see [1]) 

(1'1.1.52) 

where Pc is the pressure coefficient on the conical nose of the body 
of revolution in a flow. 

Formula ( 11.1.52) yields satisfactory results for fineness ratios of 
Amid :? 2.5 and the interval of 1.5 ::( M"' ::( fi. 

11.2. Linearization 
of Equations for the Flow 
over Slender Bodies 
of Revolution 

Some craft are designed as slender sharp-nosed bodies of revolu
tion (some kinds of rockets, missiles, etc.) or one of their structural 
elements is a body of such a shape. This gives rise to the expediency 
of investigating the aerodynamic characteristics of slender sharp
nosed bodies of revolution. 

Let us consider the problem of a steady flow over slender bodies at 
small angles of attack. A disturbed flow near such bodies differs 
only slightly from an undisturbed one. Such a flow, called linearized 
above, can be studied with the aid of the relevant linearized equa
tions of aerodynamics. Let us consider these linearized equations. 
They are obtained from the general equations of motion (3.1.35) 
and (3.1.35') in cylindrical coordinates convenient for studying the 
flow over bodies of revolution and having the following form for 
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a steady inviscid flow (ffV!ot = 0, v = 0): 

11 . av x + v av x + ~. av x "'- _ J.._ • .!!.!!._ 
x i)x r Dr r D',' p i)x )I 

I 
V DVr+V oV,+~·DV,._V~=-.i_·..!!...f!.._ 

X Dx r iJr r a',' r p Dr 1 (11.2.1) 

V DVy -l V DVy -f- Vv. DFv , V,Vv __ ___!___ .!!!_ I 
X ax ' r Dr r Dy I r - pr ay I 

and also from continuity equation (2.4.31) in the same coordinates. 
Differentiation of this equation yields 

r(~Pl'.+~V +J...~v )+ r(DVx, av,_f-_!_· ov..,) 
ox X Dr r r ay y p ax T or r r)y 

+ pV, = 0 (11.2.2) 

T k · · h l · l d · · up dp a P a mg mto account t at tle partla envatlve ax= a:p·""7Jx"= 

= __;... · ~P , and replacing Dp/Dx in accordance with the first of 
a- uX 

Eqs. (11.2.1}, we find 

~= -~ (Vx iJT"x +V, oVx +22_· a_Fx) (11.2.3) 
iJ:c a- · iJx cJr r uy 

Similarly, from the second and third of Eqs. (11.2.1), we obtain 

~ = _ ..£.... ( v av, + v aV, + 22.. av,. _ v~) 
iJ r a2 x iJx r iJ r r iJ',' r 

..!_.~= _ _e._ (v fJVy . V OVy +_.!:2. iJVy--+- V,Vy) 
r iJy a 2 x f)x + r Dr r iJy ' r 

Let us introduce the values of the partial derivatives 
(11.2.3)-(11.2.5) into continuity equation (11.2.2): 

(V~- az) u,;· x + (V;- az) a,v, + __!_ (V~- az) aav" 
uX ur r '( 

+ V V ( av x + av, ) . V V (..!... aVx + Wy ) 
x r i)r iJx T x Y r fJy iJx 

(11.2.4) 

(11.2.5) 

from 

+ V,V, (J.. · 0
0
Vr + Wy)- T',a

2 
= 0 (11.2.6) 

' r uy or r 

Having in view relations (2.4.25') and taking into account that 

fJVv _ _!Z_ (..!.. ~) _J...~ __ l_. ~ 
iJr - cJr r iJy - r iJr oy r 2 iJI' 

we obtain from (11.2.6) an equation for the potential fnnction: 

(V2 
- a2) cJ

2
qJ + (V2 - a2) a

2
(jl + -1

- (V2 - a2 ) iJ
2

qJ + 2V ."V ~ 
X i)x2 r r)r 2 r2 y o'(" X r OX f}r 

2 a·' 2 02 V (a
2 + V2

) +- VxVv ~+-V,Vy_qJ __ r -v =0 (11.2.7) 
r ax dy r i)r oy r 
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Customarily, we use the single equation (11.2.7) for the velocity 
potential instead of the system of equations of motion (11.2.1) and 
continuity equation (11.2.2). In accordance with the properties of 
a linearized disturbed ilow, 

v X = v., + v;;, v r = v;, v y = Tf~ 

where the additional disturbed velocity components 

v~ « v.,, v; « v ""' v~ = v 00 

(11.2.8) 

Consequently, for the speed of sound, we may use relation (7.1.2') 
in which u = V~. Introducing this relation, and also the values 
(11.2.8) and the quantities 

V;, = Voo + 2VooV~, v; = v;.2
, V~ = l'~2 • cr = cpoo + cr' 

into Eq. (11.2.7), we obtain 

[V~- a~+ (k- 1) V '"Y~] 0

0
2

~, + [V;2
- a~+ (k- 1) V., V~] 8

8
2

~, 

+-1 [V' 2-a2 -+-(k-1)V V'] 
02

q:' -+-2(V -+-l")V' 
02

r:p' 
1'~ '\' oo 1 oo X r]y2 I oo I X r OX i}r 

+.3. (V., + V') V' ~ +.3.. V'V' .82~, r X '\' OX 0)' T r '\' 0 T rJy 

_ _!}.[a;.,-(k-1)VooV~+V;J=0 ('11.2.9) 
r 

Taking into account that the second derivatives of cp' are small 
quantities of the tlrst order, in Eq. (11.2.9) we may disregard the 
terms containing products of these derivatives and the disturbed 
velocity components V~. v;, or V~. As a result, we find a linearized 
differential equation for the additional value of the potential func
tion r(: 

w;.,- a;.,) 02
r:p2'- a;., a:~'- a~ 0 

02~,- a;., . iJqJ' = 0 ('11. 2.10) 
r}x ur r oy r or 

Let us divide all the terms of this equation by -a;.,: 

(1-M2 ) 
02

(/J' + 02
(jl' +-1 . 

02~, +~- oqJ' =0 (11.2.10') 
00 iJx2 iJr2 r2 iJy2 r or 

Equation (11.2.10') is used to investigate the flow near slender 
bodies of revolution at a small angle of attack, i.e. a non-axisymmet
ric nearly uniform flow. 

For axisymmetric flow (the angle of attack is zero), the equation is 
simplified because the velocity component v~ = (1/r) acp' ;ay = 0 
and, consequently, 

(1-M2 ) 
02

(jl' + 02
qJ' +..!_· i7qJ' =0 (11 2 11) 

00 i7x 2 or2 r or . 0 
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r 

X 

Fig. 11.2.1 
Free-stream velocity components in cylindrical coordinates 

Equations (11.2.10') and (11.2.11) are the theoretical basis of the 
aerodynamics of stationary linearized flows near slender bodies of revo
lution. Solution of these equations yields the disturbance potential cp'. 
We solve the equation for the potential cp' for the following boundary 
conditions. At the boundary of the disturbed region, the potential 
cp' = 0. In the given case, this boundary is formed by the surface 
of a weak shock wave appearing ahead of a slender sharp-nosed 
body. This wave is actually a weak disturbance line (a simple com
pression wave) or a Mach line with the angle of inclination of the 
generatrix to the direction of the velocity vector V oo equal to floc = 
= sin -l (1/ Moo). On the surface of the body in the flow, the potential cp' 
must satisfy the condition of flow without separation (3.3.19) in 
which the function describing the surface of revolution in the flow 
can be written as F = f (x) - r. Hence, 

cp 7 /cp:>: = dr/dx (11.2.12) 

where: 
-~-a (<poo+<p')- O<poo + a<p' = 00 + I } 

cpr- ar - ar - ar ar cp • r QJr 
, , (11.2.13) 

- a<p -a (<poo+<p)- a<poo + a<p - + , 
(j)X- a;:- ax - ax --a;-- (j)oo, X Cjlx 

The components of the free-stream velocity in cylindrical coordi
nates can be determined using the diagram in Fig. 11.2.1: 

V x. oo = 8cpoo/8x = cpx, oo = V oo cos a } 
. (11.2.14) 

V r. oo = 8cpoo/8r = cpr, oo = V oo sin a cos?-

The same diagram allows us to find the third component: 

V 1 a<poo 1 v . . (11 2 15) ,., oo =-; ·a::;-= -; cpy, oo = - oo sm a sm y . . 

In accordance with relations (11.2.14) and (11.2.15), the velocity 
potential of an undisturbed flow is 

cp"" = x V oo cos a + r V oo sin a cos '\' (11.2.16) 
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A slender body of revolution in a linearized flow at a small angle of attack: 
a- non-axisymmetric flow; b- axisymmetric flow I c-additional crossflow 

\Ve shall assume for a nearly uniform flow that cos a ::::::::; 1 - a 2/2 
and sin a ::::::::; ct, therefore 

lf!oo = xVoo (1- a 2/2) + rVoo a cosy 

Consequently, the summary potential is 

(11.2.16') 

q> = lf!x + rp' (x, r, 1') = xVoo (1 - a 2/2), + rV oo a cos y 

+ cp' (x, r, y) (11.2.17) 

By calculating the derivatives of IPr and Cf'x• introducing them 
into (11.2.12), and disregarding the quantity 0.5a2

, \ve obtain 

(V ooa cos y + cr~)/(V oo + q;~) = dr/dx (11.2.18) 

If the flow is axisymmetric, the condition of flow without separa
tion (11.2.18) is simplified: 

cr~/(V oo + q>~) = dr/dx (11.2.19) 

The velocity potential q> of a linearized flow over a body of revolu
tion at a small angle of attack (Fig. 11.2.2) can be written as the 
sum of three components: the potential lf!oo of the undisturbed flow, 
the additional potential rr~ (x, r} of the longitudinal disturbed 
(axisymmetric) flO\v, and the second additional potential cp~ (x, r, y) 
produced by the crossflow: 

q> = l:poo + cp~ (x, r) + cr~ (x, r, ',') (11.2.20) 

In the theory of linearized flows, q>; and q>; are-considered as func
tions that, being solutions of equations of motion, determine flows 
independent of each other. Therefore, the boundary conditions may 
be super posed separately onto each such function. Particularly, the 
solution for q>~ obtained from Eq. (11.2.11), namely 

(11.2.11') 
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(where (jl;xx = fJ2qJ~/ox2 , (jl;rr = o2qJ;!or2
, (jl;r = OqJ~/ or), must satisfy 

·condition (11.2.19) of axisymmetric flow 

(jl;r/(Voo + (jl;x) = dr/dx (11.2.19') 

The boundary condition for the function (jl; satisfying (11.2.10') 

(1 - MZ.,) (jl;xx + (jl~rr + (jl~vvh· 2 + (jl~r!r = 0 (11.2.10") 

is obtained from expression (11.2.18) written in the form 

V ' ' dr (V ' ' ) (11 2 21) a ooCOSY+(jl1r+(jl2r=dx" oo+(jl1x+(jl2x · · 

In these expressions, (jl~x = OqJ~/ox, (jl~x = oqJ~/ox, etc. 
Having in view Eq. (11.2.19') and discarding in (11.2.21) the term 

(drldx) (jl~x· of the smaller order, we obtain the boundary condition 
for crossflow: 

(jl~r = - aV 00 cos y (11.2.22) 

In accordance with condition (11.2.22), the additional potential 
due to the crossflow must be such that the radial component Vr,oo = 
= a V oc cos y of the free-stream velocity will vanish at the surface 
of the body. This velocity component may be either supersonic or 
subsonic. That V" oo < aoo (i.e. the radial component is subsonic) is 
of no significance for solving the problem because the additional 
crossflow being considered is a part of the total flow and is only a re
sult of our mathematic representation of the model of such a flow. 

HaYing determined the total velocity potential (11.2.20) with 
account taken of the boundary conditions, we can evaluate the 
velocity, and then the pressure, using the Bernoulli equation 

k p V 2 k poo VZ., 
k-1·-p+-2-=k-1• Poo +-2-

Introducing into it the value of p = Poo (p/poo) 11" (since the flow 
can be considered isentropic) we find 

_k_ ( L)(h-1)/h ~ +~ = _k_. poo + VZ., 
k-1 poo Poo 2 k-1 poo 2 

Having in view that kpoo/poo = a~ and M~ = VZ.,IaZ.,, we obtain 

p: = [ 1+k-;1 MZ., ( 1- ;~ )r/(h-1) 
Since the square of the total velocity V2 = (V oo cos a 

+ V;2 + V?, we have 
p [ ( V' V'2 V'2 

Poo = 1-(k-1)M!, v~ cosa+ 2J~ + zvt 
V~2 _sin2 a)J"I(h-0 + 2V2 2 

00 

(11.2 23) 
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Here the second term in the brackets is less than unity, and, 
therefore, the entire expression can be expanded into a binomial 
series. Retaining only the first two terms in the expansion, taking 
into consideration the smallness of the quantity V~2 /(2V:;.,) in com
parison with the first term in parentheses, and assuming for small 
angles of attack that cos a ~ 1 and sin2 a ~ a 2 , we obtain 

( 
v· Y' 2 V'Z a2 ) 

P: = 1-kM:;., 1 .~ + 2}i + 2V~ - 2 (11.2.24) 

whence the pressure coeff1cient is 

- 2 (p- poo) ( l'~ T'? V~2 a2 ) 
P= kMzp =-2 v+2P +2P -2 (11.2.25) 

0000 00 00 X 

In accordance with condition (11.2.12), in which we may assume 
that ~.'\: ~ lf!x(' = v 00! we shall replace the component v;. with the 
quantity 

v;. = q>~ = v 00 dr!dx (11.2.19") 

and v~ and v~ with their expressions in terms of the additional 
potentials: 

V~ = q>~; V~, = lf!~·,oolr + q>~yir 
where by (11.2.15), the quantity 

q>~,oofr = aVcxo sin y 
Hence, 

- - 2 [ v:;., ( a,. ' 2 , 1 ( <p~" . ) 2 a 
2 v:;., J p= v;_, Voo!fx+-2- 7h) -t- 2 -r--aVocsmy --2-

(11.2.26) 

\Ve can write this value of the pressure coefficient as the sum of 
two components, i.e. p = p1 + p2 . The first of them, p1 , is deter
mined by the conditions of axisymmetric flow: 

- - 2 [ , v;;., ( dr ) 2 J 
P1=V2 Voolf!lx+-2- 7h 

00 

(11.2.27) 

and the second, p 2 • by the crossflow, which depends on the angle of 
attack: 

- -2 [ , , 1 ( Cflzv . )2 a
2 V:;.,J P2= v;;., Tocq;2x+2 -r--aVoosmy --2- (11.2.28) 

11.3. Calculation 
of Axisymmetric Flow 

The problem of the linearized axisymmetric flo\v over a slender 
body of revolution will be solved if we find the additional velocity 
potential cp~ satisfying linearized equation (11.2.11). We can see by 

6-055 
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substitution that the potential 
x-a'r 

q>~ = J f (e) de/V (x- e) 2 - a'Zr2 
0 

where a'=VM~-1, does indeed satisfy Eq. (11.2.11). 

(11.3.1) 

The meaning of solution (11.3.1) can be understood if we introduce 
a variable determined by the equality a'rV -1 = p. Now we can 
formally make Eq. (11.2.11) coincide with the equation for the 
velocity potential of an incompressible flow, namely, 

lf!~xx + ((!~pp + ((!~p/p = 0 (11.3.2) 

where the subscripts x and p stand for the corresponding partial 
derivatives of q>~ with respect to x and p. 

Let us imagine that at a point x = e on the axis of a body there 
is a source of a fluid with a rate of flow (strength) q. The velocity 
potential induced by the source at a point with the coordinates x 

and p on a spherical surface of radius p = y (x - e) 2 + p 2 is 
determined by formula (2.9.14) as q>~ = - q/ [4nlf (x- e)2 + p 2

]. 

If we imagine that along the axis of the body on the section from 
e = 0 to e = x - a'r there is a system of sources with the varying 
strength q = - 4n/(e) related to a unit length, then the total poten
tial at the point (x, r) being considered resulting from the action of 
all the sources is expressed by the formltla 

x-a./r 

q>~= i /(e)de/V(x-e) 2 +p2 (11.3.3) 
0 

Substitution shows that integral ( 11.3.3) satisf1es differential 
equation (11.3.2). Consequently, solution (11.3.3) is the potential 
function due to sources distributed continuously along the axis of 
the body. By comparing (11.3.3) and (11.3.1}, we see that at p = 

= a'rV -1 these two expressions are identical. We have thereby 
shown by formal analogy that as for an incompressible fluid, the 
meaning of solution (11.3.1) consists in that thefunction q>~ is the
potential of sources distributed continuously along the axis of a body. 
The found solution (11.3.1) reflects the content of the method of 
sources, according to which a body in a flow is replaced by a system of 
both sources and sinks continuously distributed along its axis. 

The law of distribution of the sources (sinks), i.e. the function 
f (e) must be such that superposition of the undisturbed flow onto 
the flow due to the sources will make one of the flow streamlines 
coincide with the generatrix of the body of revolution. In other words. 
the potential function q>~ must satisfy condition (11.2.19') of flow 
without separation. 
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Fig. tt.l.t 
Distribution of sources along the axis of a body of revolution and their influence 
at supersonic flow velocities: 
I-generntrix of body of revolution; ~-curve j(x) characterizing thP source distribu
tion; 3-streamlines due to somces; ; -disturbance (Mach) cone 

The formal analogy between an incompressible (or compressible 
subsonic) and a compressible supersonic flows due to sources or 
sinks must be supplemented with features characteristic of a super
sonic flow. If a source in a subsonic flow affects all points of space, 
upstream and downstream, then in supersonic flow the disturbances 
produced by the sources propagate only inside 1\fach cones issuing 
from the sources. Hence, if we imagine a system of sources continu
ously distributed along the axis of a body (Fig. 11.3.1), the velocity 
and pressure at any point A(x, r) will be determined by the disturb
ances emerging from upstream sources, beginning from the point 
c: = x - a'r and euding at the point c: = x = 0 coinciding with 
the tip of the body. At the point c: = x = 0, the strength of the 
source is zero because we assume that at c: ~ 0 the disturbances are 
absent. This determines the limits of the integral in formula (11.3.1). 

The shape of the curve f( c:) [or f(x)], which represents the distri
bution of the somces (sinks) for a slender body with an arbitrary 
generatrix, is shown in Fig. 11.3.1. This curve determines the con
tinuous nature of the weak disturbances induced by sources (sinks) 
and corresponding to linearized flow. When finite disturbances ap
pear, for example, in the flow over blunt-nosed bodies or over sharp
nosed bodies with large angles of their generatrices to the direction 
of the free-stream velocity, the linear theory may not be applied. 

To fmd general relations for the velocity and pressure, let us 
transform (10.3.1), introdt1cing a new integration variable: 

z = cosh-1 [(x - c:)/(a'r)J (11.3.4) 

Having in view that by (11.3.4) cosh z = (x - c:)/(a'r), c: = x
-a'r coshz, de:=- a'rsinhzdz, expression(11.3.1) can be trans-

6* 
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formed as follows: 
cosh- 1(x,la'r) 

<p~= I f(x-a'rcoshz)dz 
0 

(11.3.5) 

In formula (11.3.5), the upper limit z = cosh-1 (x/a'r) of the 
integral corresponds to the lower limite= 0 of integral (11.3.1), 
whereas the lower limit z = 0 corresponds to the upper limit e = 
= x - a'r in (11.3.1). 

Differentiating <p~ with respect to x, let us find the axial additional 
component of the velocity: 

f (x- a'r cosh z) dz 

cosh- 1(xjrL'r) I i(x-a'rcoshz)dz 
0 

+f(x-a'rcoshz) lz=cosh-'(x;a'r) a~ (cosh- 1 -rx~r) (11.3.6) 

where i is tl1e total derivative of the function f with respect to the 
argument x - a'r cosh r. 

Since the strength of the source at the tip of the body is /(e) = 
= f(O) = 0, we have 

cosh-'(xja'r) 

V~t=<vix= J f(x-a'rcoshz)dz 
0 

(11.3. 7) 

Similar to (11.3.6), we find for the radial velocity component 
cosh-•(x/a'r) 

v;t=<p;,=-a' I 
0 

f (x- a'r cosh z) cosh z dz (11.3.8) 

Let us rewrite expression (11.3.8) with the aid of the variable e 
determined from (11.3.4), i.e. e = x- a'r cosh z. Since 

dz = -de 1 -de cosh z = x-e 
Y[(x-e)/(rx'r)]2-1 · a'r y(x-e)2-a'2r2 ' a'r 

the integrand 

j (x-a'r cosh z) cosh z dz = i (e) (x- e) de/(a'r V (x- e) 2 -a'2r2) 

The lower limit z = 0 corresponds to the value of 1 = (x - e)/(a'r), 
whence the new limit e = x - a'r. The limit e obtained from the 
condition cosh[cosh-1 (x/a'r)l = (x- e)/(a'r), in accordance with 
which e = 0, corresponds to the upper limit z = cosh-1 (x/a'1·). 
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Consequently, 

or 

' '1 Vrt=r 

f (e) (x-e) de 

y(x-e)2-a'2r2 

j i(e)[1-(xa~~)2rt;2de 
x-a.:r 

(11.3.9) 

(11.3.9') 

Since a'r < (x - s), the expression [1 - (a'r) 2l(x - e)~]- 1/2 can 
be expanded into the series 

0 

V' _ _!, 
rl- r I i (e) [ 1 + + ca_:e) 2- ... J ds 

x-a'r 

When r-+ 0, the term in brackets tends to uni tv, and the lower 
limit to the value e = x. Accordingly, the limiti~g value for the 
radial velocity component at r-+ 0 is 

() 

V; 1 = ~ ~ i (e) de 
:< 

which after integration allows us to obtain the expression 

v;l = [j (0) - j (x)l/r 

But at the tip of the body j (0) = 0, hence 

v;l = - j (x)lr (11.3.10) 

Taking advantage of condition (11.2.19) for a flow without separa
tion in which the second term lf!~x in the denominator may be disre
garded for a very slender body, we obtain an equation for determining 
the function j(x): 

j(x) = - r (dr/dx) V oo (11.3.11) 

This equation can be written in the form 

j(x) = __ 1_. dS (x) V 
00 

= _I:V'oo S'(x) 
2n dx 2~ 

(11.3.12) 

where S(x) = :rtr2 is the running value of the cro~s-sectional area of 
the slender body. 

Expression ( 11.3.12) for the function j(x), which determines the 
law of source distribution along the axis in the limiting case when 
r-+ 0, can be used to evaluate the velocity component (11.3.7) 
needed for calculating the pressure by formula (11.2.27) on the 
surface of slender real bodies of revolution. For this purpose, we 
substitute e = x - a'r cosh z for x in (11.3.12) and introduce into 
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(11.3.7) the derivative 

f. ( ) df v 00 d2S (E) v 00 S" ( ' h e =de = - "2Jt · ----;JE,'2 = - 2n x- a r cos z) (11.3.13) 

The result is 
cosh-'(x/a'r) 

V ' , -Voo i 
xt=lf!tx=zn J S" (x- a'r cosh z) dz (11.3.14) 

0 

Hence, to calculate the velocity by formula (11.3.14), one must 
know the shape of the body of revolution and the distribution of its 
area along the axis, i.e. the form of the function S(x). 

Assume that we have a body of revolution with a parabolic genera
trix (see Fig. 11.1.3) whose equation is given in the form of (11.1.48). 
By this equation, the cross-sectional area is 

2 n;x2 ( 2 x ) 2 S(x)=nr =~ ---
mid XmJd 

(11.3.15) 

whence we find the second derivative: 

S" (x) = d
2
S ;x) = + ( 2-~ + ~x2 ) 

dx A-mid Xm!d xrnld 
( 11.3.16) 

Substituting e=x-a'rcoshz for x, we have 

S" (x-a'rcosh z) = ,~ [2- -
6

- (x-a'rcosh z) 
"'mld Xm!n 

+ -i-- (x- a'r cosh z)ZJ 
xmid 

(11.3.16') 

Introduction of (11.3.16') into (11.3.14) yields 

cosh-1 u 

V~t= ;;'~ ) [2- ~ (u-coshz)+ 
3
: 2

2 

(u-coshz)2] dz 
mid 0 

where x = xlxmld; 
u = x!(a'r) 

Let us introduce the notation 

i~ = 1°; i~ = ui0 - I 1 ; i~ = u2I 0 - 2ui1 + I2 

(11.3.17) 

( 11.3.18) 

(11.3.19) 

where we determine the quantities In in the form of the integrals 

cosb- 1 u 

In= .\ (coshztdz (n=0,1,2) 
0 

(11.3.20) 
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In accordance with the notation (11.3.19), we have 

ll' _ - Voo ( 2'0 _ 6H1 + 3.~ 2 i&) 
xl-zoz ~x t 

""mid n u 
(11.3.21) 

In a more general case, when the function S"(x) is given as the 
polynomial 

h 

S" (x) = 2J anxn 
n=O 

(11.3.22) 

an expression similar to (11.3.21) can be written in the form 

h 

V ' ~ b ·n 
xl = - .LJ n~x 

n=O 
(11.3.23) 

The coefficients a, depend on the shape of the generatrix of the 

body of revolution, while the coefficients b11 depend additionally on 

the velocity V oo- The values of the function i~ for n = 0, 1, and 2, 

presented in the form of (11.3.19), correspond to a body having 

a parabolic generatrix. 
For a body of revolution whose generatrix has an equation of 

a higher degree, it is necessary to calculate the values of i~ for n = 

= 3, 4, etc. Particular! v, if the equation of the generatrix is such 

that the derivati\·e S"(x) from (11.3.22) IS determined by the 
equation 

3 

S"(x) = 2J anxn 
n=O 

then by (11.3.23), the velocity component IS 

1 

Vxl = - 2J bni~ 
n=O 

(11.3.22') 

(11.3.23') 

where i~ is calculated for values of n = 0, 1, and 2 by formulas 

(11.3.19), and for n = 3 by the expression 

(11.3.24) 

The functions i~ calculated for values of the parameter u from 1 
to 8.8 are given in Table 11.3.1. 

As a particular case, we can obtain an expression for the velocity 

component on a slender cone from relation (11.3.21). To do this, we 

must substitute ~ 0 = ~c (the semiapex angle of a parabolic body of 
revolution) for 111..m1ct and assume that x = 0: 

v~l. c=-v 00 (i~)c~~ (11.3.25) 

Having in vie\v that by (11.3.19) and (11.3.20) for a cone 

i~.c = I o.c = cosh -l Uc 
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Table 11.3.1 

1.0 
1.1 
1.2 
1.3 
1.4 
1.6 
1.8 
2.0 
2.4 
2.8 
3.2 
3.6 
4.0 
4.4 
4.8 
5.2 
5.6 
6.0 
6.4 
6.8 
7.2 
7.6 
8.0 
8.4 
8.8 

0 

.o 
'x 

0.4435 
0.6223 
0.7567 
0.8673 
1.047 
1.177 
1.317 
1.522 
1.690 
1.831 
1.954 
2.064 
2.162 
2.251 
2.333 
2.408 
2.478 
2.544 
2.605 
2.663 
2.717 
2.769 
2.818 
2.865 

0 

.t 
'x 

0.0298 
0.0838 
0.1527 
0.2342 
0.4265 
0.6691 
0.9.124 
1.472 
2.116 
2.820 
3.578 
4.382 
5.227 
6.111 
7.028 
7.976 
8.953 
9.958 

10.99 
12.04 
13.12 
14.22 
15.33 
16.47 

·2 
'x 

0 
0.0019 
0.0149 
0.0392 
0.0753 
0.2068 
0.4875 
0.7314 
1.675 
3.107 
5.076 
7.634 

10.81 
14.65 
19.19 
24.44 
30.44 
37.21 
44.77 
53.17 
62.37 
72.43 
83.37 
95.18 

107.9 

.3 
'x 

0 
0.0001 
0.0071 
0.0095 
0.0254 
0.2412 
0.4631 
0.6332 
2.03'' 
4.854 
9. 701 

17.28 
28.28 
43.46 
63.76 
89.85 

122.7 
163.2 
212.3 
271.1 
340.2 
421.0 
514.5 
621.4 
743.3 

0 

. 0 ,,. 

0.4582 
0.6633 
0.8312 
0.98:14 
1.249 
1.450 
1.732 
2.182 
2.615 
3.040 
3.458 
3.873 
4.286 
4.694 
5.103 
5.510 
5.916 
6.322 
6.726 
7.13J 
7.534 
7.937 
8.341 
8.743 

0 

.J 
'r 

0.03,13 
0.0856 
0.1256 
0.2526 
0.4756 
0. 7166 
1.073 
1.857 
2.816 
3.948 
5.247 
6.714 
8.348 

10.14 
12.10 
14.22 
16.51 
18.96 
21.56 
24.34 
27.27 
30.36 
33.62 
37.04 

0 

. 2 
'r 

0.0026 
0.0109 
0.0383 
0.0794 
0.2230 
0.4137 
0.8296 
1.990 
3.846 
6.543 

10.21 
14.98 
21.00 
28.37 
37.26 
47.78 
60.07 
74.25 
90.44 

108.8 
129.4 
152.5 
178.1 
206.3 

.3 
'r 

() 

0.0004 
0.0015 
0.0096 
0.0281 
0.1124 
0.2949 
0.6950 
2.326 
5.946 

11. 9J 
21.84 
36.84 
58.34 
87.74 

127.0 
177.9 
242.4 
322.8 
421.4 
540.7 
683.4 
852.2 

1050.4 
1280.6 

where Uc = (x/a'r)c = 1/(a'~c), we obtain for the velocity com
ponent 

V~l, c =- V oo~~ cosh-! Uc = - V oc~~ ln (uc + v U~- 1) (11.3.25') 

We can use the found values of V~1 • c and (11.2.27) to determine 
the pressure coefficient on the surface of a body of revolution at 
the corresponding point. On a conical surface, where the additional 
velocity component is determined from (11.3.25'), the pressure 
coefficient is 

(11.3.26) 

In accordance with (10.2.30), relation (11.3.26) determines the 
wave drag coefficient of a slender cone, i.e. 

ex. w, c =Pte=~~ [2ln(uc + V ug-1)-1] (11.3.26') 
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Fig. tt.l.l 
Distribution of pressure coeftici
ent over the surface of a body 
with a parabolic nose and pa
rabolic boattail 

The wave drag coefficient for a slender body of revolution of an 
arbitrary shape should be calculated by formula (11.1.51) in which 
the pre"snre coefficient from (11. 3.14) and ( 11. 2. 27) is 

coslrl u 

PI=~ J S''(:r-a'rcoshz)dz-( ~: r (11.3.27) 
0 

Fignre 11.3.~ shows the distribntion of the pressure coefficient 
found according to the linearized theory at Moo = 1.5 for all three 
parts of a slender body of revolution-the nose, cylindrical, and 
tail ones. Examination of the figure reveals that the pressure along 
the cylinder, beginning from the end of the nose part, increases down
stream and gradually recovers its free-stream value (p~-+ 0). The 
flow over the narrowing part (the boattail) is attended by an increase 
in the rarefaction. 

Assnming that dr!dx = tan ~ ::::::: ~. we find a formula for the 
wave drag coeff1cient: 

cosh-1 '" 

\ S" (x -a'r cosh z) dz- ~2 J ;::-~ d7:: 
0 

(11.3.28) 

where x = xlrmili· 
For a parabolic generatrix with the equation r = (rmw'xm 1li) •· (2-

-xlxm1d), the derivative is 
dr 2r ld - 1 - -a:;:= x:::lli (1-x)= Amid (1-x)=~0 (1-.x:) (11.3.29) 

where x = xlxmict· 
The coefficient (11.3.28) can be considered as the sum of two 

t n + bt h n l bt tl· componen s: Cx.w = Cx,w Cx,w• w ere Cx.w anc Cx,w are 1e· 
wave drag coefficients of the nose and boattail parts, respectively. 
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'Fig. 11.3.3 
Drag coefficient of a parabolic 
'boat tail 

Having in view that in practice the pressure on the cylinder returns 
'to atmospheric and, co 1sequently, the flow ahead of the boat tail part 
is considered to be undisturbed, the pressure distribution over this 
part and the corresponding value of c~\ may be treated indepen

·dently of the nose part, 
The change in the quantity c~: w is characterized by the graphs 

·depicted in Fig. 11.3.3, a glance at which shows that it depends on 
·the boattail fineness ratio Abt = Xbtldm td (where Xbt is the length of 
the boattail part), on the number M oo• and on the base taper ratio 
.s~ase = sbnseiSmid• When Sbase grows, the magnitude of the 
projection of the boattail surface onto a plane perpendicular to the 
.longitudinal axis of the body increases, which leads to a lower 
'base drag. The value of c~.w for the nose part can be calculated by 
(11.1.52) or with the aid of a relation obtained in accordance with 
the linearized theory (see [1]), 

M 2 n K 2 ( 2 l 2 , 1 ) 
ooCx,w = 1 3 n~lf8 (11.3.28') 

where K 1 = M oo~o· 
The integral in (11.3.27) can be expressed in accordance with 

·(11.3.16') in the form 
cosh-1 u 

J S"(x-a'rcoshz)dz=~~Ndu, x) (11.3.30) 
0 

Here N 1 is a function of the dimensionless coordinate x and the 
parameter u; the latter is determined from the condition 

U=~= Xm!d • 1 ~ (113 31) 
a'r a'rmtd 2-xfxmld 2-x · · 

where u0 = 1/(a'~ 0 ). 
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By using (11.3.29)-(11.3.31), we can write relation (11.3.27) in 
the general form 

(11.3.32) 

where N is a function of the parameter u0 and the dimensionless 
coordinate x. 

With a view to (11.3.32), we can write the waye drag coefficient 
(11.3.28) in the general form 

Cx,w = ~~D(u 0 ) (11.3.33) 

where D is a function of the parameter u0 • 

The general formulas (11.3.32) and (11.3.33) allow us to arrive 
at the following conclusion on the aerodynamic similarity of the 
flows near parabolic bodies of revolution. 

If supersonic flows are characterized by the same value of the 
parameter u 0 , the ratios ~/~~ are the same at points with identical 
dimensionless coordinates x. In aerodynamically similar flows, 
bodies of revolution experience axial forces such that the ratios 
cx.wl~~ for them are the same. Hence, the following parameter is 
the similarity criterion in the ginn case: 

u0 = 1/(ct'~0) = 1!(~0 V M'fx, -1) = Am1d!V M'fx, -1 (11.3.34) 

For numbers Moo>> 1, the parameter u0 can be written as 

u0 = 1'K1 (11.:3.31') 

where K 1 = ~ 0 Moo = Moo/Amid· 
Multiplying both sides of (11.3.32) by M~ and taking into con

sideration relation ( 11. 3. 34'), we find 

PIIPoo - 1 = N2 (Kp x) (11.3.35) 

where N 2 is a function of the arguments K 1 and x. 

Expression (11.3.35) shows that at a given point x the function 
of the pressure (p 1ipao - 1) depends only on the parameter K 1 . The 
law of similarity according to this parameter is also confirmed by 
the results of calculations based on the method of characteristics. 

Investigations show that when we use linearized methods of flow 
calculation, a satisfactory agreement of the results for the pressure 
function is obtained for values of the similarity criterion K 1 less 
than unity. The law of similarity in this criterion cannot be applied 
at certain combinations of the numbers M"" and the fineness ratios 
Amid• which follows directly from an analysis of the limits of appli
cation of the linearized theory. These limits can be established, 
for example, from formula (11.3.26) for the coefficient of the pres
sure on a cone. This formula is evidently not valid at Uc = u0 < 1 
because the quantity V u~ - 1 is imaginary. On the other hand. 
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when u0 , while remaining larger than unity, approaches it, formula 
(11.3.26) yields an unreal (negative) value of the coefficient of the 
pressure on a slender cone. Consequently, calculations using the line
arized theory yield satisfactory results only for conditions when 
u 0 » 1. It follows that the law of similarity evidently loses its 
validity when u0 differs only slightly from unity. 

Physically, deviation of the actual flow from a linearized one 
corresponds to snch values of u0 • In practice, if the fineness ratio 
diminishes, i.e. a body becomes thicker (blunter), or if the number 
Moo grows at a constant fineness ratio, the flow differs increasingly 
from a linearized one. To retain a linearized flow, at large values of 
Moo the fineness ratio has to be increased, i.e. the body nose must 
be made sharper. Here the inequality Amid >Moo must be satisfied. 
Accordingly, the similarity criterion K 1 = M oo1Am 1d must be less 
than unity. 

It follows from the expression u0 = (a'~ 0)-1 that if a body of revo
lution is slender, i.e. its fineness ratio is large, then to obey the 
inequality u0 > 1 the condition Moo > 1 must be fulfilled. If the 
number Moo-+1, it can be seen from formula (11.3.25') that the 
magnitude of the disturbed velocity approaches infinity, which is 
impossible physically. Hence, the theory of linearized flows and the 
laws of their similarity are suitable upon the simultaneous fulfilment 
of two inequalities: 

Amid > (M~ - 1)112 and Moo > 1 (11.3.36) 

A comparison with experimental data shows that calculations 
according to the linearized theory and the use of similarity criteria 
are possible for a fmeness ratio of Amid > 2 and Mach numbers 
Moo > 1.4 (i.e. K 1 = M ooiAmld < 0. 7). 

Similarity in the criterion K 1 = M oo~o for the pressure also deter
mines similarity for the wave drag function; the application of this 
similarity law must be associated with the requirement of the con
servation of a linearized flow. The possible limits of this application 
can be determined from a graph (see Fig. 11.1.4). 

By multiplying both sides of formula (11.3.33) by M~, we obtain 
a general expression for the drag function: 

(11.3.37) 

where H(K1) is a function depending on the parameter K 1 . 

This expression indicates that if the flow over two or more bodies of 
revolution with a different fineness ratio is characterized by the same 
parameter K 1 , then for each of these bodies the value of the function 
M~cx,w is the same. 

The considered similarity criteria were obtained using parabolic 
bodies as an example. Parabolic bodies have a property following 
from Eq. (11.1.48) and consisting in the same distribution of the 
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relative thicknesses with respect to their length: 

~=.r/xmld 0 ll.2 0.4 0.6 0.8 1.0 

~=r/rmld 0 0.36 0.64 0.84 0.96 1.0 

1.2 1.4 1.G 1.8 2.0 

0.96 0.84 O.G4 0.3G 0 

This set may contain geometrically similar bodies (all their line
ar dimensions differ by the same factor) which obviously will have 
the same lineness ratio, and they can be made to coincide with one 
another by homogeneoos, i.e. identical for all directions, deforma
tion. For aerodynamic similarity, it is necessary to ensure for a geo
metrically similar model being considered the same nnmber Moo as 
for the full-scale body of revolution. 

But parabolic bodies also include shapes that can be made to 
-coincide only by inhomogeneous deformation. Let us imagine two 
bodies with different fmeness ratios. If we introduce a linear scale 
identical for the radial and axial coordinates, deformation of the 
body in a longitudinal and axial directions does not produce complete 
coincidence. Such coincidence, called affine, can be achieved by 
affine transformation if the scales for the radial and the axial coor
dinates are different. Accordingly, parabolic bodies are called 
affine-similar. This class of affine-similar bodies includes conical 
ones whose generatrices are set by the equation r = -;: in the dimen
sionless form. Consequently, conical bodies are characterized by an 
identical distribution of their relative thicknesses that do not depend 
on the fineness ratio of the bodies. 

Unlike parabolic and conical bodies, in ogive noses (with a gene
ratrix in the form of the arc of a circle), a change in Amid is attended 
hy a change in the distribution of the relative thicknesses -;:along 
the length. As a result, one ogive nose cannot be affine-mapped into 
another. When linearized flow over slender bodies is being investi
gated. however, the similarity criteria considered above may be used 
because at large fineness ratios (Amid > 3) an ogive nose differs only 
slightly from a parabolic one. 

11.4. Non-Axisymmetric Flow 

Tl1e problem of a non-axisymmetric flow consists in determining 
the additional potential (jl~ due to the crossflow of a gas around a slen
der body of revolution and satisfying Eq. (11.2.10'). We shall show 
that a solution for (jl~ can be obtained with the aid of the solution 
for (jl~ for an axisymmetric flow, i.e. we shall show that there is 
a mntual relation between (jl~ and (jl~. For this purpose, we shall 
differentiate Eq. (11.2.11') for an axisymmetric disturbed flowwith 
respect to r: 

(1-M~)_!.:___ ( o<p;) +~ ( o<p;) _ _;,_ oq:; --+---1 . o2<pi =0 (11.4.1) ox2 or or2 or r 2 or . r dr2 
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If we assume that 

~:p~ = - (a~:p~/ar) cos y, (11.4.2) 

then after inserting it into the initial equation (11.2.10") we obtain 
(11.4.1). Consequently, Eq. (11.4.2) is valid, and the total disturb
ance potential for non-axisymmetric flow can be considered in the
form 

( 11.4.3) 

To establish the physical meaning of the integral q>~, let us use the
method of analogy that was employed when dealing with axisymme
tric flow and consists in that a body in both a compressible and 
incompressible flows is replaced with a system of sources and sinks. 

In the case being considered of non-axisymmetric now over a body. 
the method of analogy consists in the following. If q>~ is considered 
as a potential function of sources (sinks) of an incompressible fluid 
continuously distributed along the axis of a body, then in accordance
with expression (2.9.21') the derivative a~:p~/ar should be considered 
as a function determining the flow due to doublets arranged along the 
same axis. Accordingly, when studying a non-axisymmetric incompres
sible flow over a body, the latter may be replaced with a system of dou
blets continuously distributed along its axis. Extending the analogy 
indicated above (axisymmetric flow) to the flow over a body with 
violation of axial symmetry, we assume that a body in a supersonic 
linearized flow may be replaced with a system of doublets distributed 
along the axis, and that q>~ is the potential due' to these doublets. 

In accordance with (11.3.5), we have 
cosb-1 (xfa'r) 

, a I 
Ql2 = -cos y Ar J f (x-a'r cosh z) cosh z dz 

cosh-1 (xfa' r) 

=a' cosy J f (x- a'r cosh z) cosh z dz 
0 

(11.4.4) 

Substituting here m (e) for the function f (e) and introducing the 
symbol x/(a'r) = u, we obtain 

cosh-1 u 

q>~=a'cosy J m(x-a'rcoshz)coshzdz (11.4.4') 
0 

The function m(e) in expression (11.4.4') describes the distribu
tion of the doublets, i.e. the change in their moments along the 
axis of the body of revolution. When replacing a body with doublets 
distributed along its axis, one should take into consideration the 
feature of propagation of a disturbance in a supersonic flow, consist
ing in that the disturbances due to the doublets, like those due to 
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sources, propagate only downstream within the confines of the Mach. 
cone. 

When using the above method of analogy in investigating non
axisymmetric, or "oblique" flow over a body of revolution, we replace 
the latter with a system of doublets. The meaning of this replace
ment consists in that the additional disturbance caused by the body 
in an oblique flow is equivalent to the disturbance produced by 
doublets arranged on its axis in a definite way depending on the· 
shape and the conditions of the oncoming flmv. 

We shall find the solution of the problem of an oblique flow, which 
consists in calculating the parameters of a flow across the body's 
axis, if we choose the function m(e) so that the potential (jl~ satisfies 
an additional boundary condition on the surface of the body in non
axisymmetric flmv. This condition on the basis of (11.2.22) and. 
(11.4.4') can be written as follows: 

cosh-1 u 

a' cos-y :r I m(x-a'rcoshz)coshzdz= -aVoocos-y 

Differentiation of this expression yields 

a' 3 coshf u m (x-a'r cosh z) cosh2 z dz = aV oo 
() 

( 11.4. 5)• 

where m is a derivative of the function m with respect to the argu
ment x- a'r cosh z. 

By solving integral equation (11.4.5) for a given body configura
tion and free-stream velocity, we can determine the doublet distri
bution function m. Solution of this equation can be simplified if 
we consider a very slender body of revolution. To do this, we shall 
transform (11.4.5) with the aid of the variable e = x- a'r cosh z: 

x-a'r 

~ (11.4.6}· 
0 

For a very slender body with a small r, the integral in (11.4.6) in 
a first approximation can be taken equal to its value at r -+ o._ 
Hence, 

or 

X 

aV oor2 = .\ ,;. (e) (x- e) ds 
0 

X 

aV""r2 = I (x-e) dm 
0 
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Integrating by parts and assuming u = x - e and dv = dm, 
we obtain 

X 

al'c)()r2 =(x-s)m(s)/~+ j' m(s}de 
0 

At the tip m(e} = m(O) = 0, while e ~ x because r « x. There
fore, we have 

X 

aV oor2 = ) m (x) dx 
0 

Differentiation with respect to x yields 

m(x} = 2aV oor dr/dx (11.4.7) 

Expression (11.4.7) for the function m(x) determining the doublet 
~distribution for the limiting case when r-+ 0 may be used to calcu
late non-axisymmetric flow over a body differing from a very slender 
one, by analogy with what we did in Sec. 11.3 when using the func
tion f [see (11.3.11)] of source distribution for investigating axisym
metric flow. To do this, we have to go over from the variable x to 
the variable e = x - a'r cosh z: 

( , h ) V dr2 a V oo S' ( ' h ) m x- a r cos z =a oo -d- = - x- a r cos z e n (11.4.8) 

whence the derivative 

.( ' h) aV""S"( ' h) m x- a r cos z =- x- a r cos z 
Jt 

( 11.4. 9) 

By calculating the derivative lf!;x of the additional potential 
<(11.4.4'), we obtain a relation for the axial velocity component: 

cosh-1 u 

F~2=1f!:!x=a'cosy i m(x-a'rcoshz)coshzdz (11.4.10) 
0 

.Substituting for min (11.4.10) its value from (11.4.9}, we find 

V' - a'aV oo cos"\' cosh\-

1 

uS" (x- a'r cosh z) cosh z dz 
x2- Jt J (11.4.11) 

0 

For the particular case of a parabolic generatrix with equation 
t(11.1.48), the second derivative of the function S(x) is determined 
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byj formula (11.3.16), consequently, 
cosh-1 u 

, a'aVoo cosy \ [ 6x 
Vx2= /..2. 1 2----;z-(u-coshz) 

mtd • 
0 

3x2 J + ~ (u-cosh z) 2 cosh z dz (11.4.12) 

where x = xlxmld and u = x/(a'r). 
Let us introduce the notation 

i~=l1 ; i~=ul1 -l2 ; i:=u211 -2ul 2 -t-1 3 (11.4.13) 

where the quantities In (n = 1, 2, 3) are determined in the form of 
integrals (11.3.20). 

In accordance with this notation, we have 

V , _a'aVoocosy ( 2 .0 6x .1 + 3x2 
•2 ) 

x2 - 2 lr -- lr -2- lr 
Amid u u 

(11.4.14) 

For the more general case of the function S"(x) given in (11.3.22), 
an expression similar to (11.4.12) can be written as 

l 

V~z= 2J gni~ (11.4.15) 
n=O 

The coefficients gn depend on the shape of the generatrix of the 
body of revolution and the free-stream conditions (the angle of 
attack a and the velocity V oo)· We calculate the values of the func
tion i~ for n = 0, 1, 2 by (11.4.13), and for n = 3 from the expres-
sion 

(11.4.16) 

The function i~ calculated for values of the parameter u from 1 to 
8.8 are given in Table 11.3.1 (p. 88). 

For a slender cone in a flow at a small angle of attack, assuming 
x = 0 and t..inid = 1/~~. we obtain from ( 11.4.14) 

V ' ') ' v ·0 p_2 x2,c =~a a oolr,c 1-'C COSY 

By (11.3.20), we have 
cosh-1 "c 

i~.c = ~ cosh z dz = V u~- 1 
0 

Having also in view that Uc = 1/(a'~c), we find 

V~2c = 2a~cV oo cosy V 1- (a'~c) 2 

( 11.4.17) 

(11.4.18) 

(11.4.19) 

Using formula (11.2.28), we can evaluate the pressure coefficient 
for the point being considered on the surface of a body of revolution. 
7-055 
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The derivative lf!2v in this formula, with a view to (11.4.4 1
) and 

(11.4.8) is 
cosh-1 u 

1 8<p~ I • ~ lf!2y = - = a Sill I' ay 
m (X-a 1r cosh z) cosh z dz 

_a'aVooCOS'\' cosf-lu 
--n- J 8 1 (X-CX 1r cosh z) coshz dz (11.4.20) 

0 

Instead of (11.4.20), we can use a simplified relation for 1f!2v that 
is obtained from the potential q>~. written on the basis of (11.3.10) 
and (11.4.2) as 

q>~ = - (a~:p~/ar) cos I' = [f (x)lrl cos I' 

Differentiation with respect to I' yield~ 

a~:p~/81' = 1'2v = - [f (x)/rl sin I' 

(11.4.21) 

(11.4.22) 

By calculating the derivative with respect to r, we determine the 
additional radial velocity component for the conditions r-+ 0: 

(11.4.23) 

From condition (11.2.22) of flow without separation, this velocity 
component is 

V2r = - [f (x)/r2
] cos I' = - a V"' cos I' 

whence 
f (x} = aV oor2 

Consequently, 

Introducing this expression into (11.2.28), we obtain 

- -2 [ 1 a2V~ . 2 J P2=-2- Voo((J2x+-2-(4sm 1'-1) 
Voo 

(11.4.24) 

(11.4.25) 

(11.4.26) 

where q>zx is calculated with the aid of (11.4.14) or (11.4.15), and 
for the particular case of flow over a cone, by formula (11.4.19). 

With account taken of (11.2.27), the total pressure coefficient is 

- - - -2 [ , V~ { dr )2 
P =Pi+ P::. = -2 V oolf!ix + -2- dx 

Voo 

a2V2 J 
+ V oolf!fx+~ (4 sin2 1'-1) (11.4.27) 
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11.5. Calculation 
of Aerodynamic Coefficients 

We can use the found distribution of the pressure near a body of 
revolution in a flow at an angle of attack, i.e. with the violation of 
axial symmetry, to determine the aerodynamic forces, moments, 
and their aerodynamic coefficients. Diagrams showing the action of 
the forces and moment are given in Figs. 7 .5.4 and 7 .5.5. 

We shall obtain general expressions for calculating the forces, 
moments, and coefficients provided that the shape of the body in 
the flow is known and that the pressure distribution over the side 
surface of the body has been found for the given free-stream angle 
of attack a, pressure poe, and number Moo. 

Axial force Coefficient 

To calculate the axial force X and the coefficient of this force 
Cx = X/(qooSm1d), let us consider a body of revolution (Fig. 11.5.1) 
with an arbitrary generatrix determined by the equation r = f(x). 
Let us separate an element of the surface of width dx at a distance 
of x from the nose. This element with an area of dS = r dy dl experi
ences a force of the excess pressure equal to (p - Poo) dS. 

With account taken of these data and by formula (1.3.1), in which 
we assume that T = 0, the magnitude of the elementary longitudi
nal force acting on the separated area is 

/"'... 
(p- Poo) cos (n, x) dS = (p- Poo) r dy dl sin ~ (11.5.1) 

Going over to the pressure coefficient p = (p - Poo)lqoo here and 
having in view that dl = dx/cos ~. we find 

- /"'... -
pqoc cos (n, x) dS = pqoor tan ~ dy dx 

Introducing this expression into formula (1.3.2) in which we 
assume that Xa = Xp, c1,x = 0, and taking into consideration the 
symmetry of pressure distribution about the vertical plane of symme
try coinciding with the plane of the angle of attack containing the 
velocity vector V oo (this plane is also known as the zero meridian 
plane), we obtain for the axial force (Xp = X, we drop the sub
script p) 

xb n 

X= 2qoo I r tan~ dx I p dy (11.5.2) 
0 0 

where xb is the distance from the tip to the bottom. 

7* 
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X 

Fig. 11.5.1 
To the determination of the aerodynamic coefficients from the known pressure 
distribution on the surface of a body of revolution 

This force can be expressed in terms of the coefficient Cx by 

X = CxqooSm!d 

With account taken of (11.5.2), the axial force coefficient is 

xb rt 

X 4Am!d ~ - - ) -Cx= S =-- rtan~dx pdy 
qoo mid Jt 

(11.5.3) 
0 0 

where r = r!rmld• X = xlxmid• xb = xb/xmld; p = (p - Poo)lqoo is 
the pressure coefficient whose distribution is considered to be a 
known function of r (x) and y. 

Coefficients of Normal Force 
and Pitching Moment 

Inspection of Fig. 11.5.1 reveals that the magnitude of the ele
mentary normal force is 

dY = - (p - Poo) r dy dl COS Y COS ~ (11.5.4) 

Introducing the pressure coeff1cient p and taking into account 
that dl cos ~ = dx, we obtain the following expression for the total 
normal force: 

xb rt 

Y = - 2qoo ~ r dx ~ p cos y dy (11.5.5) 
0 0 
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We can use this value to calculate the normal force coefficient: 
-
X]1 JT 

Cy = J = - 4
"-rnld I ~ d-;; r p cosy dy 

qoo mid Jt J J (11.5.6) 
0 0 

In axisymmetric flow, cy = 0 because the pressure in this case is 
distributed in accordance with circnlar symmetry and, consequent
ly, docs not depend on the angle '\'. 

The magnitude of the elementary moment produced by the pres
sure force (the pitching moment) calculated about the nose of the 
body equals, as follows from Fig. 11.5.1, 

dJJ z = - x dY + r cos y dX 

The elementary moment is positive, therefore the first term has 
a minus sign with a view to the negative sign of dY in (11.5.4). 
Using this formula, and also expression (11.5.1), we obtain 

dilfz =X (p - Poo) r dy dl COSY COS ~ 

+ r cos y (p - Poo) r dy dl sin ~ (11.5.7) 

Taking into consideration the symmetric distribution of the 
pressure, we find for the total moment 

xb n 

Afz=2 j xrdx ~ (P-Poo)cosydy 
0 0 

xb rt 

+ 2 I r 2 tan~ dx I (p- Poo) cosy dy (11.5.8) 
0 0 

whence the moment coefficient is 

-
xb n 

+ __;_ \' r2tan ~ dx \ p cos y dy 
JtXb 0 0 

(11.5. 9) 

In accordance with the diagram showing how the moment reduc
ing the angle of attack acts (see Fig. 7.5.5), the coefficient of this 
moment obtained from (11.5.9) has a minus sign. If a body of revo
lution is slender (r « xb), the second term in this expression may 
be disregarded. 
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In axisymmetric flow, the pressure distribution does not depend 
on the angle y, hence 

:Jt :Jt I pcosydy=p I cosydy=O 
0 0 

and, consequently, mz = 0. 

Aerodynamic Coefficients 
in a Linearized Flow 

Let us find the values of the aerodynamic coefficients for slender 
bodies of revolution in a linearized flow at an angle of attack. For 
this purpose, we shall use relation (11.4.27) for the pressure coefficient 
in which we shall write lf!;x according to (11.4.2) in the form 

lf>:X = - (82q>~/ar ax) cos y = - lf!;r,x cos y (11.5.10) 

Let us separate from (11.4.27) the terms not depending on y and 
the terms that determine the asymmetric nature of pressure distri
bution and are functions of the angle y: 

p = P 0 (x, r) + P y (x, r, y) (11.5.11) 
where 

-2 [ , v;., ( dr )2 a
2
V!, J 

P 0 (x, r)= V!, Voolf!tx+-2- ax --2- ( 11.5.12) 

Py (x, r, y) = v2 
2 
(- V oolf!lr, x cosy+ 2a2V!, sin2 y) 

00 

( 11.5.13) 

To determine the axial force coefficient by (11.5.3), we have to 
calculate the integral 

:Jt :Jt :Jt 

I pdy= I [P0 (x, r)+Pv(x, r, y)] dy= ~~I [voalf!tx 
0 0 0 

2 2V2 :rc 

+ v; ( :: r- a 2 
00 

Jay-:!, I ( - v oolf!lr, X cos i' + 2ct2V!, sin2 y) dy 
0 

Having in view that the terms in brackets, and also the quantity 
lf!lr,x do not depend on y, integration yields 

:Jt ~ 2~ I P dy = vtn [ V oa{jltx + T ( :: ) 2 - a 2 
00 J - 2ct2n 

0 

- 2n [ , v;., { dr ) 2 a
2
V;.,J 

= v~ VooqJtx+ -2- Tx + -2-
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Introducing this expression into (11.5.3) and taking into account 

that for slender bodies dr/dx ~ ~. while lf!;x is determined from 

(11.3.14), we have 

S" (x- a'r cosh z) dz 

- -
xb xb 

- 4"-m1ct J ~~3 dx- 4A,lU1cta2 ~ r~ dx (11.5.14) 

0 ~ 

Comparing the value of ex from (11.5.14) with the value of the 

axial force coefficient at a zero angle of attack (the wave drag coeffi

cient) determined from ( 11.3. 28), we see that the influence of the 

violation of flow symmetry on the coefficient ex is taken into ac

count by the third term in (11.5.14) depending on the square of the 

angle of attack. 
We obtain the corresponding expression for a cone if \Ve insert 

into (11.5.14) the values 

~=Pc, 

x=r, 

S" = az (m·2)/dx2 = 2n~~~ } 

xb = 1, "-mid= 1/(2~c) = a'uc/2 
(11.5.15) 

and then integrate it: 

Cx = ~~ [2ln (uc + V u~-1) -1] -a2 (11.5.16) 

For very small a!lgles of attack, the term a 2 in (11.5.14) and 

(11.5.16) may be disregarded, hence the expressions obtained for 

the axial force coefficients will coincide with the corresponding 

relations (11.3.28) and (11.3.26') for axisymmetric flow. 

To determine the normal force coefficient, we have to calculate 

the following integral in (11.5.6): 

Jt 

~ [P0 (x, r) + Pv (x, r, y)] cosy dy 

0 

n ~ 2y2 

-2 r [ T 1 oo ( dr )2 a 00 ] 

= v~ J l oolf!ix + -2- ax --2- cosy dy 
0 

Jt -vt J (- V oolf!lr,x CPS y + 2a2V! sin2 y) cosy dy 

0 

The first term on the right-hand side of this expression is zero 

because the quantities in brackets do not depend on the angle y, 
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rt 

while the integral ~ cosy dy = 0. Also having in view that the 
0 

rt 

integral j sin2 y cosy dy in the second term is zero, while the 
0 
Jt 

integral \ cos2 r dy = n/2, we obtain 
0 

Jt 

) p COSy dy = ;: IPtr,x 
0 

Introducing this expression into (11.5.6), we have 

From (11.5.10) and (11.4.11)j 

, __ <1'2x __ a'aVoo 
IP1r,x- cosy- :n: 

X coshf u S" (x- a'r cosh z) cosh z dz 

0 
Consequently, 

(11.5.17) 

( 11.5.18) 

(11.5.19) 

Cy = 4/,.m~a:'a: xf r dx cosT uS" (x -a'r cosh z) cosh z dz (11.5.20) 
0 0 

For a slender cone by (11.5.15) and with a view 
cosh-1 u

0 

of the integral ~ cosh z dz = V u~- 1, we find 
0 

to the value 

cy = 2a'a~c V u~-1 (11.5.21) 

For the moment coefficient (11.5.9), using (11.5.17) and (11.5.19) 
and the expression tan~ :::::::: ~. we obtain 

S" (x- a'r cosh z) cosh z dz 

-
xb cosh-1 u 

2a'a 1 - - (" ---- J r2~ dx J 
:rtXb 0 0 

S" (x- a'r cosh z) cosh z dz (11.5.22) 
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For a slender cone 

mz = - (fl/3) a'ct~c (1 + ~~) V u~-1 (11.5.23) 

For very slender conical bodies, the quantity ~~ may be ignored 
in comparison with unity. Evidently, for all very slender bodies of 
revolution with an arbitrary generatrix, the second addends in 
(11.5.9) and correspondingly in (11.5.22) may be omitted. 

The coordinate of the centre of pressure (see Fig. 7.5.5) measured 
from the nose is 

Xp = - Jfz/Y 

\Vhile the coefficient of the centre of pressure is 

~P = Xp/Xb = - mz.'Cu 

(11.J.24) 

( 11. 5. 25) 

Introducing into (11.5.25) the values of mz and cy from1 (11.5.22) 
and ( 11.5. 21), respectively, we can calculate the centre-of-pressure 
coefficient for a slender body of revolution with an arbitrary genera
trix in a linearized flow. We can obtain the value of this coefficient 
for a cone without imposing conditions of a linearized flow. The flow 
over inclined cones in it has the property of conicity according to 
which the pressure coefficient p does not depend on the coordinates 
x and r, but is a function of the meridional angle. Therefore, (11.5.24) 
\Vith a view to (11.5.6) and (11.5.9) can be written as 

- - -
~ ~ ~ 

Cp = ( 2Arntd I xr a;_j_ I ~2 tan ~c dx) I ( 2Amtd xb j r dx) (11.5.26) 
0 0 0 

Taking into account that for a cone we have X = -,., xb = 1, and 
Amid = 11(2 tan Pc), after integration we obtain 

Cp = 2 (1 + tan2 ~c)/3 (11.5.27) 

For slender cones, we may assume in (11.5.27) that tan2 ~c :=::::; ~~· 
We thereby obtain the relation cp = 2 (1 + ~~)/3 that can be seen 
to be determined from the formulas (11.5.23) and (11.5.21) for the 
moment and normal force coefficients, respectively. By (11.5.27), 
an increase in the thickness of a cone (in the angle ~c) is attended 
by shifting of the centre of pressure toward the tail portion because 
the forces produced by the pressure acting on this portion grow, and 
the stabilizing moment of these forces, facilitating such a shift of 
the centre of pressure, becomes appreciable. 

The coefficients of the normal cy and axial ex forces related to 
a body-axis system can be used to obtain the coefficients of the 
aerodynamic forces in a wind coordinate system. The relevant calcu
lations are performed with the aid of formulas (7.5.25') by which 
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the wave drag and lift force coefficients are 

Cx =~~[2ln(uc+Vu~-1)-1]-1-a2 (2a'~cVu~-1--1) (11.5.28) 
a 

Cy =2a'a~c Vu~-1 (11.5.29) 
a 

Similarity Law. To derive a similarity law for a body of revolu
tion in a linearized flow, let us use expression (11.4.26) for the pres-
sure coefficient p2 which we shall write as 

(11.5.30) 

For a parabolic body, the additional velocity component V~2 for 
a given point on the surface is determined from (11.4.14) as a func
tion of the parameter u calculated, in turn, depending on the quan
tity u 0 = 1j(a'~ 0) by (11.3.31). Also keeping in mind the equation 
Amid = 1/~ 0 , we can write relation (11.5.30) in the general form 

P2 = - 2a~oG (uo, x) cosy- ct2 (4 sin2 y- 1) (11.5.31) 

where G is a function depending on the quantity u 0 for a given point 
on the surface. 

Let us consider the case when the number Moo of a flow over a body 
of revolution is large, and we can assume that a' ~ Moo· Hence, 
multiplying both sides of Eq. (11.5.31) by M;,, we find 

P2IP1- 1 = - k (a/~ 0) ~ G1 (K1 , .;} - (k/2) (a/~o)2 

xK~ (4 sin2 y - 1) (11.5.32) 

where G1 is a function determined for a given point by the parameter 
K 1 = Moo~o =Moo/Amid· 

Let us introduce the similarity criterion 

K 2 = a/~ 0 = ctAmid (11.5.33) 

and write (11.5.32) in a more general form: 

(11.5.34) 

where B is a function. 
Equation (11.5.34) expresses the law of similarity in a flow over 

slender affine-similar bodies. It follows from it that the function of 
the pressure at a given point of a surface with the coordinates x, y 
is the same if the quantities K 1 and K 2 for the bodies in the flow are 
the same. The quantities K 1 and K 2 are called the similarity criteria 
of flows over slender bodies of revolution at an angle of attack. 
In accordance with (11.5.20) and (11.5.22), the functions determining 
the relations for the normal force and moment coefficients depend 
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on these criteria, namely I 

M~cy = E (K1 1 K 2); M!,mz = F (K1 1 K 2) (11.5.35) 

where E and F are functions of the similarity criteria K 1 and K 2 • 

Here the law of similarity consists in that when two affine-similar 
bodies of revolution having different fineness ratios are in flows with 
different numbers Moo and angles of attack a, the quantities M~cy 
(or M~mz) are the same if the similarity criteria K1 and K 2 are the 
same. 

Results of the Aerodynamic Theory 
of a Slender Body 

By this theory 1 the normal force and longitudinal moment coeffi
cients are determined for small lateral dimensions of bodies of 
revolution provided that r-+ 0. Experimental investigations reveal 
that the theoretical results obtained for cy, mz, and cP = - mxlcy 
are suitable in a first approximation for estimating the aerodynamic 
properties of real bodies of revolution (with sufficiently small finite 
values of r) at small angles of attack. 

Let us consider relation (11.5.20) and replace the quantity S" in 
it according to (11.4.9): 

-
xb cosh-l u 

4t..mtda' I - - I 
Cy= Voo J rdx J m(x-a'rcoshz)coshzdz 

0 0 

We shall transform this expression with the aid of the variable 
e = x - a' r cosh z: 

-
xb x-o..'r 

41.. d ~·- - J c = ---l!!.L r dx 
Y Voo 

0 0 

m (e) (x-e) de 

r Y(x-e)2-a'2r2 

Going over to the limit at r-+ 0 and taking into account that 
x = x/xmld• we find 

xb 

Cy= ~ \ m(x)dx 
Voormld J 

0 

Inserting into this equation the value of m(x) from (11.4. 7), we 
obtain 

rbot 

Cy=~ \ rdr 
rmld J 

0 

Here the quantity r drlr-:nid can be written as 0.5dS 1 where S is 
the relative area of a cross section at the distance x from the nose. 
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Hence, 

(11.5.36) 

where Shot = S bot! S mlrl is the base taper ratio. 
Inspection of (11.5.36) reveals that the normal force coefficient for 

a long slender body of revolution does not depend on the dimensions 
or shape of the nose part. Formula (11.5.36) reflects the experimental
ly observed decrease in cy due to: taper of the base (Shot< 1), or, 
conversely, the increase in this coefficient '"·ith a flaring base part 
(afterbody) (Shot > 1). 

To obtain the moment coefficient, we shall use relation (11.5.22) 
in which we shall delete the second term on the right-hand side 
(owing to the small thickness of the body of revolution). Going over 
to the variable e = x - a'r cosh z, as we did when finding the 
coefficient cy, we obtain 

xb 
-2 r 

mz = V 2 I m (x) x dx 
oor midXb j 

0 

After replacing m (x) here in accordance with (11.4.7), we have 

rbot 

J xr dr 
0 

Integration by parts yields the moment coefficient: 

mz = -2a (Sbot - Wb!Wcy]) 

xb 

(11.5.37) 

where Wb = Jt I r 2 dx is the volume of the body of revolution, and 
0 

Wcy1 = nrin1dxb = Sm1dxb is the volume of a cylinder whose bottom 
area equals the area of the mid-section (maximum cross section) and 
whose altitude equals the length of the body. 

By (11.5.36) and (11.5.37), the centre-of-pressure coefficient is 

(11.5.38) 

The above estimation of the aerodynamic coefficients takes no 
account of the influence of flow separation for long bodies in a later
al flow at a velocity of V ooa. Experimental investigations show that 
the beginning of separation almost coincides with the place where 
the nose part joins the cylinder. The appearance of a separation zone 
with a relative length of Acyl + Abt (where Acyl = X 0y1/dmtd• 
Abt = Xbtldmtd• XcyJ and Xbt are the lengths of the cylinder and the 
boat tail or afterbody, respectively) causes the initiation of an addi
tional normal force and longitudinal moment, so that the total 
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Fig. 11.5.2 
Coefficients of normal force (a) and centre of pressure (b) for a sharp-nosed body 
of revolution 
The overall fineness ratio of the body is 21, that of nose ;>..mid =1•.75; the solld line cor 
responds to the aerodynamic slender-body theory; the dashed line-to the same witlt ac
count of now seParation; the circles are the results of experiments at .If 00=2 

values of the corresponding aerodynamic coefficients 

Cy = 2aSbot + f:!..cy 

mz = -2a (S\ot - Wb/Wcy1) + !:!..mz 
where 

(see [1]) are 

(11.5.39) 

(11.5.40) 

4ca2 --2ca 2 

f:!..cy=-- (Acyi+"-bt); !:!..mz= (AcyJ+Abt) (11.5.41) n n 

The coefficient c in Eqs. (11.5.41) depends on whether the bounda
ry layer is laminar or turbulent. For a laminar flow, c ~ 1.2, and 
for a turbulent one, c ~ 0.3-0.4. 

With a view to the new values of cy and mz [see (11.5.39) and 
(11.5.40)], the centre-of-pressure coefficient. is 

Cp = [2a (S bot - W b/Wcn) - ~mz]/(2aSbot + ~cy) (11.5.42) 

This coefficient is larger than the value that is determined without 
account taken of separation. 

Figure 11.5.2 shows experimental data that are compared with 
the results of calculations by the theory of a slender body [see 
(11.5.36), (11.5.38)]. and also by (11.5.39) and (11.5.42). 

The normal force determined by the slender-body theory acts only 
on the expanding part of the body before the region of separation. 
The magnitude of this force is proportional to a, while the normal 
force in the separation zone changes depending on a 2 • Examination 
of Fig. 11.5.2 reveals that formulas (11.5.39) and (11.5.42) yield 
satisfactory results. 
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Suction force 

Let us consider relation (7 .5.25) for the drag coefficient. For small 
angles of attack, when cy

8 
::::::; cy, we shall write this relation in the 

form ex = ex + cy a. The axial force coefficient ex in this formula a a 
depends on the angle of attack, and it can be determined as the sum 
Cx = Cxo + Cx,s• in which Cxo is the axial force coefficient in axisym
metric flow, and Cx,s is the supplementary axial force coefficient 
depending on a. Consequently, in non-axisymmetric flow, the main 
part of the induced drag of the body cy/x is supplemented by the 
longitudinal force Cx,s due to the angle of attack. Particularly, from 
formula (11.5.16) for a cone, we can see that by the linearized theory 
the longitudinal force coefficient cx,s = -a2 • The occurrence of 
this force is associated with the specific conditions of flow. At sub
sonic velocities, such flow is characterized not so much by compres
sion of the gas on the bottom (windward) side as by rarefaction on 
the upper (lee) side of the body. At supersonic velocities, the 
generation of an aerodynamic force is mainly due to the increase in 
the pressure on the bottom side, while the rarefaction on the upper 
side is of a smaller significance. Accordingly, at subsonic velocities, 
a buoyant (suction) force arises, and at supersonic ones, a drag 
force. 

One must have in view that formula (11.5.16) for ex includes the 
term -a2 determining the suction force of a body in a supersonic 
flow with the number Moo > 1 (V oo > aoo). The occurrence of this 
force is associated with the fact that non-axisymmetric flow over the 
body is determined by a supplementary crossflow at the velocity 
V 00 (!. that is treated aS subsonic in the linearized theory. 

According to experimental data, both for subsonic and supersonic 
flow, the coefficient of the supplementary longitudinal force can be 
calculated with the aid of the relation 

(11.5.43) 

in which ~ is a coefficient determined for a given shape of the nose 
(see [13]). 

Particularly, for a conical nose with the fineness ratio Amtd, we 
have 

~::::::; 0.08 (~c~~d VJM!.-11-1) (11.5.44) 

where we take the plus sign for a supersonic velocity (Moo > 1) and 
the minus sign for a subsonic one (Moo< 1). Formula (11.5.43) is 
suitable for Mach number values of 0.8 <: Moo <: 2.8. A glance at 
this formula reveals that a suction force or drag is absent for 
Moo > 1 if ~ = 0, i.e. provided that y = V M!,- 1/A.mtd = 0.5. 
A drag (~ > 0) is always present at Moo > 1 and y > 0.5. 
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A suction force (~ < 0) is present at subsonic velocities or with 
supersonic flow (Moo > 1) if 'V < 0.5. The generation of a suction 
force when Moo > 1 is due to the fact that a detached curved leading 
wave originates ahead of the conical nose, and the flow over the 
surface is subsonic. 

11.6. Unsteady Flow 
over a Body of Revolution 

General Relations 

When moving along their trajectories, craft having the shape of 
bodies of revolution oscillate in various ways. In inverted motion, 
this is equivalent to the unsteady flow of the air stream over these 
bodies. The investigation of such a flow allO\VS us to determine the 
aerodynamic derivatives used in appraising the flight stability of 
bodies of revolution. 

The problem of determining the stability deriYatives is solved, as 
for steady flow, by using the method of sources. The only difference 
here is that the slender body in a flow is replaced with a system of 
unsteady sources (sinks) and doublets. 

Let us assume that a slender body of revolution in a linearized 
supersonic flow with the number Moo is subjected to an additional 
crossflow at the velocity w(x, t) depending on the time t and coordi
nate x of an arbitrary section of the body (Fig. 11. 6.1). Hence, this 
additional flow is unsteady. Following the method of sources, we can 
consider the velocity potential of such a flow as the potential pro
duced by unsteady sources and doublets, whose power and moment 
change with time. 

The velocity potential due to the unsteady sources (or sinks) and 
doublets along the axis of the slender body is determined by a line
arized equation in cylindrical coordinates: 

(11.6.1) 

This equation can be obtained by transforming Eq. (3.8.29) with 
the use of the corresponding relations between cylindrical and Carte
sian coordinates (2.4. 9). 

When solving Eq. (11.6.1), q> is found as the sum of two potentials: 
q>1-the potential of axisymmetric flow that produces no disturbances 
leading to the origination of a normal force, and q> 2-the addition
al potential produced by violation of symmetry and causing a nor
mal force. As for steady flow, the solution for the additional poten
tial q> 2 can be written in the form of (11.4.2), i.e. 

0(/Jl 
q>2 = ---a;:- cos 'V (11.6.2) 
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r "(= J Ceneralrix of arbitrary 
s/lape r=r(x) 
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X t w(x,t) 

xb 

Fig. t 1.6.1 
Unsteady flow over a body of revolution with an additional crossflow (perpendi
cular to the axis of the body) at a velocity of w (x, t) 

where qJ1 is the velocity potential of an axisymmjtric unsteady 
flow determined by solving the equation 

, 2 1 + 2Moo + fjltf _ 0 a (jlxx- (jlrr- -r- (jl, -a- (jlxf U2-
00 00 

(11.6.3) 

Let us find the solution of Eq. (11.6.3), i.e. the potential of an 
unsteady source (sink) in the form of the harmonic function 

(11.6.4) 

where p is the angular frequency of the body, and f] (x, r) is a variable 
depending on x and r. Consequently, Eq. (11.6.3) for the variable f] 

acquires the form 

+ 1 '2 2 /( 2 '4) 0 'Yirr r llr- a 'Yixx- p f] aooct = (11.6.5) 

where the subscripts x, r, xx, and rr stand for the corresponding 
first and second partial derivatives of the function fl· 

Differential equation (11.6.5) can be solved by the operational 
method based on the Laplace transformation. This method as applied 
to the given case consists in that what is studied is not the function 
f] (x, r) itself, called the original one, but its modification, or Laplace 
transform. 

The function f] (x, r) is transformed with respect to the varia
ble x as follows. It is multiplied by exp ( -sx), and then the following 
integral is calculated: 

00 

fi' (s, r) = ) exp ( -sx) f] (x, r) dx 
0 

(11.6.6) 

where f] (s, r) is the Laplace transform of the original function 
fJ (x, r), and s is a complex variable. 
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Laplace's Lransformation is described in greater detail in special 
literatnre. We shall give some res11lts of the transformation of 
Eq. (11.6.5) and its solntion based on the application of tl1e Laplace 
transformation. Let us apply transformation (11.6.G) Lo Eq. (11.6.5), 
designating the operation in the general case by L. For example, the 
fnnction 1] (s, r) in Eq. (11. 6. 6) will have the form of L h1 (x, r)], 
which signifies Lhe transformation operation applied lo the function 
q (x. r) with respecL to the variable x. We shall wrile Lhe transforma
tion operation L applied to Eq. (11.6.5), provided !haL a' 2 and 
p2/(a~a'') are constants for the given conditions of flow over a body 
of revolution, as follows: 

( 
iJ211 ) ( 1 811 ) ,2 ( 8211 ) p

2 

L - +L -·--a L -. --.-L(11)=0 or2 r or ax 2 a~a' 4 

Hence we can see that to perform a transformation, it is necessary 
to find the Laplace transform of the derivatives both with respect 
to the coordinate x (relative to which transformation (11.6.G) has 
been applied) and to the coordinate r. 

When calculating the Laplace transforms of derivatives with 
respect to x, one mnst use the follO\ving basic theorem: the Laplace 
transform of a first derivative equals the product of sand the Laplace 
transform of the function minus the value of the original function 
at x = 0. Consequently, when applying the Laplace transformation, 
we replace the differentiation of the original function with an alge
braic operation on the Laplace transform. To apply a transformation 
to a second derivative, we have to represent the latter as a derivative 
of the first one. 

Consequently, the transformation L applied to the derivative 
iJ211/ox~ acquires the form 

L [__!__ (~) J = sL [~] -- oYJ (0, r) ax ax ax ox 

=s{L[f](X, r)]s-f](O, r)}- 811 ~; r) 

Since for the shape of the body of revolution being considered 
(sharp-nosed) 11 (0, r) = 811 (0, r)lox =c= 0, which indicates the 
absence of disturbances at the tip, then for the Laplace transform 
of the second derivative provided that L h1 (x, r)l ~ 1] (s, r), we 
obtain 

L [82f]/Dx2
] = s2 il 

When considering the application of the Laplace transformation 
to derivatives with respect to r, we should have the following in 
view. Since the transformation L is introduced with respect to the 
variable x, then the Laplace transform L to the derivative with 

8-0 55 
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respect to the coordinate r equals the derivatives of the Laplace 
transform with respect to r. This follows from the fact that in the 
given case the coordinate r in transformation may be assumed to be 
a constant parameter, and according to the linearity of the trans
formation we obtain 

[ 
a2TJ J - d2 d2~ 

L ~ - dr2 L [f] (x, r)] = dr2 

L [-1 ~]=-1 ~L[fJ(X r)]=-1 d~ 
r ar r dr ' r dr 

where, as previously, we have adopted the following notation for the 
Laplace transform: 

L [f] (x, r)l = 1j (s, r) 

With a view to the above operations of transformation, we obtain 
the following equation for the Laplace transform of a function: 

(11.6.7) 

Examination of Eq. (11.6. 7) reveals that after applying the Lap
lace transformation, the number of variables decreases by one, and 
we can go over from partial differential equation (11.6.5) to ordi
nary differential equation (11.6. 7). This is the Bessel equation, and 
its solution is 

- { I ( z p2 ) 1/2} 
f] = Ko a r s + a~a'4 (11.6.8) 

where K 0 is MacDonald's function. 
Having found the Laplace transform -:;j, we must find the original 

function 11. To do this, we must use the Laplace inverse transforma
tion. Using special literature describing how to find an original 
function according to its Laplace transform, we obtain a final expres
sion for the required function 'l'j: 

On the basis of expressions (11.6.4) and (11.6.9), we obtain a rela
tion for the potential of an unsteady point source: 

«i>t=-
exp [ ip ( t-~) J cos [ ( ~) (x2-cx,'2r2)lf2 J 

(z2-cx,'2r2)lf2 (11.6.10) 
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If sources with a varying strength /(e) are arranged along the 
x-axis at points e, Eq. ( 11.6.10) acquires the form 

cp 1 = exp (ipt) 

x-a'r 

X i 
0 

(11.6.11) 

where the minus sign in Eq. (11.6.10) is included in the function j(e). 
The angular frequency p is a characteristic parameter in Eq. 

(11.6.11) indicating that the flow is unsteady. If p = 0, we 
have a flow from a steady source. In this case, the potential function 
(11.6.11) coincides with its value determined by expression (11.3.1). 
By applying relation (11.6.3), we can differentiate Eq. (11.6.11} 
with respect to r and find the additional potential of an unsteady 
doublet. 

Prior to differentiation, let us transform Eq. (11.6.11) to the 
variable z = cosh-1 [(x- e)l(a'r)l. Next differentiating with re
spect to r and again going over to the variable e = x - a 'r cosh z. 
we find the following expression for the potential of continuously 
distributed unsteady doublets: 

x-a.'r 

cp2 =exp(ipt)cosy{~ \ j(e)exp[-ipM:'; (x-e)] 
raooa. J aooa 

0 

X sin { ~ [(x-e)2- a'ZJ 1' 2} de 
.aooa 

x-a'r f (e) (x-e) exp [- ipMoo (x-e)J cos {-p- [(x-e)2-a'2r2]lf2} de} 
X \ aooa'2 aooa.'2 

J [(x-e)2-a'2r2]lf2 
0 

(11.6.12) 

If we assume in this expression that p = 0 and introduce the 

notation j(e) = m(e), we obtain relation (11.4.4') for the potential 
of a steady doublet (by going over in this expression from the varia
ble z to the variable e =x-a'r cosh z). 

8* 
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Boundary Conditions 

In each specific case of 1msteady flow, the boundary conditions 
needed to determine the function j( e) in ( 11. 6.12) are the conditions 
of flow without separation, according to which the velocity compo
nents normal to the surface mnst equal zero. This signifies that the 
disturbed potential due to an unsteady doublet must be such that on 
the surface of the body (or on the x-axis if the thickness of the body 
is very small) the normal velocity component of the undisturbed 
flow will vanish, i.e. a condition similar to (11.2.22) will be ful
filled: 

oqJ 2/or = -w (x, t) cos y (11.6.13) 

This condition takes on various forms for each casp of motion 
determining the corresponding solution of Eq. (11.6.13). 

Let us consider two possible cases of motion: 
1. Harmonic oscillations of a body about a lateral axis passing 

through its centre of mass (Fig. 11.6.2a). In this case, the motion is 
determined by the equation 

a = a 0 exp (ipt) (11.6.14) 

where a 0 is the initial angle of attack corresponding to the instant 
t = 0 (the amplitude of oscillation). 

From Eq. (11.6.14), we determine the normal component of the 
velocity of the undisturbed flow: 

w (x, t) = V ooa0 exp (ipt) + dd~ (x- XcM) 

= [V oo + ip (x- XcM)l a0 exp (ipt) (11.6.15) 

Boundary condition (11.6.13) accordingly becomes 

a::= -[V00 +ip(X-XcM)]a0 exp(ipt)cos y (11.6.16) 

2. Steady rotation of a body about a lateral axis passing through its 
centre of mass (Fig. 11.6.2b). The velocity component at a point on 
the surface of the body at a constant angle of attack a 0 is 

w (x) = a 0 Voo + Qz (x- XcM) (11.6.17) 

where Qz is the angular velocity. 
Hence, we can write boundary condition (11.(1.13) in the form 

oqJ2/or = - [a 0 V oo + Qz (x - xcM )l cosy (11.6.18) 

The above boundary conditions are used to determine the function 
/(e) in each case of motion of a body of revolution. If we consider 
a very slender body, we shall find the form of this function as follows. 
We shall first transform expression (11.6.12) to the integration vari
able z = cosh-1 [(x- e)/(a'r)l and calculate the partial deriva-
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r .b) 

Fig. t1.6.l 
Particular cases of body motion: 
u -harmonic oscillations about a lateral axis passing tltrOllc(h the centre of mass of the 
body; b- steady rotation about a lat~ral axis passing through the centre or mass 

tive cp 2r. Next, having again transformed the expression obtained for 
the derivative (jl2r to the variable c: ~= x - a'r cosh z, we go over to 
the limit at r-+ 0. We combine the above boundary conditions 
(11.6.16) and (11.6.18) with the found limit relation. Now the limit
ing value of the partial derivative cp2r at r -+ 0, which is treated in 
the aerodynamics of a slender body for unsteady flow, acquires the 
form 

aqJ. = - nf (x) exp (ipt) cosy 
ar s (x) 

(11.6.19) 

where S(x) = nr2 is the area of the cross section at a distance x 
from the tip. 

Calculation of the function j( c:) with the aid of the above boundary 
conditions allows us to determine the velocity potential cp 2 by 
(11.6.12) and then find the additional pressure coefficient using 
(9.6.20): 

(11.6.20) 

For the normal force coefficient, having in view that by (11.4.21) 
the pressure coefficient P2 - (2/V oo) (jl2X is proportional to cos y, 
we obtain the expression 

xb -

c n \ ____!!:L_ r dx 
y=- Smtd J cosy (11.6.21) 

0 

Let us consider the relation determining the coefficient of the 
moment about an axis passing through the centre of mass of a body 
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of revolution. For this purpose, we shall write formula (11.5.9) 
as follows: 

xb rt 

mz=- 8 
2 I 1 p2 (xcM-x)cos·\'dydr 

mldxb J J 
0 0 

whence, taking into account that the coefficient p2 is proportional 
to cos y, we have 

(11.6.22) 

Aerodynamic Characteristics In Conditions 
of Low-Frequency Oscillations 

The solution of the problem of determining the non-stationary 
aerodynamic characteristics is simplified if a body of revolution 
performs oscillations at a low frequency, which is typical of real 
flight conditions. If we develop (11.6.10) as a series in powers of 
a parameter p* = M oopr/(a'V oo) equal to the Strouhal number, we 
can see that for frequencies of the order of p = aooa' /xb the potential 
of an unsteady flow is expressed to a sufficient accuracy in the form 
of a linear dependence on p*. Going over in the expansion obtained 
to the variable z = cosh-1 [(x- e)/(a'r)l. we have 

cosh-1 u 

cp2 =cosy exp (ipt) [ I f (x- a'r cosh z) cosh z dz 
0 

cosh-1 u 

-iMooa'p* ~ i(x-a'rcoshz)dz J 
0 

(11.6.23) 

If we assume in this expression that p* = 0 and designate f (x -
- a'r cosh z) by m (x- a'r cosh z), we obtain formula (11.4.4') for 
the velocity potential of an unsteady flow. 

Let us now calculate the derivatives with respect to x and t needed 
to determine the pressure coefficient. 

Assuming as previously that f = m, we obtain 

cosh-lu 

cp2x = r:x.' cosy exp (ipt) [ ) m (x- r:x.'r cosh z) cosh z dz 
0 

cosh-1u 

- iM ooP* I ,; (x- cx~r cosh z) dz J 
0 

(11.6.24) 
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cosh-! u 

<vzt = a'ip cosy exp (ipt) [ ~ m (x- a'r cosh z) cosh z dz 
0 

-iMoop* coshfu m(x-a'rcoshz) dz] 

0 . 
(11.6.25) 

We determine the form of the functions m and m with the aid of 
the boundary conditions, and also from formula (11.6.20). Let us 
consider these functions, and also the values of the aerodynamic 
characteristics corresponding to them for particular cases of motion. 

1. Harmonic oscillation of a body about a lateral axis passing 
through its centre of mass. In this case, we determine the form of the 
function f(e) from (11.6.16) and (11.6.19) as follows: 

f ( ) S (B) a 0 V . ( ) e = [ "' + L p e - XcM ] 
Jt 

( 11.6.26) 

Upon calculating the first and second derivatives, we find, re
spectively: 

m(e)=S'(~a8 [Voo+ip(e-xcM)l+ S~E) ipa0 (11.6.27) 

' S" (B) a 2S' (B) 
m (e)= 0 [V oo + ip (e- XcM)l + -- iprt.o 

Jt Jt 
(11.6.28) 

where S'(e) = dS/de and S"(e) = d2S/de2 are the first and second 
derivatives of the cross-sectional area S with respect to the coor
dinate e. 

Let us introduce expressions (11.6.27) and (11.6.28) into Eqs. 
(11.6.24) and (11.6.25), after first going over in these equations to 
the variable z = cosh -l [(x - e)/(a..'r)l. By calculating the integrals 
obtained and using formula (11.6.20), we find 

where 

- __ 2a' COS y [Q ( _ CX.XCM ) 
Pz - n 3 rt.o v 

00 

• • 2 

+ axb(Q _ 3Q )- aMoor Q J 
Vao 4 "I Vooa' 2 

(1.= drt./dt 
cosh-1 u 

Q 1=-
1
- I S'(x-a..'rcoshz)coshzdz 

Xb J 
0 

cosh-1 u 

I' 
Qz= J 

0 

S" (x-rt.'r cosh z) dz 

(11.6.29) 

(11.6.30) 

(11.6.31) 
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COeh-1 u 

Q3 = .\ S"(x-a'rcoshz)coshzdz 
0 

cosb-I u 

(11.6.32) 

Q4 =-
1
- I [S"(x-r::t.'rcoshz)](x-a'rcoshz)coshzdz (11.6.33) 

Xb J 
0 

To obtain a relation for the normal force coefficient, let us intro
duce expression (11.6.29) into (11.6.21): 

• 2 

aMoor Q J d 
- V ooa' 2 r X (11.6.34) 

We lind the pitching moment coefficient in a similar way from 
expression (11.6.22) by substituting for the coefficient p2 its value 
from (11.6.29): 

(11.6.35) 

We can obtain the coefficients cy and mz for very slender bodies 
from the above expressions if we replace the functions Qn with 
their corresponding values from the aerodynamics of slender bodies. 
To obtain these values, in expressions (11.6.30)-(11.6.33) we must 
go over to the variable e = x - a'r cosh z and after this perform 
a limiting process at r-+ 0. Introducing the found values of the 
functions Qn into expressions (11.6.34) and (11.6.35), we obtain 

Cy = 2a0Sbot + 2SbotCX [1- XcMixb + Wb/(xbSbot)l (11.6.36) 

mz = 2a0Sb0t [XcMixb + Wb/(xbSbot) -1] 

(11.6.37) 

where Sbot = Sbot /Smld; a= (da/dt)xb!Voo; and wb is the vol
ume of the body of revolution. 

Let us introdme the following notation for the stability deriva
tives: 

~ _ Voo arnz m ----
z xb a~ 

(11.6.38) 
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From formulas (11.6.36) and (11.6.37), we obtain 

xb 

2a' x~b 
c~ = -8-- Q3r dx 

mid 
II 

(11.6.39) 

(11.6.40) 

(11.6.41) 

, H2 
~'- I [-Q3xcM+Qq+3Q1 -~Q?J rxdx (11.6.42) J a xh -

0 

In these relations, XcM = XcM!xb is the dimensionless coordinate 
of the centre of mass. 

The corresponding expressions obtained in the aerodynamic theory 
of a slender body have the following form: 

c~ = 2Sb0t [1- XcM + Wb/(xbSbOt)l 

m~ = 2S\,ot l X eM+ W b/ ( xbSIJOt)- 1] 

( 11.6.43) 

(11.6.44} 

( 11.6.45} 

(11.6.46} 

2. Steady rotation of a body about a lateral axis passing through 
its centre of mass. In this particular case of motion, the law of distri
bution of the function f (e) determined from expressions (11.o.18} 
and (11.6.19) has the form 

( 
S (E) f e)=--[a0VcX>+Qz(t:-XcM)l 

Jt 

Double differentiation of this function yieldo; 
• • • S" (E) 2S' (E) f (e)= m (e) =----;::( [a0V oo + Qz (e-Xcl\r)] + -n- Qz (11.6.47) 

Now let us determine the coelTicient p2 from ('11.6.20). To do this, 
we first obtain from expression (11.6.17), after going oYer to the 
variable z = cosh-1 [(x- e)/a'r], a relation determining the deriva-

tive m (x - a'r cosh z). Next we introduce this derivative into for-
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mula (11.6.24), which for steady flow acquires the form 
cosh-1 u 

cp2x =a.! cos I' ) m (x- a'r cosh z) r.osh z dz 
0 

To determine the coefficient p2 , we introduce this quantity into 
formula ( 11. 6. 20), in which the function cp 2 t should be taken equal to 
zero when Qz = const. As a result of simple transformations, we 
have the following expression for the pressure coefficient: 

- 2a'oosy -
P2 =- (aoQ3 + ffizQ, -ffizXCMQa + 2ffizQt) (11.6.48) 

Jt 

where the dimensionless kinematic parameter ffiz = Qzxb!V oo· 

After introducing· the obtained expression for p2 into (11.6.21) 
and (11.6.22), we find 

(11.6.50) 

The static stability derivatives c~ and m'f are evidently the same 
as in (11.6.39) and (11.6.41). We determine the derivatives with 
respect to the angular velocity in the form 

(11.6.51) 

Differentiating (11.6.49) and (11.6.50) with respect to ffiz, we 
find: 

(11.6.52) 

xb 
2 I • 

S a \ (Q4 -XcMQ3 +2Q 1)rxdx (11.6.53) 
midXb .l 

(i) (i)-

mzz = CyzXCM = 
0 

The formulas from the aerodynamic theory of a slender body 
corresponding to expressions (11.6.52) and (11.6.53) are as follows: 

(i) - -

Cy z = 2Sbot (1- XcM) (11.6.54) 
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A body when moving along a trajectory is in complicated motion 
consisting of translational motion at a constant angle of attack, 
longitudinal harmonic oscillations, and rotation at a constant angu
lar velocity Qz· The aerodynamic coefficients for such motion are 
determined by intricate relations that include static and dynamic 
stability derivatives. For the motion of a body of revolution being 
considered, its normal force and longitudinal moment coefficients 
are written as a sum: 

(11.6.56) 

Inspection of the above relations reveals that they allow us to . . 
estimate only the dotted derivatives cf and m¥. Theoretical investi
gations have resulted in the finding of approximate methods for 
determining other similar derivatives. Particularly, it is estab-

lished in the aerodynamics of slender bodies that the derivative c~z 
calculated with account taken of rotation relative to the centre of 
mass is zero, while the derivative 

(11.6.55') 

where J is the moment of inertia of the body about the lateral 
axis Oz. 

Analysis of the Change 
In the Aerodynamic Coefficients 

The aerodynamic properties of bodies of revolution in unsteady 
flow can be treated using the example of calculating the stability 
derivatives of slender bodies with a parabolic generatrix. For this 
purpose, we shall determine the function Qn by formulas (11.6.30)
(11.6.33) using the equation of a parabola 

r= 2/,:!d ( 2 - x:td ) (11.6.57) 

and the expression for the cross-sectional area 

n ( 4e3 84 ) S(e)= 2 4~: 2---+-2-4/,mtd Xmid xmhl. 
(11.6.58) 

After calculating the first and second derivatives of S(e) with 
respect to e, we introduce them into formulas (11.6.30)-(11.6.33), 
replacing e with the expression x - a'r cosh z. Integration and trans-
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formation of the obtained expressions yield: 

Q - n ( z:X ·l_ 3x2 ·2+ x3 ·3) 
1 - - lr 2 lr 3 lr 

AinictXb U U U 

Q __ n_ (2"0- 6x •l r 3x2 ·2) 
2- '2 lx lx i 2 lx 

"'mid u u 
(11.6.59) 

In formulas (11.6.59), Amtrl = xm1rtl(2rm1d) is the fineness ratio of 
the nose of the parabolic body, x = xlxmld is the dimensionless 
coordinate of the section, and xb = xblxmlrl is the relative length of 
the body. The functions i~ and i~ are given by formulas (11.4.13) 
and (11.3.19) depending on the parameter u = x/(a'r) (their values 
are also given in Table 11.3.1, see p. 88). 

Formulas (11.6.59) and Table 11.3.1 allow us to comparatively 
simply calculate the distribution of the coefficient p2 by using rela
tions (11.6.29) or (11.6.48). The found values of p2 allow us to calcu
late the coefficients of the normal force, pitching moment, and their 
derivatives from relations (11.6.34), (11.6.35), (11.6.49}, and (11.6.50). 

To determine these coefficients and stability derivatives by the 
aerodynamic theory of a slender body, we must find the volume of 
a body with a parabolic generatrix: 

wb--~ [j_-~(1- ~)] (11.6.60) 
-- 4"-btct 3 Xmtd 5xmld 

We shall cite as an illustration the stability derivatives for 
a slender body with a total fineness ratio of Ab = xb/(2rm1ct) = 8 and 
a bottom taper ratio of Sbot = Sbot1Sm 1ct = 0.41; the length of the 
body is xb =-"" 8 m, and the coordinate of the centre of mass measured 
from the nose is XcM = 5 m. 

The results obtained are presented as graphs in Figs. 11.6.3-
11.6.5, which show how the stability derivatives change depending 
on the number Moo· An increase in Moo is attended by a growth in 

the absolute value of the derivative mr[ and a decrease in the deriva
tive m~z. 

Hence, the nature of damping with an increase in the velocity 
varies. It grows with harmonic oscillations and lowers with rotation 
at the angular velocity Qz· The derivative m'; characterizing longitu
dinal static stability grows with increasing M 00 • Here the coeffi
cient ciJ appreciably increases. It thereby follows that the static 



Ch. 11. Sharp-Nosed Body of Revolution in Supersonic Flow 125 

Fig. t 1.6.3 
Cliange in the static stability 
derivatives of a body of revolu
tion depending on the ;number 
Mcx 

Fig. 11.6.4 
Dynamic stability derivatives 
of a body of revolution mo
ving harmonically versus the 
number Moo b,:j 

Fig. tt.6.5 

" 1,, 

--,-- -~ 

I 
I 

Influence of the number Moo on cffz {By slEnder 1 m~' 
the dynamic stability deriva- ~-+......_ _ __._bud'! therm; :·-, __ 1_:..--l 
tives for a body of revolution ro- 1 1 tating about a lateral axis o,;o '---. .L.I.t_L_-~ __ __L. __ ·_:_, ---.~.-z-:M:-".5!_ 
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r 
a b 
'1. _::...-

o~r 

Fig. 11.6.6 
Shape of bodies of revolution with a boattail (a) and with a flaring after
body (b) 

stability becomes greater because the centre of pressure (determined 
by the centre-of-pressure coefficient Cp = m~ld{;) is closer to the 
centre of mass. 

The origination of a damping moment upon harmonic oscillations 
or rotation causes additional displacement of the centre of pressure 
toward the centre of mass, the oscillations producing a larger displace
ment than the rotation. This is favourable from the viewpoint of 
the static stability of a body. But owing to the reduction of damping 
and the increase in the longitudinal moment, the parameters of dy
namic stability upon oscillations are inferior to those upon rotation. 
This leads to greater "swing" of the body and slower attenuation of 
the oscillations. 

The actual damping of a body is more considerable than according 
to the aerodynamic theory of a slender body; the normal forces are 
also larger. This indicates that the stability derivatives found by the 
aerodynamic theory of a slender body may be used only for an esti
mate of the order of their magnitude. 

In analysing the results of determining the aerodynamic character
istics for bodies of revolution of various shapes, we can conclude 

that the taper ratio S bot substantially affects the stability deriva
tives. To see that this is true, let us compare the values of the corre
sponding stability derivatives for two bodies whose shapes and 
dimensions are shown in Fig. 11.6.6. Body a has over its entire length 

a parabolic generatrix g~ven by the equation ;: = 0.2; (1 - 0.1;) 

(where ;; = xldmtd and r = r/dm1ct); body b has a parabolic nose 
with the same generatrix equation, a short cylindrical part with 
the relative length "-c = Xcldmid = 1, and a flaring afterbody 
(boattail) with a length of '·bt = Xbtldmtd = 2. The fineness ratio of 
the nose part of both bodies is A,mtct = Xmtctldmtd = 5, and the total 
fineness ratio is A,b = xb/dmtd = 8. The bottom taper ratio of body a 
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is Sbot = Sbot/Sm1ct = 0.41, and of body b, 1.82. The values of 
their stability derivatives calculated by formulas from the aerodyna
mic theory of slender bodies are given in Table 11.6.1. 

Table 11.6.1 

Aerodynamic parameters 

Body c'X I ma I -

I 
..:... 

I 
Ul 

I "' cCt ma c z m z y z y z y z 

4 0.82 0.93 1.58 -0.13 0.33 -0.13 

b 3.63 0.15 3.08 -0.59 1.47 -0.48 

A glance at Table 11.6.1 reveals that body b with a flaring after
body has a better static stability because its centre of pressure is closer 
to its centre of mass. Both bodies experience damping upon harmon
ic oscillations and rotation, the damping of body b being larger 
than that of body a. 

The above data indicate the possibility of altering the aerodynam
ic characteristics of a body by selecting the appropriate shape of its 
afterbody. 



Aerodynamic 
Interference 

12.1. Nature 
of Aerodynamic Interference 

Wing-Body Interference 

A body of revolution, which is usually employed as a design ~le
ment of a craft, may have wings, empennage (a fin assembly), md 
controls. An aircraft, for example, is a combination of design ~le
ments such as a fuselage, which is either a body of revolution or c ose 
to one, wings, a tail unit, rudders, and elevators. An unguided rocket 
consists of a body (of revolution) and a fin assembly (stabilizErs). 
A guided rocket is close in its design to an aircraft because it has 
lifting surfaces, a tail unit, and controls. 

When considering the aerodynamics of craft as combination:; of 
bodies of revolution, wings, empennage, and controls, we hav!· to 
do with the problem of taking into account the aerodynamic interfere 7Ce, 
i.e. interaction between individual elements of these combinatitms; 
this problem is quite involved and meanwhile has not been solved 
adequately. As a result of such interference, the sum of the aercdy
namic forces and moments of a wing and a body (fuselage); a tail unit 
and a body; a body, wing, and tail unit; or a body, wing, tail uait, 
and controls taken separately (isolated) does not equal the t >tal 
force or moment of a combination consisting of the corresponc ing 
elements and forming a single entity (Fig. 12.1.1). Hence, indivicual 
elements such as a body, wings, empennage, controls, when combined 
into a single design of a craft, lose their individual aerodynamic 
characteristics, as it were, and acquire new ones because of inter
ference. 

Calculations and experimental investigations show that for the 
same angle of attack, the normal and consequently the lift fore~ of 
a wing in the presence of a body increase in comparison with an 
isolated wing. The same phenomenon is observed for the li£1. of 
a body attached to a wing in comparison with an isolated one 

Let us consider the physical essence of the mutual influenc•l of 
a body of revolution and a wing causing their lift (normal) fore~ to 
grow. We shall assume that the wing is on the cylindrical part of the 
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( ,,] ,, 

4 - I 

Illustration of the concept of interaction (interference) of a body of revolution 
and a wing, empennage, and controls installed on it: 
a-separate elements; b-elernettls joined into a single entity (cr,mbination) of a craft: 
I-wings; ~-empenna,rc; .J-controls: J-!Jody of revolution; .';-craft 

Vy.;;V~oc: 

Fig. tl.t.l . 
Change in the normal velocity component along the ::;pan of a wing due to the 
influence of a body of revolution 

body remote from the nose as in a mid wing monoplane. Let ns also 
assume that the body and wing are slender and the flow is at a small 
angle of attack (Fig. 12.1.2). 

It was shown in Sec. 11.2 that a disturbed flow near a slender 
body of revolution may be obtained by snperposition of the velocity 
field produced by the longitndinal axisymmetric undisturbed flow 
over the body at a velocity of V"oo =' V oo cos a :::::::: V oo and the veloc
ity field of the additional disturbed flmv prod11ced in crossflow over 
this body at the velocity V11 oo = V"" sin a :::::::: V ooa. 

At low angles of attack. the crossflo\v is usually subsonic, and 
for approximate calculations of the velocity lil'lct, we can take 
advantage of the theorr of the potential incompressible ilow over 
a circnlar cylinder. The complex potentia! of such a flow is deter
mined by expression (6.2.4). Assuming that V = aVoc. sl!bstitllting a 
for ~. and calculating the derivative dW/da, we can write the expres
sion for the complex velocity as 

dW/dcr -cc V z - Vyi ·-~ - a V xi (1 + R2/a2
) (12.1.1) 

where a = z + iy. 

9-055 
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On the line z - z (y = 0), we have 

Vz- Vyi = - aV ooi (1 + R 2/z2 ) 

whence it follows that V"" = 0 and 

Vy = aV oo (1 + R2/z2
) 

(12.1.2) 

(12.1.3) 

By this formula in the plane y = 0, the velocity V Y of the cross
flow changes from Vy = 2a V oo on the surface of the cylinder (z == R) 
to Vy = Vyoo = aVoo remote from it at z-+oo (Fig. 12.1.2). If 
a wing is mounted on the cylindrical body, then at a given angle of 
attack a it is in a composite flow that can be obtained by superposi
tion of the additional flow induced by the body onto the undisturbed 
flow. Owing to this influence of the body, the lateral component of 
the velocity on the surface of a wing is 

aV oo + aV ooR2/z2 

i.e. an additional lateral component is produced, namely, 

(12.1.4) 

The generation of this additional velocity component is affected by 
the wash produced by the body. The angle of this wash is 

(12.1.5) 

Wash leads to an increase in the local angles of attack in the 
sections of the wing panels. These local (effective) angles of attack are 

ae = a + e 1,b = a (1 + R 2/z2) (12 .. 1.6) 

It can be seen from (12.1.6) that the effective angle of attack 
reaches its maximum value in the boundary section of the panels when 
z = R, where ae = 2a, and gradually diminishes with an increasing 
distance of them from the body. In the tip section of the wing, where 
z = l, the effective angle of attack is 

a = a (1 + R2/l2
) e.t (12.1.6') 

As a result of the increase in the local angles of attack, the lift of 
the wing panels in the presence of a body is greater than for an 
isolated wing. The wing, in turn, affects the flow over the body 
because the increased pressure on the bottom surface of the wing and 
the rarefaction on its upper surface extend to the body. Redistribution 
of the pressure therefore occurs, and an additional lift force of the 
body is produced that is due to the influence of the wing. 

Wing-Empennage Interference 

For craft that are a combination of a body of revolution, a wing, 
and empennage (a tail unit, fins, and the like), account must be tak
en of the interaction not only between the body and the wing, but 
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Fig. 12.1.3 
Zone of influence of a wing on a tail unit in a supersonic linearized flow (hatched 
region): 
I-Mach cone; 2-w<Jve surface constructed for tl!e wing (tiJe c,n·clope of tl,c l\Iach co
nes); J-wing; 4-tail unit 

Fig. tl.t.4 
Wash behind a rectangular wing: 
I-wing; 2-disturbance (Mach) 
cone; 3- upwash; 4- down wash 

also between the body and the empennage, which is similar in its 
physical nature to the body-wing interference treated above. In 
addition, account must be taken of the wash behind the wing on the 
empennage (with front arrangement of the wing on the body), or of 
the influence of the flow behind the empennage on the \Ying (\vith 
front arrangement of the empennage in what is called a "canard"). 

In a supersonic flow, a wing affects a tailHnit if the latter is inside 
the Mach cone (wave surface) for the wing, i.e. if it gets into the zone 
of the wing wash (Fig. 12.1.3). This wash depends on the wing plan
form and the position of the point at which the flow parameters 
including the wash angle are being determined. 

Let us consider a rectangular wing (Fig. 12.1.4). The region of 
the disturbed flow in which the influence of the tip on the flow over 
the wing manifests itself is confined by the Mach cone issuing from 
the front point of the tip. Inside the Mach conP. Lhe air flows over 
from the region of increased pressure under the wing into that of 
reduced pressure on its upper side. As a resnlt, the flow is twistPd 
into a vortex causing a wash behind the wing. There is a 
downwash in the inner region of the Mach cone inclnding the wing 
and an upwash in the wave zone outside the wing. Accordingly, the 
wash on the tip is zero (Fig. 12.1.4). 

If a wing is joined to a body of revolution, the wash behind the 
9* 
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4 

Fig. tl.t.5 
Interaction of a wing and a tail unit: 
1-wing; :! -tail unit; 3 -wa-.11; 4 -oncoming flow 

tw~ 
l, \ 

wing differs from that for an isolated wing. In this case, the differ
ence between the pressures under the wing and above it grows, the 
flow of air from the region of increased pressure into that of reduced 
pressure becomes more intensive, and, consequently, both the up
wash in the outer region and the downwash in the inner one grow. 

If the span of the tail unit is smaller than that of the wing ahead 
of it, the tail unit is in the region of downwash, and the effective 
angle of attack of the unit diminishes. If for a given wing panel 
.section the wash angle is ei,w• while the setting angle of the tail 
unit (the angle between a chord of the unit and the body axis) is 
<Xtu• then the effective angle of attack of the tail unit panel 
{Fig. 12.1.5) is 

Gte,tu = CX + Gttu - ei,W (12.1.7) 

Diminishing of the effective angle of attack leads to a reduction of 
the lift force and, consequently, to diminishing of the stabilizing 
moment of the tail unit. 

In the vicinity of the tail unit, stagnation of the flow occurs under 
the action of the wing and, as a result, the velocity head diminishes 
in comparison with the undisturbed flow. This must also be taken 
into consideration when determining the aerodynamic characteristics 
of flow. If the tail unit has a larger span than the wing, a part of the 
panel surface gets into the region of the upwash and this may com
pensate the negative effect dne to the downwash that consists in 
reduction of the lift force. 

12.2. Normal Force 
of a Body-Flat Wing Combination 

Interference Factors 

The total normal force of a craft at a small angle of attack with 
a zero rolling angle consisting of a combination of a slender body 
of revolution and a two-panel wing made of thin plates (a flat combi
nation, Fig. 12.2.1) can be determined as the sum of the normal forces 
for the body and wing taken separately, and additional forces 
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If 

Fig. 12.2.1 
Body-flat wing combination (flat combination) at a small angle of attack and 
in zero rolling: 
J-body (body of revolution); 2- flat wing panels; J -panels of four-panel combination 

called interference corrections. One of these corrections is due to the 
influence of the body on the flow over the wing, and the other to the 
effect of the wing on the f1mv over the body. The total normal force 
.is thns 

(12.2.1) 

where Yb is the normal force of the isolated body of revolution, Y w 

is the normal force of the isolated wing, ~y b(w) is the additional 
normal force of the body due to the influence of the wing, and 6Y w(b) 

is the additional normal force of the wing due to the influence of the 
body. Expression (12.2.1) can also be \Vritten as 

Y b.w = Y b + ~Y b(w) + ~Yw(h) 
where 

~Yw(b) = Y w + 6Yw(b) 

(12.2.2) 

(12.2.3) 

is the normal force of the wing in the presence of the body. 
Relation ( 12. 2. 2) for the total normal force, apart from a flat 

(two-panel) combination, can also be applied to an aircraft with 
a plus-shaped (crossed) wing (a four-panel combination, Fig. 12.2.1)_ 
The flow over this craft without sideslipping is the same as with 
a flat combination because the upper panels in the shape of very 
thin plates do not change the nature of this f1ow. 

The last t\vo components in (12.2.2) can be written in a form that 
is more convenient for calculations, namely, 

~Yb(w) = KbYw 

t1Y w(b) = KwYw 

where K b and Kw are interference factors. 

('12.2.4) 

('12.2.5) 

By ('12.2.4) and (12.2.5). the additional normal force of the body 
produced by the presence of the wing and the normal force of the 
wing with account taken of interaction with the body are presented as 
the product of the appropriate interference factors and the normal 
force of the wing. 
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By an isolated or separate wing is meant a wing consisting of two 
panels joined together. According to (12.2.4) and (12.2.5), the normal 
force of the flat combination "body-wing" is 

Yb,w =Yb+(Kb+Kw)Yw (12.2.6) 

If we write the normal force of the body in the form 

(12.2.7) 

where K b, 1 is a factor relating the normal forces of the separate body 
and wing, we have 

(12.2.8) 

The corresponding total normal force coefficient of the combina
tion is 

(12.2.9) 

where qoo = Poo V!:,/2 is the free-stream velocity head, and S w is the 
area of the separate wing panels. 

In linearized flow, there is a linear dependence of the normal force 
on the angle of attack, i.e. cy = ac~ (where c~ = ocyloa). Con
sequently, 

c~,b.w = (Kb,! + Kb + Kw) c~.w (12.2.10) 

The factors Kb,l• Kb, and Kw in (12.2.9) and (12.2.10) can be con
sidered in the form of ratios of the corresponding normal force 
coefficients: 

Kb,! = Cy, b/cy, w; Kb =!ley, b(w)/Cy, w; 

Kw = !':!..cy,w(b)/Cy,w (12.2.11) 

or of ratios of the derivatives of the corresponding normal force 
coefficients with respect to the angle of attack: 

Kb,! = c~, b/c~, w; Kb = !':!..c~, b(w)/c:,w; 

Kw = !':!..c~,w(b/c:,w (12.2.12) 

Determination of the Velocity Potential 

Let us consider aerodynamic interference as applied to craft formed 
of various combinations of slender elements (body, wing, empen
nage) that cause weak disturbances in the flow. In modern aero
dynamics, such problems have been solved the most completely, 
and their application to the above-mentioned craft yields results 
that are satisfactory enough for practical purposes. 

The potential qJ' of the disturbance velocities in a linearized flow 
over slender bodies satisfies an equation of the type of (7 .1.4') for 
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a three-dimensional flow. Let ns introduce the dimensionless coor
dinates 

x = x/L, y = y/l, z = z!l (12.2.13) 

where L and l are characteristic lengths in the direction of the x 
and y axes (for example, L is the length of the entire combination, 
and lis the span of a wing panel). Equation (7.1.4') transformed to 
the variables (12.2.13) has the form 

(12.2.14) 

Let us consider the combination of a slender body and wing panels 
with a small span. For such combinations extended in the direction 
of the x-axis, the ratio [2/ L 2 « 1, therefore tlJ e first term in 
Eq. (12.2.14) may be disregarded. As a result, we obtain a differen
tial equation for determining the potential of the disturbance ve
locities upon interaction between tlw body ancl thP flat wing: 

rPrp' 1 riij2 + rPq!' 1 a"0 = o 
or after introducing the values of y and z from (12.2.13), we have 

fJ2rp' /fJy2 + fJ2rp' /fJzZ = 0 (12.2.15) 

This equation is known to correspond to a disturbed flow of an 
incompressible fluid in plane yOz. Hence, to find the velocity field 
of the flow produced by interference, we must solve differential 
equation (12.2.15) for the function rp', which is the potential of the 
disturbance velocities of a two-dimensional incompressible cross
flow at the velocity a V oo over a wing-body combination (Fig.12.2.1). 
The velocity field of the incompressible flow near the body and the 
wing attached to it in plane yOz can be determined with the aid of 
a method based on the theory of conformal transformation. 

The plane in which the flow is determined is the physical plane of 
the complex variable 0 = z + iy, while the plane for which the 
flow is known as the flow near a transformed circle is the transformed 
plane of the variable ~ = s + i11 (Fig. 12.2.2). 

Let us write an equation relating the variables 0 and ~: 

where 
a + r 2/a = ~ + r~l ~ 

r0 = 0.5 (s + r 2/s) 

s is the running value of the wing semispan (panel span). 

(12.2.16) 

(12.2.16') 

Equation (12.2.16) is the relation used for the conformal transfor
mation of a circle of radius r0 in the plane ~ = s + ill into the con
tour obtainPd by the intersection of the slender wing-body combina
tion by plane yOz. This contour on the plane a = z + iy is obvious-
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(/J) 

Fig. 12.2.2 
Conformal transformation for a body-flat wing combination: 
a- physical plane a (I-wing; 2- body): b- transform plane~ 

t c·V~ 

ly a circle of radius r and a pair of straight line segments each 
having a length of s- r0 on the z-axis (Fig. 12.2.2). To see that we 
have correctly chosen formula (12.2.16) for this conformal mapping, 
we should use this formula for transformations similar to those de
scribed in Sec. 6.2 for the conformal mapping of a circle into a 
plane [see (6.2.1)]. 

Solving quadratic equation (11.2.16) for ~. we obtain 

~ = 0.5 {(a+ r 2/a) +[(a+ r 2/a}2
- 4r~] 11 2 } (12.2.17) 

The plus sign in front of the bracket indicates a relation between 
the complex variables ~and a for the upper half-plane. When perform
ing a transformation for the bottom half-plane, one must take 
the minus sign. 

The complex potential for a flow over a circular cylinder of radius 
r0 in the plane ~(Fig 12.2.2b) can be determined by formula (6.2.4), 
substituting r0 for R: 

W=- iaV"' (~- r~m (12.2.18) 

This complex potential can be transformed into the potential of 
the crossflow near the flat body-wing combination in the plane 
a = z + iy by substituting for the complex variable ~ = ~ + if] in 
(12.2.18) its value from transformation equation (12.2.17): 

W = -iaV"' [(a + r2/a) 2 
- 4r~]l/ 2 (12.2.19) 

To find the total value of the complex potential W a, we have to add 
to (12.2.19) the potential function of a flow that is parallel to the 
y-axis and equals iaV ooa. As a result, we have 

W a = -iaV oo {[(a + r2/a) 2 - 4r~]I/2 - a} 
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or, taking into account the value of r 0 from (12.2.16'). 

W a = - ia V oo {[(a+ r2/a) 2 
- (s + r 2/srP; 2 

- rr} (12.2.20)> 

The complex potential W a can be expre~sed in terms of the veloc
ity potential (Pa and the stream function \("a in the form JV a = 
= era + i'ljla· Considering this and having in view that a == z + iy, 
we can write (12.2.20) as 

cra+i'ljla= -iaVoo{[(z+iy-+ ,.~
2

iy )
2
--(s+r2/s) 2r12

---(z+iy)} 

(12.2.20') 

Velocity and Pressure on a Body 
in the Presence of a Wing 

Let us evaluate the partial derivatives with respPct to x of the· 
left-hand and right-hand sides of (12.2.~20'): 

O(jla , . iJ~·a · TT 
---jl-- = -lav oo 

ox ax 

(12.2.21). 

Considering the surface of a body for which a = z 1 iy = reie and 
having in view that e-Hl = COS 0- i sin 8 and ei8 + e-i8 = 

= 2 cos e' we obtain 

iiqJcx + i Dljla c= - iaV"" 
ox ox 

4 cos 8 (ens 8- i sin 8) r _d_r- ( 8 ---i- _r_
2 

) [2 ..!___. _rl_r +-d_s ( 1-_,._
2 

) J 
, _ dx ' s s dx dx s 2 

/, ( ·> ''] [j? [ 4r 2 cos 2 8- s+--;.:-) ~ -
Separating the real part from the com plcx rigl1t-lJ and side, we· 

obtain an expression for the additional axial component of the
disturbance velocity: 

O(/)a =Ua=CXVoo 
ax 

4r-c(ls2 8- s-r- 2-·-___j_- 1--dr ( , r2 ) [ r dr ds ( r2 ) J 
dx - s s dx ' dx s2 

[( 
r2)2 ]1/2 s--+--;- - 4r2 cos2 8 

(12.2.22} 
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To obtain the vertical va and lateral Wa components of the 
·disturbance velocity (Fig. 12.2.2a), we calculate the derivative of 
the complex potential (12.2.20) with respect to a: 

1} (12.2.23) 

For the smface of the body provided that 0 = reie, we have 

. . V {2rcos6(1+isin26-cos26) w -v ~ = -ta oo 
a a [4r2 cos26-(s+r2/s) 2]1/2 

Separating the right-hand side of this equation 
imaginary quantities, we find: 

into real and 

4arVoo cos 6 sin2 6 w - -;-:----;--,;-:--:-;;---;-....,----...,~-,-,; 
a- ((s+ r2/s) 2-4r2 cos2 6]1/ 2 

V { 
2r cos e sin 28 } v - - a --,-,----,---;o-.,...,..,-,.--,--~'""""- + 1 

a- oo [(s+r2js)2-4r2cos26jl/2 

(12.2.24) 

(12.2.25) 

It follows from physical considerations that formulas (12.2.22), 
(12.2.24), and (12.2.25) give the values of the velocity components 
.on the lower (bottom} surface of the body, i.e. 

(12.2.26) 

The following relations for the velocity components on the upper 
.surface of the body are obtained from symmetry: 

Ua,u = - Ua,L• Wa,u = - Wa,L• Va,u = V,aL (12.2.27} 

Let us see how the pressure coefficient can be determined. In Sec.6.1, 
we obtained formula (6.1.5) for this coefficient when dealing with 
a plane nearly uniform flow. Investigations show that this formula 
needs refining if we are considering a three-dimensional linearized 
.flow. For such a flow, the square of the total velocity at a point 
of space is 

V 2 = V~ + V~ + V~ = ( V oo + u) 2 + v2 + w2 

= v~ + 2u v 00 + u2 + v2 + w2 

Accordingly, formula (7.1.4") for the pressure ratio plpoo can be 
written as follows: 

_£__=f1- k-1 • Poo [uVoo+_!_(uz+vz+wz)]}~/(k-0 
Poo l k poo 2 . 

Owing to the smallness of the additional velocity components in 
comparison with V ""' the ratio p/poo differs only slightly from unity 

* To avoid confusion with the subscript "b" designating "body" in this chap
ter, the subscript "L" and the term "lower" have been resorted to instead of "b" 
.and "bottom" used in Part I and elsewhere in this part-Translator's note. 
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and, consequently, the expression for p/ Poo can be expanded into 
a binomial series. Retaining the quadratic term, we obtain 

..L = '1- Poo [uv"" + _.!. (u2 + v2-:- w2)] 
poo Poe. 2 

+ ( k -1 ) 2 k ( k 1 ) p~ [ v 1 ( 2 2 + 2) J 2 
-k- k-1 k-1 - 2p~ U oo+2 U +v W 

The corresponding relation for the pressure coefficient is 
- 2 (p- poo) 2u u2 +v2 + w2 

p= pooV~ =- Voo- v;_, 

+pooV~ [-u-+_1_ (uZ+v2 +w2)] 2 

kpoo V oo 2V~ 

Retaining terms of the second order of smallness in comparison 
with u/V oo and taking i.nto consideration that kpoo/Poo = a~ and 
V;.,/a~ = M;.,, we find 

p = -2u/V oo + [u2 (M~- '1)- v2
- w2]/V;.,1 

Disregarding the term u2 
( M:C, - '1), we finally obtain 

p = -2u/V"" - (v2 + w2)/V~ (12.2.28) 

Here, although the flow is nearly uniform, the quadratic terms 
have been retained, which is of significance for the flow over slender 
bodies of revolution. 

We shall express the velocity components u, v, and w given in 
formula ('12.2.28) for the wind coordinate system in terms of the 
components Ua, Va, and Wain a body-axis system. Since the body has 
no roll, and the body axes of coordinates are turned through the 
angle of attack a relative to the lateral axis Oz of the wind system, 
it is evident that the component w = Wa. A glance at Fig. 12.2.1 
reveals that the relations u = Ua + ava and v = Va - aua hold 
for the other components. Introducing the expressions obtained for 
u, v, and w into (12.2.28) and discarding the terms avaua!V;., and 
a2ua!V~ as terms of a higher order of smallness, we obtain 

p = - (2V oo)(ua + ava) - (v~ + w~}/VZ., (12.2.28') 

For the lower surface of the body 

Pb(w)L = -2[(ua,L + ava.L)!Voo + w&,,L/(2V;.,)-:- v&,,d(2V~)] 
(12.2.29) 

With a view to the symmetry expressed by ('12.2.27), the coefficient 
of pressure on the upper surface is 

Pb(w)u = - 2[(-ua.,L + ava,L )IV oo + w~,L /(2V~) + v~.L /(2VZ.,)] 

(12.2.30) 
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In practice when determining the aerodynamic coefficients, we 
have to use the pressure-drop coefficients, which we calculate from the 
corresponding pressure coefficients for the lower and upper surfaces 
in the form !:!..p = PL - Pu· For the body, this coefficient is 

Lipb(w) = Pb(w)L - Pb(w)u = - 4ua,u1V oo (12.2.31) 

The pressure-drop coefficient can be seen to depend only on the 
longitudinal velocity component. With a view to (12.2.22), we have 

f:!..pb(W) 

- 4a {4r ..!!:!.... cos2 8- (s+ r2/s) r 2 _!_. ~+ .!!:!.._ (1- r2js2)]} 
dx L s dx dx 

[(s+r2js)2-4r2 cos2 8p12 (12.2.32) 

Since for points on the body the coordinate z = r cos 0 (Fig. 12.2.2), 
we have 

_ 4a [(1-r4js4) ~; +2 : · ~~ (1+r2js2-2z2jr2)J 

~Pb(w)= [(1+r2;s2)2_ 4z2;82pp (12.2.33) 

Velocity and Pressure on a Wing 
in the Presence of a Body 

Assuming in formula (12.2.21) that y = 0 and taking into ac
count that the right hand side of this formula is a real quantity, we 
find the following expression for the axial component of the velocity: 

acpa. =u =aV ax ex. 00 

r dr [ ds r dr J 
2 z · ""dx"" (z + r2/z) -- (s + r2js) di (1- r2fs2) + 2 7 · ""dx"" 

X [(s + r2/s)2- (z + r2/z) 2p;2 ( 12. 2. 34) 

Assuming in (12.2.23) that a = z and separating the right-hand 
side into a real and imaginary quantities, we obtain relations for 
the lateral Wa and vertical Va velocity components 

aVoo(z+r2/z)(1-r2/z2) 2 
Wa= 2 )2 2 2p 2 (12 .. 35) [(s+r/s -(z+r/z) I 

Va = - aV oo (12.2.36) 

By formulas (12.2.34)-(12.2.36), we obtain the values of the veloc
ity components for the lower surface of the panels, the way of 
writing these values being the same as (12.2.26). It follows from 
symmetry that the velocity components for the upper surface of the 
wing are determined by expressions similar to (12.2.27). 

The velocity, and therefore the pressure on the body do not change 
with axial flow (the angle of attack is zero) in the presence of zero 
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tl1ickne~~ panels. \Yith suc.h a flmv, however. the panels are under the 
inflnencP of the field of velocities and pre~sures formed near the .Body. 
ThP rPstiltanL flow at the pam'!:-< consists of the velocity fidel induces 
by the body in axial flm\· and the \·eloc.itr field in crossflow due to the 
presenn• of an angle of att.ac.k. 

Let us consider the velocitv field near the hodv in a flow at a zero 
angle of attack, using the co.nclusions of the ae~odynamic theory of 
a slender borly (see Sec.. 11.3). By this theory, the additional radial 
component of t.he vPlocity in axial flow (we shall designate it by 
l'!u =--- V; 1 • see Fig. 12.2.2) acc.ording to formula (11.3.10), in which 
we sltall Slthst.itnte the running radial coordinate of point R for r, is 

Vit. 1 ~- -j (x)!R (12.2.37) 

From condition (11.2.19) of flow without separation, which owing 
to the smallness of cp~ in comparison with V = can be written as 

~:p;. = v~.t= v = drld:r (12.2.38) 

we obtain an expression for the func.tion 

j (x) -- - V =r dr/dx (12.2.39) 

Consequently, (12.2.37) can be expressed as 

V' . _ Fool' dr 
R,t-~· d:r- (12.2.40) 

Examination of Fig. 12.2.2 reveals that the lateral w 1 and vertical 
l't components of the velocity of the disturbed tlow produced by 
axial flow over the body are 

T' Voor dr 
w1 = l R, 1 cos0= ~·a;:- cosO 

l T' • e Fool' dr . e 
P 1 = Ji, I Slll = ~ · b Slll 

(12.2.41) 

( 12. 2. 42) 

For the conditions on the surface of a panel. 8 = 0, R = z. and, 
eon seq uen tl y, 

F oor dr 
IVt = -,z-. dx 

' 
(12.2.43) 

(12.2.44) 

1f expression (12.2.43) for w1 rletermines the value of the velocity 
for the lower snrface (w1.1. = wt), it follows from symmetry 
that on tlw nppPr surface 

Wt,u = lVt, L (12.2.45) 

For the axial additional velocity component u1, which we do not 
give here in the explicit form, the equation u1. u= u 1. L holds; it also 
follows from symmetry. 
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We obtain the valueR of the disturbance velocity components on 
a panel by summation of the relevant velocity components for axial 
and lateral flow, i.e. 

(12.2.46) 

Introducing tbese values into the formula for the pressure coeffi
cient written by analogy with (12.2.28) in the form 

p = - 2 [(u + au)/V"" + v2/(2V;.,) + w2/(2V;.,)] (12.2.47) 

we obtain 

Pw(b) = - 2 [(ua + Ut + au)/V oo + u&/(2V;,) 

+ (wa + Wt)2/(2V;,)] 

For the lower surface of a panel, we have 

Pw(b)L = - 2 [(ua,L + Ut,L + CXVa,L )/V oo 

(12.2.48) 

+ v&,d(2V;,) + (w~.L + wh)/(2V;,) + Wa,L Wt,L /V;,] 

For the upper surface with account taken of the property of sym
metry [see (12.2.27) and (12.2.45); u1,u = Ut.d• we have 

Pw(b)u = - 2 [(-Ua,L + Ut,L + CXVa,dfV oo 

+ u~.d(2V;,) + (w~.L + wh)/(2V;,) - wa,Lwt.L/V;,] 

The pressure-drop coefficient is 

~ Pw(b) = p w(b)L- Pw(b)u = - 4ua, L/V oo - 4wa, LWt, L;v;, ( 12. 2. 49) 
Formula (12.2.49) for the pressure-drop coefficient on a panel, 

unlike the corresponding formula (12.2.31) for a body, has a quad
ratic form. Introducing into (12.2.49) instead of Ua,L• Wa, L• and 
Wt,L their values from (12.2.34), (12.2.35), and (12.2.43), respec
tively, we find the coefficient of the pressure drop on the wing panels 
in the presence of the body: 

- [( r2 )2 ( r2 )2]-112 { ds { r4) t1 Pw(b) = 4a s + -s- - z + -z- s ax 1 - 7 

+r~ [2 { ..!:__ 1) + (1- ~) 2]} 
dx \ s2 z2 

(12.2.50) 

If the body is a circular cylinder, then dr/dx = 0, and relations 
(12.2.33) and (12.2.50) acquire the following form, respectively: 

- ds ( r4 ) [ ( r2 ) 2 z2 J -1/2 ~Pb(w)=4adx 1-7 1+7 -4$2 (12.2.51) 

- ds ( r4 ) [ ( r4 ) z2 ( r4 ) J -1/2 ~Pw(b) = 4a (1x' 1 - S! 1 + 54 -52 1 + 7 

(12.2.52) 
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Expressions (12.2.51) and (12.2.52) are suitable for an approxi
mate calc11lation of the pressure distribution onr a surface in 
a flovv' when the body at the point where it joins the wing flares, and 
dr/dx =I= 0. This is confirmed Ly calculation~ ><howing tl1at the 
inflnence of broadening of the body on the nature of prPs-sml' distri
bution is not great. Equations (12.2.51) and (12.2.5:2) yield quite 
satisfactory results when the wing is arranged on the body in the 
zone of undistnrbed flow. Inycstigations show that this condition 
can be satisfied in practice if the distance from thr beginning of 
the cylindrical part of a slewler sharp-nosed body to t li c wing root 
chord exceeds t'vo or three body d iam etcrs. 

Determination of Interference Factors 

Let us consider the relations for the normal force of a wing and' 
body with a view to their mutual influence and determine the cor
responding interference factors. We shall assume that the wing 
panels on the cylindrical body (dr/dx = 0) are of a triangular confi
g11ration for \\"hich ds/dx = tan c: (Fig. 12.2.3). It should be remem
bered that the results obtained for the interferencr factors may be 
related to any other configmation. In other words, thr theoretical 
values of these factors found below do not depend on the planform 
of the panels. 

It is general knowledge that a slender separate cylindrical body 
upon deflection does not produce a normal force. Hence, the quan
tity ~y b(w) (12.2.4) may be considered as the normal force Y b(w) 

on the body in the presence of a wing. W £> can find the elementary 
value of this force with the aid of formula (11.5.4). Assuming that 
cos ~ ::::::; 1 and cos 'V = sin 8, we obtain th£> following expression 
for the normal force acting on the area dS = r de dx (Fig. 12.2.3): 

d (~Yb(w>) = dYb(w> = - (p - P=h(w> r sin e dfJ dx 

The normal force for the part of the body under thr wing is 

-'mftan e 2rr 

~Yb(w)=- I \' (p- Pooh(\\) r sine de d:J.: 
' ,I 

rftan e 0 

The correspondinginormal force coefficiE'nt r£>lated to the cross
sectional area of the body S = :rrr·2 is 

"mftan e 2rt 

~c~. J1(w) = \' dx \' Pb(w) sin 8 dO 
nr r/t~n e ' 

1 
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z y 

Fig. 12.2.3 
•Combination of a cylindrical body and a triangular wing 

Taking account of the symmetry of pressure distribution at both 
.sides of the zero meridian plane, and also of the conditions in which 
the pressure coefficients at points of the surface determined by the 
angular coordinates 8 (upper surface) and -8 (lower surface) are p 
and -p, respectively, we obtain the relation 

sm/tan e n;2 
A r 2 
LlCy,b(w) = ---;:u:- ) dx ) ~Pb<w> sine de 

r;tan e () 

Substituting for.1 !!..pb(w) its expression from (12.2.51) and having 
lin view the equality£:z = r cos e, we find (the magnitude) 

sm1tan e r 

~c~,b(w) = 8art~~n E .\ dx I ( 1- :·: ) [ ( 1 + ;: )2 -4 :: rl/2 dz 
r ;tan e 0 

Single integration, provided that x = s/tan e and dx = ds!tan e, 
yields 

( 12.2.53) 

'Where s = s/r and Sm = sm/r. 
2s 

Introducing the variables u = sin-1 --
~2+1 

- 1 (- 1 ) and v=z- s2 +s2 , 

\We find, integrating by parts, 

A -, 4CG [ 1 ( -2 + 1 ) . -1 2sm +- sir, -f 2 1- J 
LlCy,h(w) = n z Sm --=;;- Slll -

2 
+ 

1
- - tan- Sm 

sm sm Sm 

(12.2.53') 
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The corresponding normal force coefficient i'lcy,b(w> calcnlated 
for the area of the separate panels 

S - (s 1·)2/tan " (1?.').c;t,1) w- "'- "' __ ._, 

, nr2 .:n:r 2 tan E 

~Cy,b(w) = ~Cy,b(w) S w = (sm _ r)2 ~c~,il(w) (12.2.55) 

With account taken of expression (8.8.47) for the normal force 
coefficient cy,w of a separate wing in which it should be assumed 
that cot x = tan e, the interference factor is 

/(b = ~Cy,b(w)!cy,w = f:!..c~,b(w/ [2 (sm -1)2 a] ( 12. 2.56) 

After introducing (12.2.53') and performing simple transforma
tions, we have 

K = 2 
b (- 1)'' Jl sm- -

X [ 
Sm 

(12.2.57) 

Let us find a relation for the wing-body interference factor. The 
value of the rlrmentary normal force acting on an elementary arra 
of the wing dS w = dx dz is 

d(~Yw(b)) = ~Pw(b) dx dzqoo 

The force of two panels with expression (12.2.52) taken into 
consider at ion is 

sm/tan e 

~ 1-w(h) =Sa tarll:'qoo j ( 1 - ;: ) dx 
rftan e 

0 

· ~ [ ( 1 + :: ) - :: ( 1 + :: )] -l/
2 

dz 
T 

The corresponding normal force coefficient is 

s 

8a tan2 e 
(sm-r)2 

(12.2.52') 

( 1 - ; 4

4 

) dx J [ ( 1 + :: ) - ~: ( 1 -+- ;: )] -I/~ dz 
r 

Single integration of this expression yields (for x = s/tan e and 
dx = ds/tan e) 

A 4a tan E 'Jm -;;4 - 1 
LlCy(w)b = _ 

(sm-1)2 1 s3 

10-055 
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Upon partial integration 

Introducing the variables 

u = sin-1 [(;2 -1)/(s2 + 1)], 

and performing integration by parts, we find 

4a tan e [ n (~ -1)2 

~Cy,w(b) = (- -1)2 T . -2 
Sm sm 

;2 -1 J • sin-1 ___ m __ 

s~+1 

(12.2.58) 

-
Sm 

(12.2.59) 

The interference factor with account taken of (8.8.47) for cy,vr is 

~Cy(w)b 2 [ Jt (s~-1)2 
Kw= Cy,w =n(sm-1)2 4' ~ 

(12.2.60) 

Taking into account that 

_ 1 ( . s~- 1 Jt ) 
tan-1sm=z sm-1 R~+1 +2 

we shall transform formula (12.2.57) for the interference factor K b 

into the expression 

Kb = _ 2 [~ (sh..=-1) 2 + sfu_-1 
n(sm-1) 2 4 s;';. Sm 

(si!r.+1) 2 . _ 1 Sfu-1 J 
- _ Sill 

2Sfu Sfu + 1 
(12.2.57') 

Summation of (12.2.60) and (12.2.57) yields 

Kw + Kb = Cim + 1)2/s:n or Kw + Kb = (1 + rm) 2 (12.2.61) 

where rm = rlsm. 
A glance at expressions (12.2.60) and (12.2.57') reveals that the 

interference factors are functions of only the ratio rlsm. Hence, this 
parameter (or its reciprocal smlr) is the main criterion in assessing 
the mutual influence of a body and a wing on the normal force. 
Values of Kw and Kb are giVPTl in Fig. 12.2.4 and Table 12.2.1 
depending on the value of 1/sm = r m• 



Fig. 12.1.4 
Interference factors for a flat 
body-wing combination in the 
absence of rolling 
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If the ratio rm = rlsm = 0 (a body is absent), we obviously have 
Kw = 1 and Kb = 0. Let us assume that the radius of the body 
grows and the lifting panels become small, i.e. the parameter rm 
differing from zero increases. It follows from (12.1.6') that the ef-

Table 12.2.1 

rm !{\\' <z;>a,w(b) 

0.0 1.000 1.000 0.667 0.500 0.424 
0.1 1.077 0.133 0.657 0.521 0.421 
0.2 1.162 0.278 0.650 0.542 0.419 
0.:1 1.253 0.437 0.647 0.563 0.418 
0.4 1.349 0.611 0.646 0.581 0.417 
0.5 1.450 0.800 0.647 0.598 0.417 
0.6 1.555 1.005 0.650 0.613 0.416 
0.7 1.663 1.227 0.654 0.628 0.418 
0.8 1.774 1.467 0.658 0.641 0.420 
0.9 1.887 1.725 0.662 0.654 0.422 
1.0 2.000 2.000 0.667 0.667 0.424 

fective angle of attack of the panels grows. When R/l-+ 1 (rm-+ 1), 
the body induces the local angle of attack ae,t-+ 2a along its side 
surface. Consequently, the panels in the presence of a body develop 
a normal force double that developed by an isolated wing, and, 
therefore, Kw = 2. 

The smaller the size of a panel, the greater is the part of the 
normal force of the wing transferred to the body. When the value 
of rm-+ 1, the maximum normal force is induced on the body, 
and Kw = 2. 
10• 
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Centre of Pressure 

The coordinate of the centre of pressure of the normal force in
duced by a body on a wing is 

(xp)a,w(b) = -flM.,w(b/ flY w(bl (12.2.62) 

where !':!..M z.w(bl is the pitching moment about the nose of the root 
(boundary) section of a panel produced by the forces due to the 
influence of the body on the wing: 

(sm-r)/tane < 

!':!..Mz,w(b) =- ~ .\ !':!..pw(l,)qooX dx dz (12.2.63) 
0 r 

We measure the coordinates x and (x )a.w(bl from the nose of 
the root section of the panel (Fig. 12.2.!h. Taking into considera
tion the value of !':!..Y w(bl• the coordinate is 

(sm-r)jtane 8 (sm-r)/tan e 8 

(xp)a, w(b)= ~ ~ !':!..pw(b)qooxdxdzj ~ ~ !':!..pw(b)qoodxdz 
0 r r 

(12.2.62') 

The coordinate of the centre of pressure of the normal force in
duced by a wing on a body is 

(xp)a,b(wl = -!':!..M z,b(w)/ !':!..Y b(w) (12.2.64) 

where !':!..M z,b(wl is the pitching moment about the nose of the bound· 
ary section of a panel due to the influence of the wing (Fig. 12.2.5): 

<•m-r)jtane r 

flMz, b(w) = - \ \ !lpb(w)qooX dx dz 
0 0 

(12.2.65) 

and !':!..Y b(wl is the normal force of the part of the body under the 
panels due to the influence of the wing. 

With a view to the value of 11Y b(wl• the coordinate 
<•m- r)/tlln e r C•m- r)jtan ll r 

(xp)a, b(wl = ~ ·' !':!..pb(w)qoox dx dzj ~ ~ !lpb(w)qoo dx dz 
0 0 0 0 

(12.2.611') 

From (12.2.62') and (12.2.64'), we can determine the corresponding 
coefficients of the centres of pressure: 

(cp)a,w(bl = (xp)a,w(b)/b 0 ; (cp)a,b(w) = (xp)a,b(w/b 0 (12.2.66) 

where b0 is the length of the root chord of a panel (Fig. 12.2.5). 
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Fig. tl.l.5 
To the determination of the centre-of-pressure for a body and a wing with account 
taken of interference 

Using these values, we can find the coefficient of the pitching 
moment for a body of revolution-wing combination about the nose: 

where 

mz,b, w = Mz,b,wl(qooSwxb) =- Cy,b,wCp 

= -[Cy, b+ c11 , w (Kb +Kw)J Cp =- [(cph Cy, b 

+ (cp)a,b(w) t1cy,b(w) + (cp)a., w(b) dey, w(b)] 

(c~:a.. b(w) = Xw/xb + (cp)a,b(w) bo/Xb } 
(cp)a, w(b) = Xw/Xb + (cp)a,w(b) b0/xb 

(12.2.67) 

(12.2.68) 

Here cp = xp/xb is the centre-of-pressure coefficient for the entire 
combination, (cp)b = (xp)b/xb and c11 ,b are the centre-of-pressure 
and normal force coefficients for the separate body, respectively. 
All the geometric dimensions are shown in Fig. 12.2.5, where the 
area onto which the normal force from the panels is transferred is 
cross-hatched. 

The lateral coordinate of the centre of pressure of the normal 
force t1Y w(b) for the wing panels due to the influence of the body 
(Fig. 12.2.5), is 

(12.2.69) 

where t1M x,w(b) is the rolling moment due to the normal force 
dY w(bl and determined about the longitudinal axis x: 

(sm-r){tane 8 

t1M x,w(b) =- ~ ~ t1pv;(b)qooz dx dz (12.2. 70) 
0 
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With a view to the value of t1Y w(b)• the coordinate of the centre 
of pressure is 

<•m- r)/tan 11 8 (8m- r)/tan e 8 

(zp)a.,w(b) = J J dPw(b)qoozdxdzj .\ J t1pw(b)qoodxdz 
o r 0 r 

(12.2. 71) 
From (12.2.71) we can find the coordinate of the centre of pres

sure measured along the span of a panel from the root chord on the 
body and related to the panel width Sm - r, i.e. the quantity 

(zp)a,w(b) = [(zp)a,w(b) - r]/(sm - r) 

This quantity, and also the values of the centre-of-pressure coef
ficients (12.2.66) calculated for triangular panels [in (12.2.51) and 
(12.2.52) for t1p-b(w) and t1pw(b)• respectively, the derivative ds/dx 
is taken equal to tan e] are given in Table 12.2.1 depending on 
the parameter r!sm = 1/sm. Examination of the table reveals that 
the centre-of-pressure coefficient (cp) a, w(b) differs only slightly 
from the value 2/3 corresponding to a separate triangular wing. 
The ratio (zp)a,w(b) is close to the value 4/(3n) upon the elliptic 
distribution of the normal force over the span of a separate wing. 

Both these results show that the wing-body interference does not 
affect noticeably the position of the centre of pressure of the lifting 
panels both along the span and along the chord. Consequently, 
in practical cases, when the aerodynamic calculations are based 
on the application of the aerodynamic theory of a slender body, the 
influence of the interference on the position of the centre of pressure 
of wings may be ignored. Here one should have in view that accord
ing to the aerodynamic theory of a slender body, the value of 
(zp)a.w(b) does not depend on the wing planform, whereas the posi
tion of the centre of pressure of the panels in a longitudinal direc
tion does depend on the planform. Particularly, calculations by 
the aerodynamic theory of a slender body show that the centre of 
pressure of rectangular wings is on their leading edge. 

Table 12.2.1 shows that the influence of interference on the posi
tion of the centre of pressure of the body is substantial. When 
rm = r!sm = 0, which signifies that the body is absent (more exact
ly, the body transforms into an infinitely slender cylinder coinciding 
with the root chord of a panel), we obtain the obvious result 
(cp)a.b(w) = 1/2. When the dimensions of the panels are very small 
in comparison with the radius of the body, i.e. at values of rm -+1, 
virtually the entire normal force of the wing acts on the body (the 
interference factor K b -+ 2), and, accordingly, the centre-of-pres
sure coefficient is close to the value for a separate wing, i.e. 
(cp)a,b(wl -+ 2/3. 
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Change in the Interference Factors 
under Varying Influence 

Experimental investigations have established (see [ 13]) that 
theoretical formulas (12.2.60) and (12.2.57') allow one to obtain 
good results for the interference factors K w and K b for a wing with 
rectangular panels for which the taper ratio f]w = b 0/bt = 1 (b 0 and 
bt are the root and tip chords of the wing, respectively). It is ob
vious from physical considerations that the use of panels with an 
increased taper ratio (fJw > 1) leads to larger interference factors. 
Indeed, in such panels, the major part of their area adjoins the 
body, therefore they experience increased interference and, in 
turn, affect the flow over the body more appreciably. This increase 
in the interference factors can be taken into account bv the correc-
tion factors . 

(12.2.72) 

where the subscript "th" designates the theoretical parameters 
(12.2.57') and (12.2.60). Experiments shmv that these factors are 
virtually the same and can be assumed eqnal: 

(12.2.73) 

For rectangular panels when llw = 1, the value of Vn = 1, and 
the interference factors coincide with their corresponding theo
retical values. 

It follows from experimental data that the interference factors 
are affected by the boundary layer of the body. This influence mani
fests itself in a change in the effective radius of the body where the 
panels are located by the value of the displacement thickness of 
the boundary layer 6* (see Chapter 13). Using this value of the 
radius r' = r + 6* and the parameter r;, = r' Ism, we determine 
the refined interference factor (Fig. 12.2.6). Its value allows us to 
calculate the correction factors: 

(12.2.74) 

where the subscript "bl" stands for "boundary layer". 
Since the interference factors in the numerator are found from 

the increased parameter r~ > rm, then the correction factors are 
greater than unity. The corresponding physical effect manifests 
itself in an additional normal force due to greater interference 
to the body because of the increase in its thickness. But the boundary 
layer also has a negative action. causing the normal force to decrease 
because of the reduction in the area of the panels in the external 
flow (S~, Fig. 12.2.6). 
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Fig. 12.2.6 

rl--------

0 / 

I 

I~ Xw 

Influence of the boundary layer on the interaction of the body and the wing 
(empennage) panels 

Assuming the values (12.2. 74) to be identical, i.e. 'Vb, bl = 
= v~.bl = 'Vb~> the corresponding total change in the normal force 
can be taken into consideration with the aid of the coefficient 

'Vbl = 'VbJS~v/Sw (12.2. 75) 
Investigations reveal that 

'VbJ :::::::: 1 - 1'm (1 + r;.) [rm + f]w (1 + 3rm)- 1] 6'*/(f]w + 1) 
(12.2.76) 

where fi* = 6*/r. 
It can be seen that the value given by (12.2.76) is always less 

than unity. This points to the more considerable effect of the reduc
tion in the normal force because of the decrease in the wing area 
than of its growth because of the increase in the body thickness. 

The relative displacement thickness 6'* = 6*/r in (12.2.76) can 
be determined with the aid of (13.4.65) and (13.4.58) for a boundary 
layer beginning from the nose of the body. For calculations, we 
adopt the thickness 6* at a point with the coordinate l1 = Xw + 
+ 0.5b0 , i.e. in the middle part of the root chord of the wing. Accord
ingly, in (13.4.58) we should adopt x = l1 and Rex = V ool1/voo. 

For interference factors (12.2.57') and (12.2.60), the theoretical 
relations have been obtained by assuming that a wing located on 
a slender cylindrical body is sufficiently remote from the nose, and 
therefore the latter (together with the cylindrical part) does not 
virtually affect the flow over the wing. In other words, the wing 
is in a region of the flow whose velocity corresponds to that of the 
free stream. When a wing is not far from the nose, the influence of 
the part of the body ahead of it may be appreciable. Investigations 
show that the interference factors here decrease in accordanre with 
the relation 
v, = Kb/(Kb)th = Kwi(Kwhh = [0.6 + (1 + 0.21;.)2]/[1 

+ (1 + o.2z;y1 02.2. n) 
where 4 = l1/r (Fig. 12.2.6). 
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For a wing at a large distance from the nose part of the combina
tion rl1 > (15-20)], the coefficient v1 ~ 1, i.e. the interference fac
tors do not practically change. For a canard aircraft, however, such 
a change may be substantial because the distances l 1 <Ue relatively 
small. 

Thr results obtained show that it is expedient to evaluate tlte 
interference factors with thr aid of the following relations: 

Kw = (Kwhhv11 VbJVJ; Kb = (/{b)thv 11 vbJYJ (12.2.78) 

Normal Force of Body-Wing Combination 

\\Te shall use formula (12.2.6) to determine the total normal 
force r b. w· \Ve determine the normal force Y b of a separate slender 
body in this formula as follows. Let us consider a slender body 
in the form of a cone with a very small semiapex angle ~c· For 
a slender cone and small angles of attack, as follows from (11.5.29), 
the normal force coefficient can be taken equal to cy = 2a. Applying 
this formula to a slender body of revolntion of an arbitrary shape, 
we obtain 

( 12. 2.79) 

where r is the radius of the body mid-section. 
By this formula, the normal force of a slender body of revolution 

is determined for a given angle of attack only by the diameter of 
the mid-section (maximum cross section). 

The normal force for a separate wing is 

Yw = Cy,wSwqx 

where by formula (8.8.47), in which we assumed that cot x = 
= tan e, the coefficient cy.w = 2an tan E. Since Sw is found from 
(12.2.54), we have 

Y w = 2aJt (sm - r)2 q (12.2.80) 

Having in view that the sum of the theoretical interference fac
tors Kb + Kw is determined by formula (12.2.61), and also consid
ering the obtained values of Y b and Y w, we find the following 
expression for the total normal force: 

(12.2.81) 

Introducing into the formula for the normal force coefficient 
Cy.b.w = Y b.wl(qooSw) the value of Sw from (12.2.54), we find 

(12.2.82) 

The total normal force does not depend on the configuration of 
the panels and the part of the body ahead of the section with the 
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maximum semispan sm. It also follows from formula (12.2.81) 
that even if there is a certain wing area behind this section, it does 
not affect the lifting properties of the body-wing combination. 

Normal force coefficient ( 12. 2.82) can be refined by calculating 
the interference factors with account taken of the wing taper ratio, 
the boundary layer, and the location of the panels. By (12.2.78), 
·the sum of the coefficients is 

Kb + Kw = (Kb + Kw)tbvn'Vbr'VJ 

or with a view to (12.2.61) 

Kb + Kw = (1 + rm)2 Vn'VbJ'VJ 

By (12.2.83), the normal force is 

Y b, w = Y b + ( K b + K w) Y w 

= 2ans~ [r~ + (1 - r~) 2vn 'VbJ'VJ] qoo 

and the coefficient of this force is 

(12.2.83) 

(12.2.84) 

The total normal force diminishes at values of the multipliers 
-on the right-hand side less than unity, i.e. with the influence of 
the taper ratio, boundary layer, and location of the wing taken into 
-consideration. 

12.3. Influence of the Rolling Angle 
on Body-Flat Wing 
Interference 

General Relation 
for the Pressure Coefficient 

A body-flat wing combination turned through the rolling angle cp 
is shown in Fig. 12.3.1. In addition to the angle cp, the flow over 
this combination and, consequently, the interaction of the body 
and the wing panels also depend on the angle a" between the longi
tudinal axis and the direction of the free-stream velocity. This 
angle (Fig. 12.3.1) is determined in plane x'Oy' formed by body 
.axes Ox' and Oy' constructed for a combination with no roll. The 
flow being considered is equivalent to the one produced upon the 
presence of an angle of attack a and a sideslip angle ~· The angle 
{)f attack a is measured in vertical plane yOx in body axes Oy and 
.Ox for a banked body and is determined as the angle between the 
projection V:X, of the vector V oo onto this plane and axis Ox. 
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Fig. 12.3.1 
Body-flat wing combination in rolling 

In accordance with Fig. 12.3.1, the small angle a equals the 
ratio of the Yertical V yoo and horizontal V xao components of the 
free-stream velocity, i.e. 

a = VyaofV xao (12.3.1) 

The sideslip angle ~ is found in lateral plane zOx of the same 
body-axis coordinate system as the angle between the projection 
W:X, of the vector V oo onto this plane and longitudinal axis Ox. 
Examination 0f Fig. 12.3.1 reveals that 

(12.3.2) 

where Vzoo is the lateral component of the free-stream velocity. 
It can be SPen from Fig. 12.3.1 that 

V xoo = V oo cos av; V Y"" = V oo sin av cos q>, V zoo = V oo sin av sin q> 

For small values of av 

Vxao = Voo; Vyoo = avVao cos QJ; Vzoo = avVoo sin ([ 

Accordingly, 
a = av cos q> 

~ = av sin q> 

(12.3.3) 

(12.3.3') 

(12.3.1') 

(12.3.2') 

Having in view the linearized nature of the flow, we can deter
mine the total potential function in the form of the sum 

crl = lf>l + If!~ + If!~ (12.3.4) 
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where q>[ is the potential of axisymmetric flow at the velocity V xoo = 
= V oo• q>~ and cp~ are, respectively, the additional potentials of 
flow in the direction of a at the velocity Vyoo = aV oo = avV oo cos cp 
and in the direction of ~ at the velocity V zoo = ~ V oo = av V"' sin q>. 

By (12.3.4), the velocity components are 

U = Ut + Ua + Uf3; V = Vt + Va + Vf3; W = Wt + Wa + WIJ (l2.3.5) 

We obtain a general expression for the pressure coefficient on 
a body determined with account taken of interference with the aid 
of formula (12.2.28'), in which we replace the components of the 
disturbance velocity in the wind coordinates Xa, Ya and Za with the 
corresponding values of u, v and w in the body-axis coordinates 
x, y and z. When performing this substitution, we proceed from 
the fact that in accordance with Fig. 12.3.1 the body axes are ob
tained by turning the wind axes first through the angle a" relative 
to axis Oz, and then through the angle q> clockwise relative to the 
new position of longitudinal axis Ox. The direction cosines of the 
angles between the axes X a, Ya, Za and x, y, z are given in Table 12.3.1. 

Table 12.9.1 

Coordlna-1 
tes xa Ya •a 

xl cos CXv -sin av 0 

Y1 sin a" cos q> cos CXv COS q> sin q> 

zl -sin a" sin q> -cos CXv sin q> cos q> 

Using the data of Table 12.3.1 and with a view to the smallness 
of the angle av we can write the following expressions for the dis
turbed velocity components in wind coordinates: 

Ua = u + vav cos q> - wa" sin q> 

Va = -uav + v cos q> - w sin q> 

Wa = v sin q> + w cos q> l (12.3.6) 

Introducing the found expressions for the velocity components 
in (12.3.28') and discarding the small quantities u2a~, uva" sin q>, 
and uva" cos q>, we find 

p = - (2/V oo) (u + va - w~) - (v2 + w2)/V~ (12.3.7) 
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Pressure on a Body 

The coefficient of the pressure on the lower side of a body with 
( 12. 3.5) taken into consideration is 

Pb(w)L = - (2/l' oo) [ut.L + Ua,L + UfJ,L + a (vt.L + Va,L + VfJ,L) 

- ~ (wt,L + Wa,L + Wfl,L)] - (1/V~) [(v1,L + Va,L + Vfl,L)
2 

+ (wt,L + Wa,L + wfl,L)2
] (12.3.8) 

The expression for the upper Rnrface is similar. This expression 
can be written somewhat differently if we have in view the symmetry 
of the velocity components on a body. Relations (12.2.27) are de
rived from the property of symmetry of flow over the body in the 
direction of a. Similar expressions can be written corresponding 
to the property of symmetry in the direction of ~. namely, 

Ufl,u = UpL , Vfl,u = -Vfl,L• Wfl,u, = Wfl,L (12.3.9) 

Taking into account the symmetry expressed by relations (12.2.27) 
and (12.3.9), and also the relations 

(12.3.9') 

the coefficient of the pressure on the upper surface of a body is 

Pb(wlu = - (2/V oo) [ut.L- Ua,L + Url.L +a (-vt,L + Va,L- Vfl,L) 

-~ (Wt,L- Wa,L + Wfl,L )J - (1/V~) ((-v1,L + Ua.L- Vf3,L} 2 

+ (wt,L - Wa,L + wf3,L) 2] (12.3.10) 
The pressure-drop coefficient is obtained as the difference be

tween the values (12.3.8) and (12.3.10), i.e. 

f:!..pb(w) = P~J(W)L- Pb(w)u = - (4/V oo) Ua,L - (4a/V oo) (vt,b + 1"f3,L) 

+ (4~/V oo) Wa,L- (4/l'~) (vt,L L'a,L + Va,L Vfl,L) 

(12.3.11) 

Let us consider an arbitrary point on the lower surface of a body. 
For this point, the vector of the disturbance velocity in a lateral 
plane due to longitudinal flow over a body of finite length is V1,L = 
= ll't,Li + Vt,d· For the same point, the vector of the disturbance 
velocity due to the presence of an angle of attack is 

V e&,L = Wa,Li + (Va,L + a V oo) j 
It can be seen from (12.2.42) that the vector Vu coincides 'vith 

a radial direction and is in a meridional plane. The second vector 
V a,L in accordance with the condition of flow without separation 
coincides \Vith the direction of a tangent to the contour at the point 
being considered. Consequently, the vectors V1,L and Va,L are 
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perpendicular, and their dot product equals zero, i.e. 

(wt,d + Vt,d)· [wa.,Li + (Va,L + tXV oo) j] 

= Wt,LWa,L + Vt,L (Vca,L + rzV co) = 0 (12.3.12) 

With a view to this value, expression (12.3.11) becomes 

dpb(w) = - (4/V oo) Ua,L- (4/V oo) (v~,L tX- Wca,L~) 
- (4/V!,) (Va,LVjJ,L + Wcz,LW~,L) (12.3.13) 

In comparison with (12.2.31), expression (12.3.13) contains the 
terms v~.La, Wa,L~• Va.,L vB.L• and Wa.,LWB,L characterizing the 
influence of the rolling angle and known as interaction terms. The 
velocity components ua.,L• Wa.,L• and Va.,L are given by expressions 
(12.2.22), (12.2.24), and (12.2.25), respectively. The components 
wfl,L and VfJ,L can be obtained with the aid of a formula for the 
complex potential of crossflow over the body in the direction of 
the negative axis Oz at the free-stream velocity ~ V oo· By analogy 
with (12.2.18), this potential is 

W = -~V oo (a + r 2/a) (12.3.14) 

We obtain the field of disturbance velocities if onto the flow with 
the potential (12.3.14) we impose a parallel flow in the direction 
of the positive axis Oz at the velocity ~V"' and with the corresponding 
potential ~V ooa. As a result, the complex potential of the dis
turbance velocities is 

Wfl = -~V oor2/a 
Hence, the complex velocity of the disturbances is 

dW13/da = WB - Vr,i = ~ V oor2/a 2 

(12.3.15) 

(12.3.16) 

For the surface of a body, provided that a = rei 8 , we obtain 

wB- uBi= ~Vooe-2 i8 = ~Voo (cos 20- i sin 28) (12.3.17) 

Relating this expression to the lower surface, we obtain the 
following equations for the velocity components: 

w~.L = ~Voo COS 20; Vp,L = ~Voo sin 20 (12.3.18) 

Inserting (12.2.22), (12.2.24), (12.2.25), and (12.3.18) into (12.3.13) 
we find a relation for the pressure-drop coefficient on the body: 

4a [(1-~) ~+2..!:..~(1+~-2~)] s4 dx s dx s2 r2 
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In the absence of rolling, the second term with the factor a~ char
acterizing wing-body interaction due to the presence of a sideslip· 
angle vanishes, i.e. we have relation (12.2.33) for a body-flat wing
combination in a flow without sideslip 

The first term in (12.3.19) contains the derivatives dsldx and' 
dr/dx, which indicates that the interference depends (if rolling i& 
absent) on the change in a panel span and the body diameter. 
At the same time, such derivatives are absent in the second term 
and, consequently, do not affect body-wing interaction in. sidesli P• 

Pressure on a Wing 

Using (12.3.8) and (12.3.5), let us derive a relation for the coeffi
cient of the pressure on the lower surface of a \Ving with account 
taken of interference: 

Pw(b)L = - (2/V co) [ut,L + Ua,L + u~.L 
+ a (vt.L + Va,L + Vtu) - ~ (wt,L + Wa.,L + wil.dl 

- (1/V~) [(vt,L + Va,To + v~.L)2 + (wt.L + Wa.L + Wru)2l (12.3.20)! 

The pressure coefficient for the upper surface can be represented 
by formula (12.3.20) by substituting the subscript "u" for "L". 
The resulting expression can be transformed with the aid of sym
metry formulas that relate the velocity components on the upper 
surface to those on the lower one. 

For the conditions on the lower and upper surfaces of the star-
board panel, these relations are as follows: 

Ut,L = Ut,u• ZDt,L = Wt,u• Vt,L = -Vt u } 

Ua,L = -Ucx.,u• ZDa.,L = -Wcx.,u• Va,L • = Va,L! 

UB,L '= UIJ,u• IL'fl,L = Wfl,u• Vfl,L = -VB.u 

(12.3.21) 

Writing (12.3.20) for the conditions on the upper surface and 
replacing terms with the subscript "u" by the corresponding quanli
ties given by (12.3.21), we find 

Pw(b)u = -(2/V oo) [ut,L- Ua.,L + Up,L- a (-vt,L + Va.,L- VB,Ll' 

- ~ (wt.L- Wa,L + Wp,L )] - (1/V!,) [(-Vt,L + Va.,L- Vp,L) 2 

+ (wt,L - ZDa.,L + Wp,L) 2] (12.3.2:2/i 

The pressure-drop coefficient is 

dpw(b) = Pw(b)L - Pw(b)u = -(4/V oa) Ua,L - (4/V oo) 

X ((vf,L + Vp,L) a - Wa,L ~] - (4/V!,) (vt,L Vp,L + Va,LVj3,L 

+ ZDt,L Wa,L + Wa.,L Wa.d 
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With a view to (12.2.44), i.e. Vt = 0, and to the condition of 
crossflow over the wing without separation, i.e. v11 = 0, we obtain 

~Pw(bl = -(4/V oo) Ua,L + (4/V oo) Wa,L~ - (4/V~) (wt.L Wa,L 

(12.3.23) 

The velocity components Ua,L• Wa,L• and Wt,L have been deter
mined by expressions (12.2.34), (12.2.35), and (12.2.43). We find 
the component wfl from Eq. (12.3.16), assuming that a = z: 

(12.3.24) 

After the corresponding substitutions in (12.3.23), we have 

{ 
r dr [ { r2 ) 2 ( r2 } J ds ( r4 ) } 4a -·- 1-- +2 --1 +- 1--

- s dx z2 s2 dx s4 

Apw(b)= [-( r2 )2 z2 ( r2 )2]1/2 
1+7 --7 1+7 

(12.3.25) 

In (12.3.25), the term with the factor a~ characterizes the wing
body interaction due to sideslip. This term is asymmetric for the 
port and starboard panels because the angle ~ is negative for the 
port panel and positive for the starboard one. 

Normal Force and Centre of Pressure 

The interaction between a wing and a body with sideslip results 
in an increase in the normal force on the starboard panel with an 
increase in the rolling angle q> and a decrease in this force on the 
port panel by the same amount. Therefore, the total normal force 
for the combination does not change, and its value remains the 
same as in the absence of sideslip. 

The normal force in the direction of the y-axis (see Fig. 12.3.1) 
by (12.2.81) is 

(12.3.26) 

The lateral force in the direction of the z-axis is produced only 
by the body as a result of crossflow over it at the velocity -~ V oo 
and does not depend on the presence of a zero-thickness wing, which 
does not affect this flow. By (12.2. 79) 

Zb,w = Zb = -2~nr2qoo = -2a"nr2 sin q> qoo (12.3.27) 



Ch. 12. Aerodynemic Interference 161 

The normal force in the direction of the axis Oy' (see Fig. 12.3.1) 
is 

Y' = Y b,w cos q> - Z sin q> = 2av:rtS~ [(1 - r~) 2 cos 2 q> + r~] qoo 

(12.3.28) 
The lateral force in the direction of the axis Oz' is 

Z' = Y b.w sin q> + Z cos q> = 2av:rtS~ sin q> cos q> (1 - r~) qoo 

(12.3.29) 

Let us consider the normal force and centre of pressure of a lift
ing panel due to rolling. For a starboard triangular panel, the 
magnitude of this force determined by the second term in (12.3.25), 
which we shall designate by [t1pw(b)]Ql, is 

~Yw(b) = qoo \ \ [~Pw(b)]<p dSw (12.3.30) 
(s~~> 

A glance at Fig. 12.2.3 reveals that the elementary area of a panel 
is 

dSw = dz dx = dz ds/tan e 

In accordance with this value and with a view to (12.3.25) for 
the second term, we have 

qoo ·r sr - 4a~qoo ·r z ( 1 + rz22 ) { 1 - zr22 ) 2 t1Yw(b)= tane J dz J [~Pw(b)]'Pds= tane J \ 
r r 

5

f I { r ( r2 ) 2 z2 ( r2 ) 2 J 1/2 } '< dz .\ ds , s . 1 + 7 - 7 1 + ---z-2 
z 

After evaluating the second integral, we obtain 

(12.3.30') 

We integrate further by the numerical method. We shall introduce 
an interference factor calculated as 

K'P = ~y w(bl tan e/(Y w~) (12.3.31) 

where Y w is the normal force for one triangular separatP wing panel. 
By (12.2.80), we have 

Y w = an (sm - r)2qoo 
11-055 
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Fig. 12.3.2 
Interference factors for a flat and 
cruciform combinations in rol- a L---L--,.L-------='-=---~--ll 
ling 

Taking the above expressions into account, we obtain the fol
lowing equation for the factor: 

sm 
2 ) ( r2 ) ( r2) 2 _ 2s~-(z2 + r 4

/z
2

) 
( ) 2 z 1 + - 2 1 --2 cosh 1 

2 4 / • dz n Sm- r z z z - r z-
r 

(12.3.32) 

Calculations show that the factor Krp can be taken the same for 
panels of various configurations and be considered as a function of 
only the ratio rm = rlsm. These values, obtained by numerical 
integration, are presented in Table 12.3.2 and in Fig. 12.3.2 as 
a function of the ratio rm· Examination of (12.3.23) reveals that 
the force characterized by the factor Krp depends on the total action 

Table 12.3.2 

Flat combination Cruciform combination 
r 

I (cP)rp, w (b) I I I 
sm Krp (zp)rp,w(b) Krp (cp)rp, w (b) (;P)rp,w(b) 

0 0.637 0.667 0.524 0.382 0.667 0.556 
0.1 0.687 0.667 0.518 0.447 0.654 0.532 
0.2 0.681 0.677 0.531 0.490 0.660 0.530 
0.3 0.649 0.688 0.546 0.508 0.673 0.540 
0.4 0.597 0.699 0.560 0.502 0.687 0.554 
0.5 0.529 0.709 0.575 0.471 0.700 0.569 
0.6 0.447 0.719 0.588 0.417 0.714 0.585 
0.7 0.352 0.729 0.601 0.342 0.725 0.598 
0.8 0.249 0.736 0.614 0.244 0.734 0.612 
0.9 0.128 0.744 0.616 0.127 0.743 0.625 
1.0 0 0.750 0.637 0 0.750 0.637 
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of the field of the velocities wa and w13 due to the angles of attack 
and sideslip. By (12.3.31), the magnitude of this force is 

t1Y w(bl = K..,Y w~!tan e 

while the corresponding coefficient is 

dcy,w(b) = .1Y w(b/(qooSw) = Kcpc~.wa~/tan e 

(12.3.33) 

(12.3.33') 

The longitudinal coordinate of the centre of pressure of a panel 
measured from the nose of the root chord is determined from the 
condition 

where the additional pitching moment due to rolling is 

AM -qoo 
Ll z,w(b) = tan2 e 

sm sm 

j dz I [t1Pwcbd<P s ds 
r 

(12.3.34) 

(12.3.35) 

The distance from the axis of symmetry of the body to the centre 
of pressure in a lateral direction is calculated from the expression 

(12.3.36) 

where the additional value of the rolling moment in sideslip is 

sm sm 

t1Mx,w(b) = ;;::: I Z dz I [t1Pw(b)]<p ds (12.3.37) 
r 

We use the values of both coordinates of the centre of pressure 
found by numerical integration to calculate the coefficients of the 
centre of pressure: 

(cp)q>,w(b) = [(xp)q>,w(bl]/bo } 
(~)<p,w(b) = [(zp)q>,w(bl - r]/(sm- r) (12.3.38) 

These coefficients are given in Table 12.3.2. They can be used 
to determine the rolling moment and bending moment in the root 
section of a panel depending on the rolling angle. Here we do not 
consider the loads acting on the body upon rolling. These loads, 
which, as for a wing, are of an asymmetric nature, do not virtually 
affect the normal force, moment, and, consequently, the position 
of the centre of pressure of the combination. 

11* 
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General Relations for the Forces 
and Moments of a flat Combination 
In RoDing 

The longitudinal moment coefficient (or the hinge moment co
efficient) determined about the lateral axis passing through the 
vertex of a panel (point D in Fig. 12.2.5) is 

mh, pan= -0.5c~,wabo [(cp)a,w(b) + :a:~E (cp)q>,w(b) J (12.3.39) 

where 
a = ctv cos cp, b0 = b 0/xb 

Since in rolling an additional normal force is not produced from 
both panels, the summary coefficient of this force (in the direction 
of the axis Oy, Fig. 12.3.3) is 

(12.3.40) 

With a view to this value, the pitching moment coefficient cal
culated about the nose of the body is 

mz,b,w = mz,b- {Kb [(cp)a,b(w)~ + Xwl 

+ Kw [(cp)ct.w(b)bo + Xwl} c~.wa (12.3.41) 

where mz. b is the pitching moment ooefficient of the body computed 
in the plane of the angle of attack a from the area of the wing panels 
Sw and the length Xb, b 0 = b0/xb, Xw = Xwlxb (see Fig. 12.2.5). 

By (12.3.40) and (12.3.41), we shall calculate the coefficient of 
the oentre of pressure that is the point of application of the total 
normal force Y b, w: 

(cp)a = (xp)a/Xb = -mz,b,w!cy,b,w (12.3.42) 

The coefficient of the lateral force (in the direction of the z-axis) 
is found provided that this force is produced only by the body in 
a flow having the velocity- V oo~ and does not depend on the pres
ence of a zero-thickness wing that has no influence on this flow. 
Accordingly, 

Cz,b,w = Cz,b (12.3.43) 

Like the lateral force, a yawing moment in the plane of the side 
slip angle is produced only by the body. The coefficient of this 
moment is 

13 _ 13 H 
my,b.w - mz.bp (12.3.44) 

where the derivative me. b = -m~. b· 

Evidently, for the combination being considered, the coefficient 
of the centre of pressure of the lateral force is the same as for an 
-isolated body, i.e. 

(12.3.45) 
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Fig. 12.3.3 
Coefficients of the forces and 
moments acting on a flat com
bination in rolling 

An increase in the normal force on the starboard panel and a decrease 
in it by the same amount on the port panel (or vice versa) in 
sideslip produce a rolling moment whose coefficient is 

(12.3.46) 

Knowing the aerodynamic characteristics relative to the axes y 
and z, we can determine their values relative to the axes y' and z'. 
According to Fig. 12.3.3, the coefficient of the normal force acting 
in the direction of the y' axis is 

Cy 1 , b,w = Cy,b,w cos q>- Cz,b sin q> (12.3.47) 

In this expression, with a view to (12.3.40), we can assume that 

Cy,b,w = c~,bav cos q> + c~.w (Kb + Kw) a cos (P 

Assuming also that 

c z. b = -c~, b~ = -c~. bav sin q> 

(12.3.48) 

(12.3.49) 

from (12.3.47) we obtain 

Cy',b,w = c~,bav + c~.w (Kb + Kw) CXv cos2 q> (12.3.47') 

The coefficient of the lateral force in the direction of the z'-axis 
is 

Cz',b,w = Cy,b,w sin If!+ Cz,b COS cp (12.3.50) 

Inserting into (12.3.50) the values of cy,b(w) and Cz,b from (12.3.48) 
and (12.3.49), we find 

Cz b w = c~.w (Kb + Kw) av sin q> cos q> (12.3.50') 

Knowing the coefficients of the normal and lateral forces (12.3.47') 
and (12.3.50'), and also the arrangement of the relevant centres of 
pressure for the panels and body, we can find the coefficients of the 
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longitudinal and yawing moments about the lateral axes y' and z' 
passing through the nose. 

The coefficients of the forces cy,b and Cz,b• and also of the moment 
mz,b produced by the nose part of the body are calculated by the 
linearized theory for an isolated body. 

12.4. Cruciform Combination 

Pressure and Normal Force 

Let us consider the aerodynamic coefficients of a cruciform combi
nation consisting of a circular cylinder and flat panels of zero thick
ness in a nearly uniform (linearized) supersonic flow (Fig. 12.4.1). 
We shall assume that the vertical wing panels have the same plan
form and semispan as the horizontal ones. We shall also assume that 
the vertical panels do not affect the nature of flow over the combi
nation in longitudinal plane xOy at the angle of attack a = av cos cp 
and that the horizontal panels do not affect the flow pattern obtained 
when the angle ~ = av sin cp changes. 

Hence, the problem being considered consists in solving two inde
pendent problems, one of which is associated with finding of the 
velocity field for the flat combination "body-vertical wing" installed 
at the angle a, and the second, with finding of the velocity field of 
the flat combination "body-horizontal wing" at the angle ~· Summa
tion of the fields yields the total flow near the cruciform combination 
turned through the pitching angle av and the rolling angle cp. 

Accordingly, the total values of the disturbance velocities are 
determined by formulas (12.3.5), and the pressure coefficient, by 
relation (12.3. 7). We compute the pressure-drop coefficient for the 
body from expression (12.3.13) in which we find the components 
Ua.,L• Wa,L• and Va.,L by formulas (12.2.22), (12.2.24), and (12.2.25), 
respectively, obtained for a flat combination provided that a = 
= av cos cp in these formulas. 

To determine the components wa and v13 , we shall use an expres
sion for the complex potential of a flat combination in a crossflow 
with the velocity ~ V oo· We find this expression as follows. By analogy 
with (12.2.18), we obtain a formula for the complex potential for 
flow over a circular cylinder of radius r 0 in the plane s = ~ + i11: 

W = -~Voo (s + r~n) (12.4.1) 

Next, by analogy with (12.2.16), we obtain the equation 

a - r2/a = s - ~n (12.4.2) 

in which r0 = 0.5 (s + r 2/s). 
We can see that this equation allows us to perform a conformal 

transformation of a circle of radius r 0 into a contour consisting of 



Ch. 12. Aerodynamic Interference 167 

y' 

h· 

Fig. 12.4.1 
Cruciform combination 

a circle of radius r and a pair of vertical panels with a span of +s. 
This contour is obtained as a result of intersection of the body-wing 
combination with plane yOz. 

Solving quadratic equation (12.4.2) for ~. we have 

~= 0.5la-r2/a+ V(a-r2/cr) 2 +4r~] (12.4.3) 

Substitution of this quantity into (12.4.1) yields the complex 
potential 

(12.4.4) 

To find the total value of the complex potential, we have to add 
to (12.4.4) the potential function of a flow parallel to the z-axis. 
This function equals ~ V ooa. Thereby, the total complex potential is 

W 11 = -~V oo {[(a- r2/a)2 + 4r~]l/2 - a} (12.4.5) 

Let us differentiate this expression with respect to a: 

dWB -w -iv - -~V { (cr-r2jcr)(1+r2jcr2) -1} 
da - ll fl- oo [(cr-r2fcr)2+4r~]1/2 

(12.4.6) 

For the surface of the body, provided that a= rei8 , we have 

w -iV =-~Voo[ 2rsin8(1+cos28-isin28)i _ 1] 
fl fl (4r8-4r2 sin2 8) 112 

Hence 

( 12.4. 7) 

(12.4.8) 

(12.4.9) 
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Let us insert (12.4.8), (12.4.9), (12.2.22), (12.2.24), and (12.2.25) 
into formula (12.3.13). Having in view that r cos El = z, we find 

4:::__!:!:..._!..__(1+~) [2!....!:!:..._+~ (1-_c_)] 
- r2 dx s s2 s dx dx s2 

!!..pb(w)=- 4ct [ ( 1+ :: r -4 ( ::) r/2 
64a~ ..:.:_ ( 1-_:: ) 

+- 2 2 2 ~2 r2 2 2 2 1 ( 12. 4.10) 
[(t+ :2) -4 ;2] 12 [(1-~) +47] 12 

The first summand of this equation contains terms proportional 
to the derivatives dr/dx and ds!rlx that characterize the influence 
of a change in the radius of the body and in the semispan of the 
panels, respectively. But both these derivatives do not affect the 
second summand due to sideslip and pitching. This interaction 
term proportional to the product ct~ determines the growth of the 
pressure-drop coefficient for the right half of the body. This coeffi
cient decreases by the same amount on the left half of the body. 
This follows from formula (12.3.13) in which the component v13 ,L 

has to be taken with the opposite sign for the left half; this leads 
to the appearance of a negative sign in front of the second summand 
in (12.4.10). 

To determine the pressure-drop coefficient for the starboard 
horizontal panel, we shall use formula (12.3.23), in which we find 
the velocity components Ua,L• Wa,L• and Wt,L from expressions 
(12.2.34), (12.2.35), and (12.2.43), respectively. We find the com
ponent w13 ,L from (12.4.6), assuming that a = z: 

Wp= -~Voo { z(1-r
4
/z

4
) -1} (12.4.11) 

[(z-r2jz)2+(s+ r2js)2]1/2 

The corresponding substitutions yield 

.!._..!:!:.... [( 1-~ )2 +2 (_::_-1 )]+~ ( 1-~) - s dx z2 s2 dx s4 

!!..pw(b)=4a 

[1+~-_::_ ( 1+~)]1/2 s' s2 z4 

z2 ( r4 ) 2 
4a~ S2 1-ZT 

+ 4 2 4 4 2 1 2 (12.4.12) 
[ ( 1 + :4 ) - : 4 ( 1 + :4 ) J I 

This formula shows that the excess pressure on the starboard 
panel grows when it moves downward, and diminishes by the same 
amount on the port panel. 

The pressure-drop coefficient for the upper and lower panels can 
be determined with a view to symmetry using relation (12.4.12) 
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in which y should be substituted for z, and interchanging the angles 
a and ~. Hence, we obtain for the lower panel 

t1pw(b)= 4~ 
r dr [ ( r 2 ) 2 ( r

2 
) J ds { r

4 
) -- 1-- +2 --1 +- 1--

s dx y2 s2 dx s4 

[ 
r' y2 { r' )]1/2 1+--- 1+-
s4 s2 s4 

y2 ( r4 ) 2 
4a~- 1--s2 y4 + 4 2 4 4 2 1/2 (12.4.13) 

[ ( 1 + :4 ) - ~4 ( 1 + ~4 ) J 
We shall assume the angles a and ~ to be positive. The pressure 

on the upper panel is determined by the same formula (12.4.13) 
provided that we consider the angle ~ to be positive and a negative. 
The second term with a~ (the interaction term) is asymmetric for 
the lower and upper panels. The asymmetric term in (12.4.12) and 
(12.4.13) leads to the fact that although a normal force does arise 
on the panels, no additional normal force is created because of the 
asymmetry of the load. 

Having in view that the total normal forces on the panels do not 
depend on the interaction terms, we can find the total normal force 
acting on the body-cruciform wing combination in sideslip by 
summing the forces acting on the two flat body-wing combinations 
in the flow at the corresponding angles 

a = av cos q> and ~ = av sin q> 

By analogy with (12.3.26), the normal force in the direction of 
axis Oy acting on the body-horizontal panel combination is 

Y b.w = 2ans~ (1 - r~ + r;,) qoo (12.4.14} 

The normal (lateral) force acting on the body-vertical panel 
combination in a direction opposite to the positive sense of the 
axis Oz is 

zb.w = -2Pns~ (1 - r~ + r;,) qoo (12.4.15) 

The normal (lateral) force in the direction of the axis Oy' (see 
Fig. 12.3.1) is 

Y' = Yb,w cos q> -Zb, w sin q> = 2avns~q"" (1- r~ + r:,.) cos2 q> 

+ 2avns~qoo (1- r~ + rt,) sin2 q> = 2avns~ (1- r~ + r~) qoo (12.4.16} 

The normal (lateral) force in the direction of the axis Oz' equals 
zero. Indeed, 

Z' = Yb,wsin q> +Zb,wCOS q> = [2rxvns~qoo (1-r~ + r~) 
- 2rxvns~qoo (1- r~ + r~)] sin q> cos q> = 0 (12.4.17) 
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The results obtained point to an important property of a cruci
form combination: during the rotation of a craft, i.e. with sideslip, 
the normal force in a vertical plane parallel to the oncoming stream 
and passing through the longitudinal axis of the craft does not change. 

Interference factors 
and Centre-of-Pressure Coefficients 

Let us calculate the normal force and centre of pressure for a panel 
due to rolling. By expression (12.3.30), in which [dpw(bl] cp is deter
mined by the second term in (12.4.12), we obtain 

sm sm r r 4et~ sin q> cos q>qoo 
t1 Y w(b) = t!; 8 J dz J [ t1 Pw(b)]'P ds = tan 8 

r 

X r z' ( 1 - ; ) 
2 

dz r [ ( ,, ) 2 •:, ( ,.. ) ']"2 
s 2 1+- --- 1+-r z s4 s4 z4 

Let us introduce the notation 

s = s2/r2 , z = z2/r2 (12.4.18) 

in accordance with which -
zm 'm -1/2-

(z2 -1)' a:z 1 • dl 

:z5;2 J V<s2-z2)(z2s2-1) 

et~r2qoa sin q> cos q> (' 
d Y w(b) = tan e J 

1 
(12.4.19) 

where Zm= ~ = s~/r2 • Integration of (12.4.19) with respect to s 
yields 
-
sm 8"1/2 ds 1 
I v- =v- [Fd'ljlhkt)+F2 ('1jJ2,k2)] (12.4.20) J (s2-z2) (z2s2-1) 2z(z2 -1) 
s 

where F1 and F 2 are elliptic integrals of the second kind: 
,p 

F c k)- r aq> 
'ljl, -Jy1-k2sincp2 

0 

which are evaluated provided that 

. •h _ 1:(1 _ s*'(z-1>~ Sin 't't- _ _ , 
(s~-i)2 z 

(12.4.21) 
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In accordance with the result obtained, we have 
-

a~,raq"' sin q> cos q> sf (z2 -1)3/2 

t1 y w(b) = l-'2 tan B j z3 

1 

X [F1 ('\jl1, k1)+F2 ('1jJ2 , k2)] dz (12.4.22) 

Numerical integration is needed to determine the normal force 
by (12.4.22). The found value of the normal force can be used to 
compute the interference factor by means of relation (12.3.31): 

-
_ ~y w(b) tan B _ 1 sf (z2-1)3f2 

Krp- Yw~ - n y2(sm-1)2 j z3 

1 

(12.4.23) 

The results of calculating the value of K'P are given in Table 12.3.2 
and in the graph in Fig. 12.3.2. We can use the table or graph to 
find the difference between the values of Krp for a flat and cruciform 
combinations that characterize the mutual interference of the lifting 
panels. The vertical panels in a cruciform combination lower the 
interference in comparison with a flat combination and decrease the 
factor Krp. 

Formulas (12.3.34)-(12.3.38) allow us to determine the position 
of the centre of pressure on the panels of a cruciform combination. 
The results are given in Table 12.3.2. A comparison of the data for 
a flat and cruciform combinations reveals that actually the centres 
of pressure in both cases coincide. 

A comparison of the data with the results obtained for the absence 
of rolling (see Table 12.2.1) shows that for the forces produced by 
rolling a greater displacement of the centre of pressure is observed 
than for the interference forces arising at a =1= 0 and ~ = 0 ( cp = 0). 

General Relations for the Forces 
and Moments 

The relations obtained for the interference factors and centre-of
pressure coefficients allow us to calculate the coefficients of the 
forces and moments acting on a cruciform combination (see Fig. 12.4.1). 

When investigating the influence of rolling on body-wing inter
ference, it was established that the rolling angle produces additional 
asymmetric loads on the right and left half-bodies, and also on 
opposite panels and does not produce, therefore, an additional 
normal (lateral) force. This is why the flow over a body may be 
considered as the result of the addition of flows obtained at the 
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angles a = av cos cp and ~ = av sin cp. The forces produced here 
are also summed. 

Accordingly, the normal force coefficient cy, b.w (in the plane 
of the angle a) is determined by formula (12.3.40), and the lateral 
force coefficient (in the plane of the angle ~). by a similar expres
sion 

(12.4.24) 

where Cz,b = -~.b~ and c~.w = -c~.w· 
The coefficient of the pitching moment in the plane of the angle a 

is found by formula (12.3.41), and the coefficient of the yawing 
moment (in the plane of the angle ~), by a similar relation 

my,b,w = my,b- {Kb [(cp)l3.b(wlbo + xwl 

+ Kw [(cp)l3.wCbl bo + xwl} ctw~ (12.4.25) 

in which my,b = -m~.b~; (cp)ji.b(wl = (cp)a,b(w); (cp)j3.w(b) = 
(cp)a.w(bl; and c~.w = -c~.w· 

Having determined the moments and normal forces, we can 
calculate the corresponding centre-of-pressure coefficients for the 
conditions of flow in the planes of a and ~- For the aerodynamically 
symmetric cruciform combination being considered, these coeffi
cients are identical and will be the same as for a flat combination. 

Inspection of the data for a flat and cruciform combinations re
veals that the centres of pressure of the additional forces produced 
by rolling coincide in both cases. A comparison with the results 
obtained in the absence of rolling shows that a larger displacement 
of the centre of pressure occurs in sideslip. 

Let us consider the coefficient of the normal force in the plane 
of the angle av. On the basis of formulas (12.3.47)-(12.3.49), and 
(12.4.24), and using the value of c~.w = -c~.w· we have 

(12.4.26) 

By (12.4.17), the lateral force coefficient Cz',b.w = 0. The total 
rolling moment of a cruciform combination is also zero because the 
vertical panels produce a rolling moment of the same magnitude 
as the horizontal ones, but in the oppo:"ite direction. 

We remind our reader that the problems being considered in this 
chapter are being solved within the scope of the linearized theory 
for slender bodies whose aerodynamic properties do not depend 
on the number Moo and, in addition, no account is taken of the 
effect due to viscosity. If "non-slender" bodies are being investigated 
even within the scope of the above-mentioned theory, or if account 
is taken of the viscosity leading to flow separation, a lateral (normal) 
force and a rolling moment appear that are due to the redistribution 
of the pressure. 
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Wings or an empennage may be arranged on a body so that a tail 
portion of the body of some length is behind them. In this connec
tion, we must note that for thin combinations, the length of the 
body after a wing does not affect the normal force and the position 
of the centre of pressure of the body. The explanation is that accord
ing to the aerodynamic theory of a slender body, the load induced 
by the wing extends onto the body in the direction of the diameter DD 
(see Fig. 12.2.5), and, consequently, the area onto which the normal 
force acts is directly under the panels (in Fig. 12.2.5-the hatched 
region). 

Influence of Compressibility 
on Aerodynamic Interference 

The results of calculating the interference factors for combina
tions including slender bodies and panels may be used as the basis 
of a method for determining the normal force of craft consisting 
of non-slender elements. This method consists in calculating an 
aerodynamic coefficient for such configurations according to the 
interference factor found from the slender body theory (see Ta
bles 12.2.1 and 12.3.2) and to the aerodynamic coefficient of an iso
lated wing taken from the linearized theory. By this method, the 
additional coefficients of the normal force due to interference are 

~cy.w(b) = Kwcy,w; ~Cy,b(w) = Kbcy,w (12.4.27) 

Here cy.w is determined with a view to the number Moo by the 
linearized theory of flow over a wing. 

The interference factors may be calculated up to values of M"" :::::::: 
:::::::: 1-1.5 using the relations given above without account of 
compressibility, taking into consideration their change only depend
ing on the taper ratio of the wing panels, the thickness of the 
boundary layer, and on the location along the length of the body. 

When the flow velocities grow, the interference becomes more 
and more dependent on compressibility. This relation can be ex
pressed, particularly, in terms of the change in the relative boundary 
layer displacement thickness f* = {j*fr in (12.2.76) depending 
on the number M"" in accordance with (13.6.23'). 

The interference factor is also directly affected by the compres
sibility, which can be taken into consideration by means of the 
correction factor 

'Vf = Kw/(Kw)th = K b/(K b)tb = exp [0.05 (1 - M oo)l (12.4.28) 

suitable for M"" ~ 5. Equation (12.4.28) is used to refine the values 
of the interference factors given by (12.2. 78): 

(12.4.29) 
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Fig. 12.4.2 
Region of influence of a wing on a body for a non-slender configuration in a su
personic linearized flow: 
a, b-plane models of configuration with the tall part having curved (helical) and 
straight Mach lines, respectively; c-model without a tall part with straight Mach lines 

It has been noted that for slender combinations, the length of 
the body after the wing does not affect the normal force and the 
position of the centre of pressure. For non-slender combinations, 
however, this influence may be appreciable. 

Unlike a slender configuration for which the load induced by 
the wing extends to the portion of the body directly under it, for 
a non-slender body the disturbance waves from the wing extend 
to a region of the body after the wing. For each panel, this region 
is between the helical lines 1-1 and 2-2 issuing from the beginning 
and end of the root chord and intersecting the body generatrices at 
the Mach angle floo = cot-1 V M'?x, - 1 (Fig. 12.4.2). In a simplified 
way, such a region can be considered as a portion of a plane surface 
confmed on the body by straight Mach lines issuing from points 
on the leading and trailing edges of the wing (lines 1-1' and 2-2' 
in Fig. 12.4.2a). If the length of the tail part of the body Xtp after 
the wing is long enough (xtp >xi = 2r V M~ - 1), the in terfer
ence effect is maxim urn and, consequently, the normal force ind need 
by the wing is transferred to the body completely. With a short 
tail section (Xtp < x 1), a fraction of this force is not realized because 
the dimensions of the region of normal force transfer to the body 
are reduced. As a result, the interference factor K h decreases. It can 
be evaluated by the formula 

where 
(12.4.30} 

(12.4.31) 
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Fig. 12.4.3 
Plane model for calculating the normal force with a view to wing-body inter
ference 

while <l\ (z1) and <D 2 (z 2) are Laplace-Gauss functions determined 
from the relevant tables according to the following arguments: 

_ ~ Xtp 
Zz- ~~ b + 0 Xtp 

(12.4.32) 

The parameter din (12.4.31) is 

d = 0.866 [(b0/x 1) 2(4 + 1/f]w) (1 + 8r~)]- 11 2 (12.4.32') 

In the above relations, the value of x 1 may be taken equal to 
x 1 = 2r V M!, - 1 or (for a somewhat greater accuracy of the 
calculations) to x 1 = nr V M!, - 1 (assuming a helical Mach line). 

The interference factor K b• the coordinate of the centre of pres
sure on the body with a view to compressibility, the length of the 
tail part of the body, and the taper ratio of the panel can be deter
mined directly if the region of normal force transfer is considered 
in the form of a portion of a plane surface (Fig. 12.4.2). 

Here the flow is calculated like that near an isolated triangular 
semi-infinite wing. By (8.3.31), the coefficient of the pressure drop 
induced by a wing with a supersonic leading edge on the portion 
between the Mach lines issuing from the beginning and end of the 
root chord (Fig. 12.4.3, the hatched region) is 

(12.4.33) 

where aw is the angle of attack of the wing, and fl• ~ are the coordi
nates shown in Figs. 12.4.2 and 12.4.3. 
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The coefficient of the pressure drop induced by a wing with a sub
sonic leading edge is (see [ 14]) 

- - - Baw (a' tan 8) 312 r 1-a'Ti/£ 
!:!..p=PL-Pu= na'(a'tan8+1) ·V a'(tan8+fll£) (12·4·34) 

Formulas (12.4.33) and (12.4.34) may be applied for conditions 
when the Mach line issuing from point A on the wing tip passes 
behind point C of the trailing edge on the body, i.e. the tip does 
not affect the region of transfer of the normal force. These conditions 
are fulfilled (Fig. 12.4.3) if 

a' (sm- r) ( 1 + 1 ) ::;;;, 1 b0 a' tan 8 ::9' 
(12.4.35) 

For a combination with a tail part, the elementary normal force 
acting on the portion of the body under the wing is 

dY = f:!..pq 00 dl'] d£ (12.4.36) 

where d11 d~ is an elementary area of this portion of the body 
(Fig. 12.4.3). 

The coefficient of the normal force related to the area of the two 
separate panels is: 

for a supersonic sweptback edge 

y 
f:!..cy,b(w) = qooSw 

for a subsonic sweptback edge 

16 (a' tan 8) 312aw 
!:!..cy b(w) = --=-=------'----"---.:.;.__----

, (sm-1) (1+bt/b0 ) (a' tan 8+1) na'rb0 

r b0 +a'n 
l' d r r 1-a'Ti/£ d 

X J 11 J V a'(tan8+f1/£) ~ 
o a'n 

(12.4.37) 

(12.4.38) 

For a configuration without a tail part of the body after the wing, 
the normal force should be computed with the aid of the same for
mulas (12.4.37) and (12.4.38), but with the value b0 taken instead 
of b0 + a'11 as the upper limit of the second integral. 

The interference factor K b for the plane model being considered 
is calculated by formula (12. 2.11) in which cy, w is determined accord
ing to the linearized theory for a separate wing (see Sec. 8.1). 



Ch. 12. Aerodynamic Interference 177 

Fig. 12.4.4 
Curves characterizing the interference factor Kb for a flat body-wing configura• 
tion: 
a-body without a tall part; b-body with a tall part 

By analogy with the determination of the normal force, we can 
compute the longitudinal moment of the forces induced by the 
wing on the body about an axis passing through the vertex of a panel 
and then find the corresponding coordinate of the centre of pressure: 

~Mz,b(wl_ 
~yb(w) 

(xp)a.,b(w) = 

T bo+a.'Tl ,. bo+a.'TJ 

.\ dfl .\ ~~P a~/.\ dfl j tJ.p a~ (12.4.39) 
o a.'n o a.'TI 

We use this coordinate to find the centre-of-pressure coefficient: 

(cp)a:, b(wt = (xp)a.eb w/bo 

The corresponding calculations have been performed for craft 
with and without a tampart of the body after the wing (see Fig. 12.4.2). 
The results of these calculations plotted in Fig. 12.4.4 indicate an 
increase in the interference factors K b for a craft with a tail part 
after the wing. The presence of this part (Fig. 12.4.5) also leads to 
displacement of the centre of pressure backward, this position 
depending only slightly on the sweep angle of the panel. 

The data in Figs. 12.4.4a and 12.4.5a relate to a body-wing com
bination without a tail part (Xtp = 0), and in Figs. 12.4.4b and 
12.4.5b, to a combination with a body tail part whose length is at 
least x 1 (i.e. Xtp :;;;;::: x 1 = 2r V M;;..- 1). For a shorter tail part 
12-0lili 
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(Xtp < x 1), the interference factors and centre-of-pressure coeffi
cients can be determined by linear interpolation: 

Kb = Kbo + (Kb,t- Kbo) Xtplx, (12.4.40) 

(cp)c.t,b(wl = (cp)a,b(wlo + [(cp)cx,b(wll - (cp)a,b(w)ol Xtp!Xr (12.4.41) 

where the parameters with the subscripts "0" and "i" correspond 
to lengths of the tail part of the body equal to Xtp = 0 and Xtp = 
= x 1 = 2r V Droo - 1, respectively. We determine the interference 
factors from the general expression 

K =A [a'~.w (1 + 1/f]w) (Sm- 1)]-l (12.4.42) 

where we find A from graphs (Figs. 12.4.4 and 12.4.5). According 
to these graphs, an increase in a' tan e is attended by a growth 
in the interference factors. The opposite effect is observed when the 
quantity 2a'r/b 0 increases. 

The influence of the tail part increases as Moo grows because as 
a result of the greater Mach cone angles, there is a larger transfer 
area within the Mach cones whose apexes coincide with the inter
section points of the wing panel trailing edge and the body gen
eratrix. 

Influence of flow Stagnation 

The aerodynamic calculations of a body-wing combination consid
ered above were performed while assuming that the wing is in 
a flow that does not practically differ from an undisturbed one. 
The corresponding velocity head was evaluated from the parameters 
of this flow, i.e. q = qoo = kpooM!,/2. All the aerodynamic coeffi
cients correspond to this value of the velocity head. 



Ch. 12. Aerodynamic Interference 179 

An actual flow is characterized by stagnation of the flow ahead 
of a wing that must be taken into consideration when determining 
the aerodynamic parameters. The degree of this stagnation can be 
characterized by the mean stagnation coefficient k1 = qlqoo, for 
which the velocity head q = kpM~/2 is found from an aYeraged 
value of the number M1 of the disturbed flow ahead of the wing. 
Assuming the pressures in the disturbed and undisturbed flows to 
be the same (p = Poo), the mean stagnation coefficient can be ex
pressed as k1 = M~! M~. The change in this coefficient is negligibly 
small at subsonic velocities, but is appreciable for a flow at large 
numbers M ""' The value of k1 depends on the nature and strength 
of the shocks occurring ahead of the nose. 

If the wing is at a distance of Xw > (1.5-2) Xmid from the tip 
of the nose having the form of a cone with a semi-apex angle ~c < 
< ~c.cr (where ~c.cr is the critical value of this angle), then k1 
can be determined from the condition that the pressure ahead of 
the wing is p = Poo· The following value of the square of the :Mach 
number corresponds to this pressure: 

M2 = _2_ [ ( __&_ )(k-1)/k- 1] (12 4 43) 
1 k-1 Poo • ' 

where p~ is the stagnation pressure behind an oblique shock. The 
ratio p~IPoo can be taken equal to (p~/p 0 ) p 0/poo, expressing it in 
terms of the pressure of isentropic stagnation. Introducing the 
symbol v0 = p~/p 0 , we obtain 

:: =vo(1+ k-;-1 M~t(h-1) 
Accordingly, 

k - M~- 2 ·[ (h-t)/k(1 k-1 M2 )-1] 1 -M~- M~(k-1) vo + 2 "" (12.4.44) 

The ratio of the stagnation pressures is found with the aid of 
formula (10.2.26) or of the approximate relation (see [13]) 

_ ( k+1 )(k+l)/(k-1) ( x2 )k/(k-1) 
Vo- 2 1+[(k-1)/2jx2 

(12.4.45) 

in which 

( 
k-1 )1/2 

x = 1 -cos ~c + 1 + - 2- M~ sin2 ~.: (12.4.46) 

If the nose part differs from a conical one, the stagnation coeffi
cient can be calculated as follows. First we find the wave drag coeffi
cient Cx,w for the given nose from the relevant aerodynamic rela
tions, next we use approximating formula (10.2.31) to evaluate 

12* 
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the corresponding semi-apex angle ~c of a conditional conical surface 
with which we replace the given nose. After this, we calculate the 
quantity Moo sin ~c and then the parameters x, v0 and the coeffi
cient k1• This coefficient allows us to refine the aerodynamic character
istics computed with account of interference. For example, the 
normal force coefficient for a body-wing combination is determined 
as 

(12.4.47) 

where it is good to calculate cy,w according to the linearized theory. 
Such calculation may be performed using the refmed value of M1 < 
< M = instead of Moo. 

12.5. Influence of Wing Shape and 
Number 11f oo on the Flow Parameters 
in Roll 

Normal Force 

The derivative of ~·cy.w in formula (12.3.33') can be calculated 
by the linearized theory. This allows us to take into consideration 
the influence of the number Moo and also of the shape of the wing 
(empennage) on the normal force in roll to a certain extent. But as 
we haye already pointed out, the interference factor Kcp does not 
depend on these parameters, and, consequently, formula (12.3.33') 
does not reflect completely all the features of flow over a wing in 
roll. Particularly, by this formula, the sign of the additional normal 
force does not change, although more accurate calculations show 
that such a change does occur. For example, at some sweep angles, 
the normal force acts in the opposite direction. This drawback of 
the linear theory can be compensated by using the relation (Fig. 12.5.1) 

~Cy,w(bl = Cy x = ~Cy wKwk1 (12.5.1) 

in which the coefficient of the normal force for an isolated (separate) 
wing panel is 

~Cy,w = t1Y w/(qooSw(b)/2) 

= 2a~ tan X1 ; 2c~.w [1 - B 1 + 0.5B 2 (1/tan2 X1t 2 - 1)] (12.5.2) 

Here B 1 and B 2 are coefficients that are functions of the parame
ters "Aw V M~ - 1 and "Aw tan X1; 2 (Fig. 12.5.2). A glance at expres
sion (12.5.2) reveals that at small sweep angles (tan X1t 2 « 1) and 
sufficiently large numbers Moo (at which B 1 = 1 and B 2 < 0), 
the sign of the normal force may change to the opposite one. 

The area S w(bl in (12.5.2) is evaluated for isolated panels with 
account taken of their part under the body; the quantity tan X1t 2 
is the tangent of the sweep angle based on one half of the chord 
(see Fig. 12.5.1). 
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Fig. 12.5.1 
Forces acting in rolling A 

Fig. 12.5.2 
Graphs for determining the coefficients B1 and B 2 

The expressions obtained for the normal forces produced in roll 
by the horizontal panels of the empennage may be related both to 
cruciform stabilizers and to a body-wing combination. With a cruci
form empennage, the symmetric vertical panels produce lateral 
forces similar to the normal forces of the horizontal lifting surfaces. 
Since the sideslip angle for the vertical panels is a, and the angle 
of attack is -~, for any combination of these angles we have Cz.x= 
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= -cy.x· Accordingly, the normal and lateral forces acting on the 
lower and upper panels are directed toward one another (see Fig. 
12.5.1). 

Moment 

Relation (12.3.46) obtained on the basis of the aerodynamic theory 
of a slender body may be applied for triangular panels in a flow 
with small Mach numbers (Moo~ 1). A noticeable shortcoming 
of this relation is that it does not reflect the possibility of a change 
in the sign of the rolling moment when the number Moo and the 
shape of a panel change. Using the value of the normal force coeffi
cient (12.5.1), we can obtain a formula that allows us to establish 
the corresponding change in the sign of this moment: 

mx,x = Mx,x /(qooSw(b)lw) 

= -0.5 f:!..cy.wKw [rm + (1 - rm) (zp)q>,w(b)] (12.5.3) 

where! lw = 2Sm is the wing span, and !:!..cy.w is the normal force 
coefficient determined by (12.5.2). 

Examination of (12.5.2) and (12.5.3) reveals that at small sweep 
angles (tan X1; 2 <t: 1) and sufficiently large numbers Moo (B1 ~ 1 
and B 2 < 0) the sign of the moment may become positive. This 
indicates that a destabilizing moment is produced in rolling. 

When a straight wing tip is present, an additional rolling moment 
appears, which facilitates the increase of lateral static stability. 
The reason is that such a tip upon sideslip of the craft is, as it were, 
a portion of the leading edge. It has been established experimentally 
that with a known approximation the coefficient of the additional 
moment is 

m _ 0.04aB , cy, w 
x, l- -("YJw+f)S ·~ (12.5.4) 

This formula may be applied for subsonic and small supersonic 
velocities. The total rolling moment coefficient is 

mx = mx,X + mx t 

and the corresponding mixed derivative with respect to a~ is 

m~l3 = (mx,x] + mx,t)l(a~) (12.5.5) 

Panels with rounded tips do not produce an additional rolling 
moment in sideslip, i.e. the total derivative is m~i3 = m~~x· 

In a cruciform (plus-shaped) combination, the panels produce the 
lateral forces Cz,x = -c~.x whose moment is equal in magnitude, 
but opposite in sign to the moment of the horizontal panels. Hence, 
the total rolling moment of such a combination is zero. 
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Fig. tl.5.3 
Body-empennage interference 

Wing-Body Interference 

In definite conditions, such interference may cause au additional 
rolling moment of a lifting surface. This occurs, for example, with 
an upper or lower arrangement of a wing or empennage (Fig. 12.5.3). 
In the first case, the moment is due to the additional overpressure 
of the air on the lower side of the starboard panel (11p = p - Poo > 
> 0) and lowering of the pressure in the zone where the body joins 
the port panel (11p < 0). This moment tilts the craft to the left. 
In the second case, the direction of the moment is reversed because 
an increased pressure arises over the starboard panel and a reduced 
one over the port panel. It is obvious that upon central arrangement 
of the lifting surface (y w = 0), no additional rolling moment appears. 

Investigations show that the produced rolling moment due t.A 
the off-centre arrangement of the wing (empennage) can be calcu
lated approximately as follows: 

m = - 0.22r312ca R sin (:rty /2) x. m y. wP w ( 12.5.6) 

where Yw = Ywlr. 
It follows from (12.5.6) that upon upper arrangement of the 

panels (Yw > 0), a stabilizing rolling moment is produced, and 
upon lower arrangement (Yw < 0), a destabilizing one. 

Influence of V-Shape 

When a lifting V-shaped surface is installed at an angle 'ljJ (the 
angle between the plane of the panel and the axis Oz) in sideslip 
(~ :::/-= 0, a = 0), the starboard panel is at the local angle of attack 
t'1ct 8t = ~'ljl. and the port one, at an angle of the same magnitude, 
but with the opposite sign, i.e. 11apt = -~'ljl (Fig. 12.5.4), The 
additional normal force due to this angle of attack is 

Y¢ = c~,w~'ljJK"' (Sw(bl/2) q 

and the corresponding force coefficient is 

Cy,"' = Y "'/(qoaSw(b/2) = ±c~,w~'ljJK¢kt (12.5. 7) 
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Influence of a lateral V-shape on the rolling moment 
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Fig. 12.5.5 
Graphs for determining the factor Kill 

where the plus sign related to the starboard panel, and the minus, 
to the port one; K¢ is the interference factor characterizing the 
mutual influence of the panels. 

The values of the factor Kill as a function of the relative radius 
rm = rlsm and the parameter Aw V M~ - 1 (or Aw V M~k1 - 1) 
for a rectangular and triangular panels ('l']w = 1 and oo) are given 
in Fig. 12.5.5. 

The coefficient of the rolling moment related to the wing (em
pennage span lw = 2S m is found from lhe expre1>sion 

mx,ll' = M «,wl( qooSw<b>lw) 
= -0.5c~. w~'ljJK¢k 1 [rm+ (1-rm) (zp)QJ, w(b)) (12 58) 

This formula shows th;:,t a V-shaped lifting surface with a positive 
angle 'ljJ always has lateral static stability (the sign of the moment 
is negative). A reduction of this angle lowers the stability, while 
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Fig. 12.5.6 
Diagram showing how a rolling 
moment is produced with an 
asymmetric vertical wing (em
pennage) 

an inverted V-shape may alw lead to static instability. Stability 
is restored by employing lifting surfaces with a sufficiently large 
sweep. 

Asymmetric Vertical Wing (Empennage) 

Some kinds of craft may have a vertical wing (empennage) of an 
asymmetric shape (Fig. 12.5.6). In this case, it produces an addi
tional rolling moment so that unlike a symmetric cruciform (plus
shaped) combination, its total magnitude does not equal zero. 
The additional rolling moment, opposite in sign to the moment 
produced by the horizontal wing (empennage), is 

Mx,u,L = 11Mxu + 11Mx,ll = ZuYp.u + ZLYp,L 

where the lateral forces calculated from the relative area of the 
upper and lower :t-anels with account taken of the part under the 
body [Sw(b,u)• Sw(b,L)l are found from the relations 

Zu = dCz w(u)Kw(u) qSw(b,u)• Zr.. = t1cz,w(L)Kw(LWSw(b,L) 

Here we take the lateral force coefficients the same as the coeffi
cients dcy.w calculated by (12.5.2) in accordance with the values 
of the areas of the upper and lower panels [Sw = Swcu>• Sw(Ll]~ 
we determine the coordinates Yp.u and Yp.L of the centres of pressure 
like the distances (zp)<p,w(b) to the centre of pressure of a horizontal 
wing (empennage); we find the interference factors Kw(u) and Kw<U 

from the values of r/sm.u and r/sm.L as for a horizontal wing. 
The coefficient of the additional rolling moment calculated for 

a characteristic area S and length xb is 

mx.u,L = Mx,u,LI(qooSxb) = [t1Cz w(u) KwSw(b.u) Yp.u 

+ t1cz w(L)Kw(L) Sw(b,L) Yp,d k1/(Sxb) (12.5.9) 

Influence of Vortices 
Forming on a Body 

Separation of the boundary layer developing on the upper (lee) 
side of a body belonging to a cruciform configuration of a craft 
at a small angle of attack and With a small sideslip is insignificant_ 



186 Pt. II. Methods of Aerodynamic Calculations 

For this reason, it does not virtually affect the rolling moment whose 
magnitude may be taken equal to zero. Separation has the same 
negligibly small influence on the rolling moment of a flat combina
tion consisting of a body and wing (empennage). 

Upon strong deviation of the craft, however, separation of the 
boundary layer becomes significant and determines the free-stream 
force action. The separated boundary layer produces a non-uniform 
wash of the flow in the zone of the wing (empennage). As a result, 
the carrying capacity of the wing (empennage) panels changes. 
In a flat combination, this leads to a change in the rolling moment 
in comparison with that in the absence of separation, while in a cru
ciform one this produces an additional moment other than zero. 
The coefficient of this moment can be written as the approximating 
relation 

(12.5.10) 

where A is a function of the geometric parameters of the wing (em
pennage) and the number M1 = Moo Vk1• 

The function A can be determined experimentally for a flat or 
cruciform combination at fixed values of a and ~ and with changing 
geometric parameters and number M1 • The angle of attack and the 
sideslip angle must be large (a, ~ > 15°) because when they are 
small the effect of vortex influence on the body vanishes. 

Total Rolling Moment 

In accordance with the relations obtained for the rolling moment 
components, its total value for a flat craft combination can be 
written as 

mz = mx 1 + •·•x"' + mx.u.I:I + mx x + mx t + mx v (12.5.11) 

By calculating the derivatives with respect to ~ of the corre
sponding moment coefficients and taking into account the quantity 
m~a = m± determining the degree of static bteral stability (see 
Sec. 1.4), we obtain 

m~ = (m~. 1 + m~.¢ + m~.u.L) a+ (m~.x + m~.t)tX 
+ A (3~2 - a 2

) k1a 2 (12.5.12) 

When analysing lateral stability by this formula, one should 
have in view that all the partial derivatives and also the quantity 
Ak1 are functions of the geometric parameters of the wing (empen
nage) and Moo· The degree of this stability is not the same for dif
ferent angles of attack; at small values of the angles, it is not large, 
while at large values it becomes quite significant. This is especially 
noticeable for lifting surfaces with a large sweep. To diminish the 
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excessive lateral stability, such surfaces are given a zero or even 
a negative (inverted) V-shape. For wings (empennage) without 
sweep, conversely, a decrease in the stability is observed. To in
crease it, lifting V-shaped surfaces are used with a positive angle ~; 
of inclination of the panels. 

Separation of the boundary layer may affect lateral stability 
differently. Considering the second term in (12.5.10), we can see 
that at positive values of a and A and at sideslip angles ~ <a 
an additional restoring rolling moment appears; at large values 
of the sideslip angle (~ >a), the sign of the moment reverses. 
All these features of vortex action on rolling motion can be studied 
in detail experimentally. 

12.6 Wing-Empennage Interference 

General 

If there are no other lifting or control surfaces ahead of the empen
nage on a body, the body-empennage interaction is calculated in 
the same way as for a wing-body combination. If there is a wing 
ahead of the empennage on a body, the additional influence of the 
wing must be taken into consideration when determining the aero
dynamic properties of the empennage and the body. This also relates 
to a canard craft in which the empennage is ahead of the wing. 

Let us consider the physical nature of the interaction between an 
empennage and a wing ahead of it. The vortex sheet cast off the 
wing and passing near the empennage causes a wash, as a result of 
which the angle of attack decreases, and, consequently, the lift 
force of the empennage panels lowers. 

The wash at any point of space behind a wing is determined by 
the angle e = -w/V co computed according to the vertical compo
nent of the velocity w induced by the vortex sheet cast off the wing 
(Fig. 12.6.1). As we already know, for an isolated wing the angle e 
at a point of space in question depends on its geometric and aero
dynamic properties. For a wing-body combination, the influence of 
interference must also be taken into account when determining this 
angle. Owing to its action, a wing attached to a body produces 
a greater wash. Such a wing owing to interaction with the body has 
a greater normal force than an isolated wing. Upon a growth in its 
value, the vortex sheet cast off the wing will be stronger, inducing 
higher velocities and a greater wash behind it. 

Let us assume that the part of the body behind the wing has 
a constant diameter, therefore the vortex sheet is in the plane of 
the wing. Experimental investigations show that this assumption 
can be made as a first approximation for a very thin body-wing 
combination. In these conditions, the flow behind the wing is paral-
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Fig. 12.6.1 
Formation of a wash behind a 
wing 

Fig. 12.6.2 
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Wing-empennage interference for a thin combination: 
--wing; 2-vortex sheet; 3-empennage 
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el to an empennage chord if the wing and empennage are arranged 
on the body along the same generatrix and at the same setting 
angles (Fig. 12.6.2). 

Hence, the parts of the empennage with a span equal to that of 
the wing have no normal force. The remaining part of the empennage 
panel with a span of (sm) e - (sm)w [here (sm)w is the span of a wing 
panel and (sm) e is that of the empennage] should be considered 
together with the wing panel as a single lifting surface with n. span 
of (sm) e (surfaces ABF and CDE in Fig. 12.6.2). 

Accordingly, and with a view to (12.4.14), the normal force of 
the combination body-wing-empennage, including that of the nose 
of the body, can be expressed as 

Yb,w,e = 2ctJt (s:n)eqoo [1- (r,:,)e + (r~ )el (12.61) 

where (r m) e = r/(sm) e• and (Sm) e > (sm)w is the empennage semi
span. 

To apprmse the influence of interference on the normal force of 
the empennage, let us introduce the empennage effectiveness fJ e 
determined as the ratio of the increment of the normal force when 
a tail empennage is installed on a wing-body combination to the 
increment of the normal force when a tail empennage is installed 
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on an isolated body: 

f] e = (Y b w e - Y b w)/(Y b, e - Y b) 

where by (12.4.14) we have 

Yb w = 2an (slm)wqoo [1- (r~}w + (r:ra)wl 

(12.6.2) 

(12.6.3) 

Having in view that the normal force for a body-empennage 
combination y b, e in (12.6.2) is determined, like y b.w. e• by formu
la (12.6.1), while the value of Y b = 2:n:r2:t'joo, the empennage effec
tiveness is 

(rrif)e [1 +(rfn)e]-(r;;il)w [1 +(rfn )w 1 
fle= (r.J)e[1-(rJln)eJ2 

(12.6.4) 

According to our hypothesis, when the span of the empennage is 
smaller than or equal to that of the wing, the normal force of the 
empennage as a result of interference vanishes, and the empennage 
effectiveness equals zero. 

The found effectiveness can be considered as the limiting value 
corresponding to the most unfavourable case of flow when the vortex 
sheet cast off the trailing edge of the wing is t1at and coincides with 
the plane of the panels, while their normal force is therefore mini
mum. In practice, however, such an unfavourable effect of the inter
ference is smaller because, first, the vortex sheet is not flat, but 
curls up into vortex cores when it approaches the empennage, and, 
second, the direction of the vortices is closer to that of the free
stream velocity than to the direction of the plane of the empennage 
chords; therefore the vortices, as a rule, are not in this plane, but 
depending on the sign of the angle of attack are higher or lower than 
the empennage. 

Subsonic Velocities 

When calculating wing-empennage interference, the wash angle 
with a known approximation is assumed to be constant over the 
span and equal to its mean value determined by (6.4.23). 

The wash behind a wing having the same setting angle as the 
empennage results in a decrease in the effective angle of attack of 
the empennage, which we can compute by the expression 

aelf.h.e =a- e (12.6.5) 

Accordingly, the normal force coefficient of the empennage is 

Cy hoe = c~ h e (a- e) (12.6.6) 

where cy,h, e = (8cyl8a)h, e is the derivative with respect to the 
angle of attack a of the coefficient cy,h, e for an isolated horizontal 
empennage. 
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When designing the installation of wings and empennage on 
a body, one must tak«< account of the change in their normal force 
due to interference. The normal force coefficient cy for a wing in 
(6.4.23) should be determined with a view to the change in the 
effective angle of attack of the sections under the influence of inter
action with the body according to (12.1.6). To simplify calcula
tions, one can use the concept of the span-averaged effective angle 
of attack, which is determined using the rule of averaging by the 
formula 

a 
aeff, w = -1:-w"'7./Z~--r 

lw/2 

~ (1 + r 2/z2
) dz= a (1 + 2rllw) 

For the empennage, accordingly, we have 

aerr,e =a (1 + 2rlle) 

(12.6. 7) 

(12.6. 7') 

Hence, the normal force coefficient of the empennage on the 
basis of (12.6. 7') is 

Cy,h, e = c~.h. e (a eff, e - e) (12.6.6') 

here e = eav is determined f10m expreEsion (6.4.23) in which Cy = 

= cy,w = c~.wCXeff,w where c~.w = (ocy!oa)w is the derivative of 
the normal force coefficient for an isolated wing with respect to the 
angle of attack. 

Supersonic Velocities 

When studying the interaction of an empennage with a wing, we 
can proceed from a simplified vortex model of a body-wing combina
tion (Fig. 12.6.3). According to this model, each panel is replaced 
with an attached (bound) vortex of strength r 0 and with a free 
vortex of the same strength cast off the trailing edge of the panel. 
Since the body has a lifting capacity, it must also be replaced with 
a section of the attached vortex and with a vortex cast off down
stream. These vortices of strength r 0 are called conjugate. The 
arrangement of the conjugate free vortices corresponds to the rule 
of conjugate radii (see [ 15]) according to which 

(12.6.8) 

where c is he subscript of a conjugate vortex (c = 1, 2). 
A right conjugate vortex has the same value of the strength r 0 

as a right free (external) vortex, but rotates in the opposite direc
tion. The same relates to left vortices. Consequently, the vortex 
model of the body-wing combination being considered includes two 
pairs of horseshoe vortices of strength r o· 
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Sec!io!l 
A-A 

D) 

Fig. 12.6.3 
Vortex model of a body-wing combination: 
l-east off (free) vortices for a panel; 2-cast off (conJugate) vortices for the body; 
.>-attached vortices for a panel; 4-attached (conjugate) vortices for the body;· o-
wing; 6-tail unit (empennage) · 

By Zhukovsky's formula (6.3.22), the normal force of the panels 
in the presence of a body is 

~Y w(b) = 2poo V oof o (zv - r) (12.6.9) 

while the normal force of the body in the presence of a wing is 

(12.6.10) 

where Zv is the lateral coordinate of a free (rolled-up) vortex coin
ciding with the centre of mass of the vortex sheet, Zcv is the coor
dinate of the conjugate vortex; by (12.6.8), we have 

(12.6.11) 

Zv - r is the length of an attached vortex (a lifting vortex line} 
on a panel, and r - Zcv is the length of the conjugate attached 
vortex inside the body. 

The normal force of the body-wing combination (without the nor
mal force of the body nose) is 

Y b w - Y b = ~y b(w) + t1Y "(b) = 2poo V oof 0 (zv - r21zv) 
(12.6.12) 

This normal force is also determined by (12.6.3) without account 
taken of the normal force of the body 2:rr.ar2qoo. Consequently, 

(12.6.13) 
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Let us consider expression (12.6.2). The values of the normal 
force ,can be written as 

Y b,w, e = Y b + t1Y b(wl + t1Y w(b) + t1Y b{e) 

+ dY e(b) + t1Y b(e)v + dY e(b)v 

(the last two components with the subscript "v" are due to the influence 
of the vortices). This ex:pression can be written differently, having 
in view that 

Consequently, 

Y b,w = Y b + t1Y b<w> + dY w(bl; 

Y b, e = Y b + d Y b( ) + dYe( b) 

f]e = 1 + (dYb(e)v + t1Ye(b)v)/(dYb(e) + t1Ye(bl) 

whence 

or 

(12.6.14) 

(12.6.15) 

We obtain the difference fJ e - 1 from (12.6.4) in the following 
form: 

_ 1 = _ (s;,)~v [1-(rfu)wl 2 

'Yie (sfu)e [1-(r~)e? (12.6.16) 

Taking (12.6.13) into account, we have 

'Yie _ 1 = _ 2f0 (zv/r-r/zv) (12.6.17) 
narVoo (sf,.)e [1-(r;.)e]8 

After introducing (12.6.17) into (12.6.15) and substituting 
[(sm)e + 1)2/(~)e for Kw + Kb [see (12.2.61)], we obtain 

(12 6 18) 

The radii r in the numerator and denominator of this formula 
should be taken equal to their values for the wing and empennage, 
i.e. r = rw and r = re. Formula (12.6.18) has been obtained pro
ceeding from the assumption that the vortex sheet cast off the wings 
and the corresponding free vortices are in the plane of the empennage. 
Hence, the part of the empennage covered by the cast off vortex 
sheet completely loses its lifting properties, i.e. the normal force on 
this part is zero. Actually, this assumption as we already indicated, 
is not completely correct, and, consequently, formula (12.6.18) has 
to be considered as a relation determining only the order of magnitude 
of t1Ycb.e)v· To refine relation (12.6.18), we shall introduce the 
correction factor q> (yv), which takes into account how the vertical 
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coordinate Yv of a free vortex (Fig. 12.6.3) affects the normal force 
.1 Yc b. e)v. This yields 

.1Y _ 4cp (yv) (z,c-r2 /zv) f 0 Ye 
(b,e)v -- (sm)e-r 2rtVoo [(sm)e-r] C£ 

The second multiplier here determines the dimensionless vortex 
strength, and the third one, the normal force of a separate empennage 
per degree of the angle of attack. The first multiplier including the 
factor cp (Yv) depends on the position of a vortex and does not depend 
on its strength. This multiplier is called the interference factor, and 
is designated by i e· 

Introducing this factor and going over from r to the radius of the 
body at the empennage re, we have 

~Y(b, e)v = ie 2.flVoo [(~:)e-re] y: (12.6.19) 

By (12.6.9), the circulation is 

r 0 = ~y w(b)/[2poo v 00 (zv - rw)l 

Substituting for ~y w(bl from (12.2.5) yields 

Since 
f 0 = KwY wl[2p"" V oo (zv - rw)l 

we have 
Y w = (ocy/(}a)w a (poo V&,/2) Sw 

f o = Kw (8cy!aa)w aSw V oo/[4 (zv - rw)l 

Let us assume in (12.6.19) that 

(12.6.20) 

(12.6.21) 

~Y(b1 e)v = (~cy)(b, e)v qooS, Ye = ((}cy/(}a)e aqooSe (12.6.22) 

where S is a characteristic area, and Se is the plan view area of the 
separate empennage, which is related to the aspect ratio Ae by the 
formula 

Ae =4[(sm)e-reJ2/Se (12.6.23) 

With a view to (12.6.21)-(12.6.23), relation (12.6.19) can be trans
formed into an expression determining the normal force coefficient 
for the tail part: 

( ~c ) = i K"-a (fJcy(8a)w (8cy/8a)e [(sm)e-re] Sw/S (12 6 24) 
Y (b, e)v e 2rtAe (zv- rw) · ' 

To use formula (12.6.24), one has to know the horizontal coor
dinate Zv of a free vortex and the interference factor ie that depends 
on zv and, additionally, on the vertical coordinate Yv of the vortex 
(Fig. 12.6.4). 

To determine the coordinate Zv of a rolled-up (free) vortex, let 
us use a vortex model of a body-wing combination. We shall con
sider the vortex sheet cast off the wing panels and evaluate the cir-
13-055 
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Fig. 12.6.4 
To the detennination of the arrangement of a cast off free vortex 

Fig. 12.6.5 
Fonnation of a vortex sheet cast off a wing panel 

culation around an elementary rectangular contour ABCD of sides 
6y and 6z in the vicinity of the trailing edge of the wing. Examina
tion of Fig. 12.6.5 reveals that 

6r ABcn = 6r AB + 6fBc + 6rco + 6rnA 
= v6y- Wu6z- v6y + u:L6z = (- Wu + u·L) 6z 

The circulation has been taken positive for a vortex with coun
terclockwise rotation. Let the potential on the upper side be cpu 
and on the lower one cpL. Hence 

6r ABCD = (8cpr:./8z- 8cpuf8z) f>z 

Since the potentials cpL and cpu at the trailing edge are determined 
for the conditions y = 0 and, consequently, depend only on z, we 
may go over to total derivatives and obtain 

dr/dz = d (cpL - cpu)ldz 

whence the distribution of the circulation is 

f=cpL-cpu 

(12.6.25) 

(12.6.26) 
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The subscript "ABCD" has been di~carded here. Knowing the velo
city potential along the trailing edge of the panels, we can calculate 
the strength of vorticity per unit of span, i.e. the derivative dr!dz, 
and also the distribution of the circulation. This potential can be 
determined from (12.2.20'), assuming that y = 0: 

(12.6.27) 

where the plus and minus signs correspond to the potentials lf!u 
and lf!L on the upper and lower surfaces, respectively. 

By (12.6.26), we have 

r = 2aV oo [(sm + r 2/sm) 2
- (z + r 2/z) 2)1/2 ('12.6.28) 

We obtain the cireulation in the root (central) section at z = r: 

r 0 = 2aV"" [(sm + r21sm)2 - 4r2 ]112 (12.6.29) 

The ratio of the circulations is 

r;r 0 = [(s;, z2 - r4 ) (s;, - z2)]112/[z (s~ - r 2)] (12.6.30) 

If we assume that the vortex sheet has been replaced with a vortex 
of a strength equal to the circulation r 0 in the root section, we have 

(12.6.31) 
r 

where the integral is the area confined by the circulation curve for 
the panels, and r 0 (zv - r) is a quantity equal to this area. 

Introducing into (12.6.31) the value of r from (12.6.30), we obtain 
sm 

J f(s;,z 2 -r4) (s;,-z2)]112 dz/[z (s~-r2)] =Zv-r (12.6.32) 
r 

Let us introduce the dimensionless parameter 
1 

(zv-r)l(sm-r)= J [(~2 -r~) (1-z2)]!/2 z-1d~/[(1-r8)2(1+r,)J 
r, 

(12.6.33) 
where z = zlsm and rm = rlsm. 

The integral is computed by numerical methods. The following 
results are obtained: 

rm = rlsm ·•• 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

(zv-r)/(sm-r) 0.786 0.769 0.760 0.757 0.757 0.759 0.763 0.768 0.774 0.780 0.786 

We use these data to find the parameter (zv - r)!(sm - r) as a 
function of rm = rlsm. The span of a panel and the radius of the 
body are taken equal to Sm = (sm)w and r = rw, respectively. 

13* 
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The obtained coordinates Zv determine the lateral position of 
a vortex on the wing. Investigations show that the analogical coor
dinate of an empennage vortex differs from the found value of Zv 

for a wing vortex. This difference is not large, however, because 
the vortices are very insignificantly displaced spanwise. Therefore 
the value of Zv for the empennage can be taken with a reasonable 
accuracy the same as for the wing in interference calculations. This 
allows us to take into account more accurately the influence on the 
coordinate Zv of the number M "'' the taper ratio flw = b0lbt, the 
aspect ratio 'Aw = 2 (sm - r)w/[0.5 (b 0 + bt)], and the sweep angle 
(it is customary practice to take the sweep angle x112 for the recti
linear edge joining the middles of the chords). Calculations reveal 
that the results obtained correspond best of all to the data of the 
aerodynamic theory of a slender body for a panel for which "lw = 2 
and 'Aw tan x1; 2 = 0 and 2/3. 

When determining the span coordinate Yv of the cast off vortices 
at the empennage, we assume that these vortices coincide with the 
direction of the flow. If we also assume that the coordinate is over 
the centre of mass of the empennage area computed with a view to 
the part of the area occupied by the body, then in accordance with 
Fig. 12.6.4 we have 

Yv = a(xcM) e (12.6.34) 

where (xcM) e is the distance from the trailing edge of the wing to 
the centre of mass of the empennage area. 

Interference Factor 

Let us see how the interference factor is determined. It follows from 
(12.6.19) that 

ie = ~Y(b. e)v 2naVoo [~m)e-re] (12.6.35) 
Ye o 

This expression shows that the interference factor can be con
sidered as the ratio of two dimensionless quantities, one of which 
is the ratio of the normal forces t1Y(b,e)v1Ye, and the other is the 
dimensionless circulation characterizing the strength of a cast off 
vortex. That the factor i e depends on the ratio of the normal forces 
allows us to use very simple methods for determining i e even if 
they do not yield exact values of the magnitudes of t1Ycb. e)v or Ye, 
but allow us to find their exact ratio. Here we have a certain analogy 
between the interference factors Kw and Kb, on the one hand, and 
the factor i e on the other. We have already indicated that the fac
tors Kw and Kb, which are the ratios of the relevant normal forces, 
are determined adequately according to the aerodynamic theory of 
a slender body; this allows us to evaluate the magnitudes of the 
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C<t=- xv ,:x.o I 

?, ~ ~ - ~- ---">..·- -'--- ---- -z:::::J ~ V~ v.~ 

A B + ~'[ 

Fig. 12.6.6 
To the calculation of the effectiveness of an empennage by the reverse-flow me
thod for a body-empennage combination: 
!-combination in a rorward now; I I -combination in an iil\·erse flow 

normal force with account taken of the interaction of some combi
nations. 

Having this in view, let us use the dednctions of the aerodynamic 
theory of flow over slender bodies to determine the ratio ~y( b.e)v!Ye 
and the corresponding coefficient i e· Our aim is to use the data ob
tained to calculate the interference of the tail part of a non-slender 
combination. 

To find the normal force ~y( b. e)v, we shall use the reverse-flow 
method which we considered when investigating the flow onr a 
slender wing in forward and inverse flows. In the given case with 
the aid of the basic relation of this method found in Sec. 8.13, we 
establish the relation between the aerodynamic characteristics of 
a body-wing-empennage combination in oppositely directed flows. 

Assume that the em penn age is installed relative to the body axis 
at a zero angle of attack, while the combination is in a flow at the 
angle of attack ab. The vortices cast off the wing cause upwash 
at the empennage with the angle -s = av, therefore the effective 
angle of attack of the empennage panels will be ab + av. The flow 
past combination A consisting of a body and an empennage 
(Fig. 12.6.6) can be represented as a complex flow formed as a result 
of the superposition of flows near similar combinations B and C 
according to the formula A = B + C. In combination B, the body 
and empennage have an identical angle of attack ab; in combination 
C, the body is not deflected (ab = 0), while the empennage is in 
a flow at the angle of attack av produced by the vortices. 

We shall find the normal force for combination C by the reYerse
flow method. Let us adopt for the forward flow (Fig. 12.6.6) with 
a view to the notation used in formula (8.13.8') the conditions: 

a 1 = a b = 0 on the area S b occupied by the part } 

of the body under the empennage (12.6.36) 

a 1 = av on the area S e of the panels 

We shall assume for the inverse flow (Fig. 12.6.6) that the body 
and the empennage are at a unit angle of attack, i.e. 

a 2 = 1 on area S b; a 2 = 1 on area S e (12.6.37) 
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Using formula (8.13.8'), we obtain 

) ) !!..~ ·1 dS = ) ) !!..p2av dS 
(S b+Se) Se 

The integral on the left-hand side determines the total normal 
force of the body-empennage combination due to the vortex, 

f!..Y(b.e)v=Yb(e)v+f!..Ye(b)v=qoo ) ·' f1p1dS 

consequently, 

(Sb+Se) 

!!.. Y(b, e)v -= qoo .\' .\ f!..pza,. dS 
(Se) 

(12.6.38) 

Let us assume that the angle of attack av depends only on the 
span coordinate of a point z and remains constant along the empen
nage chord. Having in view that dS = dx dz, after integration with 
respect to x, we obtain 

<8 m>e 
11Y(b, e)v == 2qoo I 0-v (be~) dz (12.6.39) 

r 

The quantity 
Xtr=xld+'> 

be~= J !!..p2 dx (12.6.40) 

xld 

is the loading in a section along the wing span determined for a unit 
angle of deflection of the body and panel. In expression (12.6.40), 
x ld and Xtr are the coordinates of points on the leading and trailing 
edges, respectively, b is the chord of the section, and e~ is the lift 
coefficient of the section. 

To compute the loading (12.6.40), let us consider formula (12.2.52') 
for /1Y w(bl· Introducing the notation a = ab, !!..Y w(b) = 11Y e(bl• 
Sm = (sm) e and integrating with respect to x, we obtain 

( T>!le 
!!..Y(e)b=8abqoo J {[(sm)e+r2/(sm)eJ2-(z+r2/z) 2}11 2 dz (12.6.41) 

r 

By comparing (12.6.41) and (12.6.39), we can see that the loading 
along the span of the empennage for a unit deflection of a panel and 
the body (ab = av = 1) is determined by the quantity 

(be~) e(b) = 4 {[(sm) e + r 2/(sm) eP - (z + r 2/z) 2 }112 (12.6.42) 



Fig. 11.6.7 
Zones of vortex influence in a 
supersonic flow: 
1-wing; 2-Macll cone; 3-atlacltPd 
vort0x 
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Although we have performed integration for a triangular panel 
in a forward flow, a glance at (12.6.42) reveals that for slender con
figurations the distribution of the loading along the span does not 
depend on the planform of the panels. Its value at a given point 
with the coordinate z of the surface of a panel monnted on a body of 
radius r is determined only by the semis pan (sm) e· This is why for
mula (12.6.42) may be l!sed to evaluate the loading of a triangular 
wing in an inverse flow. Accordingly, the loading in (12.6.39) equals 
the loading in (12.6.42). i.e. bc1; = (be~) e(b)· Hence 

(sm le 

~ Y(b, e)v = 8qoc .\ CXv {[ (s111 )e + r2/(sm)eJ2- (z -;-- r 2/z)2}112 dz 

(12.6.43) 

In this expression. it is necessary to fmd the angle of attack av = 
= -e equal in magnitude to the vertical downwash angle at the 
empennage. 

In a supersonic flow, the downwash angles are determined with 
a view to the limitedness of the zone of vortex influence. The zone 
of influence for the left attached vortex is limited by the Mach cone 
issuing from point A, and for the right vortex, by the Mach cone 
issuing from point B (Fig. 12.6.7). ln region I outside these cones, 
there is no vortex influence. and the downwash equals zero. In re
gion I I confined by the Mach cone issuing from the beginning of the 
attached vortex, the down wash is determined by the influence of 
the vortex confined in this cone. In zone 1 I I coinciding with the 
region of intersection of the two Mach cones, the downwash is deter
mined bv the influence of hoth attached vortices. 

Let us' consider an empennage in region I I I where the velocities 
induced hy the right and left vortices are summed up. At a certain 
distance from the trailing edge of the wing, the vertical down washes 
of the linearized supersonic flow caused by the attached vortex are 
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NV~ 

Fig. 12.6.8 
To the calculation of the flow downwash at an empennage (tail unit) behind the 
wing 

the same as the downwashes produced by infinite vortex lines in an 
incompressible fluid. Particularly, for a wing with a''Aw = :2.5, this 
distance equals two chords, and for a''Aw = 1, about three-fourths 
of a chord length. Assuming that the empennage is at a sufficiently 
large distance from the wing, we determine the downwash of the 
flow with the aid of the expression e == -wNI V oo in which the in
duced velocity is evaluated by (2. 7.12). Assuming in this formula 
that w = WN, r = r O• and h = r, for point N (y = 0) on the empen
nage (Fig. 12.6.8), we have 

WN = f of(2nr) 

The vertical component of the velocity induced by the right vortex 
is 

. fo · fo Zv-Z 
11 1\r = - 2nr Sill"= - 2nr · r (12.6.4t!) 

and that induced by the left vortex is 

ro (zv+z) 
WNI=- 2rt [Y~+(zv+z) 2 ] (12.6.45) 

The total velocity of the vertical downwash is 

zv+z J + y~ + (zv +z) 2 

(12.6.46) 

The corresponding downwash angle is 

(12.6.47) 
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Fig. 12.6.9 
Interference factors for a triangular empennage 

Introducing the value of a"= -E iuto (12.6.'t3), we obtain 

(12.G.48) 

Inserting (12.6.48) into (12.6.35), i11 which in accordance with 
(8.8.46) 've assume that 

Y" = (cy) e qoeS e = 2a:rr cot xqxS e == 2a:rrqoo [(s",) e -reF 

we lind that 

{l( ) + .2/( ) ]2 ( , .2/ )2}112 t-.•• Sm e I e Sm e - Z -r-1 e Z G ~ (12.6.49) 

.'Jumerical integration yields tlte values of i e which by (12.(i.49) 
are functions of the dimensionless variables Yvi(sm) e, Zv/(sm) e' and 
r:" (sm) e and do not depend on the planform of the empennage. 

Calculations by another method based on the strip theory (see 
[16]) show that ie also depends on the shape determined by the recip
rocal taper ratio of the empennage btlb 0 • Figure 12.b.9 shows a typ
ical diagram plotted according to the results of these calculations 
for a triangular empennage (1/Y]e = btlb 0 = 0). Here ie is actually 
a slightly varying function of btib 0 and r e;(s111 ) e for small value~ 
of rei (sm) e· 
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Using such diagrams, we usually find the factors i e by inter
polation over the parameters (rm)e = rei(sm)e and f] e (or 1hle) 
at zvi(sm)e· If a vortex is near the axis of the body, it is good to per
form this interpolation for conditions of constancy of another para
meter, for example (zvlsm- rm)e/(1 - rm)e. 

Let ns consider an approximate method of determining ie with 
the 11se of (12.6.49) based on the assumption that the downwash of 
the flow along the span is constant and equal to its value at the 
aerodynamic centre (centre of pressure) of the empennage. Assuming 
that point N (see Fig. 12.6.8) coincides with the aerodynamic centre, 
which is at the origin of coordinates (y = z = 0), we find the down
wash angle from (12.6.47): 

f o Zv 
s=-1-.-· 2, 2 

:n: 'oo y\' -t-Zv 
(12.6.50) 

Hence, (12.6.48) acquires the form 

(sm>e 

X .\ {[(sm)e+r~/(sm)eJ2-(z+r~/z) 2}1f2 dx (12.6.51) 
r 

Integrating and using (8.8.47'), we obtain the relation 

~Y(b.~)v ~ -2f0zv {~ f (~i.t)e-1 ]2 
Ye - :~aVoo(Y~+z~) 2 L (sm)e 

+ [ (;in)e+1 rsin-1 [ (;i.t)e-1 ]- 2 [(~i.t)e-1]} 
(smle (si.t)e + 1 (sm le 

X _ 1 (12.6.52) 
11 [(sm)e-1J2 

The right-hand side of (12.6.52) contains as a multiplier the inter
ference factor Kw (12.2.GO) for the body-empennage combination. 
With this in view, after introducing (12.6.52) into (12.6.35), we find 

4zv [(~mle---1] (Kwle 

(Y~+z~) (sm)e 
(12.6.53) 

where Zv = Zv/(sm)e, Yv = Yvi(sm)e, and (sm)e ~ (sm)efre. In ap
proximate calculations, we may assume that a ~ 2. 7-2.8 instead of 
a = 4(Kw) e· 

Let us now determine the effectiveness of the empennage 
from the value of ie- Adopting the area of the separate wing as the 
characteristic area, we can write Eq. (12.6.14) as 

'Yie = 1 + (t1cy)(b, e)vl[cy, e (Kw + Kb)el (12.6.54) 
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Introducing the value of (~cy)(b,e)v/cy.e = ~y(b.e)v/Ye found 
from (12.6.35), we obtain 

lle = 1 + iefo/{2 (Kw + Kb)e :rtcdroo [(sm)e- rel} 

Inserting the value of r 0 from (12.6.21), we find 

(12.G.55) 

'l']e = 1 + ieKw (iJcy!Cia)w Sw/{8 (Kw --1-- Kb)e :rt [(sm)e- rel 

X (zv - rw)} (12.6.56) 

By using f] e and Eq. (12.6.54), we can find the reduction of the 
normal force coefficient due to a vortex: 

(12.6.57) 

This reduction is due to the appearance of clowmvash of the flow 
ahead of the empennage determined by the mean angle em = 

(ds/da)e a. Consequently, 

(t1cy)(b,e)v = Cy,e (Kw + Kb)e (-ds/drx)e a (12.6.58) 

Comparing the above relations, we find 

(ds/dae) = 1 - lle (12.6.59) 

Relation (12.6.59) corresponds to the aerodynamic theory of a 
slender body according to which the influence of a vortex extends 
to the entire area of the empennage. This occurs in practice at sub
sonic and low supersonic velocities. "!ith an increase in the number 
Moe (Moo > 1), the zone of influence of a vortex confined by the Mach 
cone (issuing from the point where the vortex is cast off, see 
Fig. 12.(1.12 below) narrows, and this leads to a reduction of the down
wash angle. This reduction can be taken into account by the factor 
~e = S~! S e• where S~ is the panel area inside the Mach cone. This 
allows us to refine deri \'ati ve ( 12 .6. 59): 

(ds/drx)e = (1 - lle)] ~e (12.G.u0) 

Taking Eq. (12.6.60) into account, we can write (12.6.57) as fol
lows: 

(12.6.61) 

In practice, it is convenient to find ile graphically (see Fig. 12.6.12 
below). At increased u11mbers Moo, the l\Iach cone becomes so narro\\
that the empennage panels emerge from the zone of vortex influence. 
In this case, S~ ;:::::; 0, the factor ~e ,= 0, and, consequently, no down
wash occurs. The coordinate of the centre of pressure of the empen
nage, like the normal force, changes under the influence of the wing 
vortices. \V e can consider approximately here that the point of ap
plication of the normal force due to the wing vortices coincides with 
the eentre of pressure of the empennage for a body-empennage (wing) 
combination, i.e. (xp)a. e(v) = (xp)a,w(b)· 
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Fig. 12.6.10 
Influence of a horizontal tail 
surface (empennage) on the mo
ment characteristics of a body
wing-empennage combination: 
1-without interferenc~; 2-with ac
count of interf~rence for a conven
tional tail unit; 3-with account of 
interr~rence for a non-tandem cruci
form tail unit; 4 -wing; ,; -vortex; 
6-hOrizontal tail surface; 7-verti
cal tail surface 

0~ 

I ~~ 

Influence of the Angle of AHack 
and Shocks on the Empennage Effectiveness 

An increase in the angle of attack may lead to diminishing of the 
unfavourable action of interference. The explanation is that a vortex 
continues to move in the direction of the flow, while the empennage 
with an increase in a lowers. This leads to a growth in the coor
dinates zv and Yv and, consequently, to a lower value of I ie \. If the 
position of the vortex with respect to the empennage did not change, 
the unfavourable influence of the interference would be of a linear 
nature because the strength of a vortex is proportional to the angle 
of attack. In a real case, with an increase in the angles of attack, the 
moment characteristic of the empennage is non-linear, and the 
static stability may grow. 

At small angles of attack, the unfavourable influence of inter
ference on stability may be reduced by using \vhat is called a non
tandem empennage (tail unit) arranged higher than the wing 
(Fig. 12.6.10). ln this case, the characteristics of the empennage are 
improved because the vortices cast off the wing will pass below the 
tail unit (empennage) at a considerable distance from it. But with 
an increase in the angles of attack, its upper surfaces become closer 
to the vortices, and the unfavourable influence of interference grows. 
W'hen after a further increase in the angle of attack the tail unit 
passes through the vortices and moves away from them, the unfavour
able influence diminishes. 

At high supersonic velocities, there is an additional interference 
effect caused by interaction with shocks (Fig. 12.6.11). Examination 
of the figure reveals that at a certain angle of attack a..1 the hori
zontal tail surface is in the zone between the tail shock and the 
expansion fan. Consequently, this tail surface is at a zero angle of 
attack for the flow that has passed through the expansion fan and 
produces no normal force. The effectiveness of this tail surface is 
practically close to zero (f]e :::::::; 0). At a larger angle of attack (a.. 2 > 
> a..1), the shock angle grows and the plane of the shock may be 
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Fig. 12.6.11 
Tail unit-wing interference when 
.a shock is produced: 
1-wing; 2--expansion fan: 3 -tail 
shock: l -tail unit effectiveness 
T]e=O: 5 -real curve; 6- tail unit 
-effectivennss 'lle=1 

ahead of the tail surface. Since a streamline behind the shock almost 
coincides with the direction of the free stream, the tail surface regains 
its effectiveness to a considerable extent. A certain decrease in the 
normal force is due to the reduction of the number M and of the 
velocity head behind the shock. Curve 5 in Fig. 12.6.11 shows how 
the moment of the tail surface changes because of the influence of 
the shock, and also of expansion of the flow. The curve passes between 
lines corresponding, on the one hand, to a complete loss ofeffectiYe
ness (YJe = 0), and on the other, to its complete recoyery (YJe = 1) 

Influence of Flow Stagnation 

The effectiveness of a tail unit (empennage) depends on the stag
nation of the flow due to the action of not only the nose, but also 
of the wings arranged ahead of the tail unit. The degree of stagnation 
can be characterized by the coefficient q2 = qlqoc that is a function 
of the number Moo, the relative dimensions of the nose part, the ratio 
of the tail unit and wing areas (Se = SeiSw), and also of the relative 
distance between them rXc = Xcl(b A)wl. 

For a craft with a conical nose (see [13]), we have 

k __ q __ k k'-t-Sp 
2- qoo - 1 1-!-Se (12.6.62) 

where k1 is the stagnation coefficient for a wing determined by 
(12.4.44), and k' is a variable depending on the number Moo and 
the distance between the wing and tail unit (it can be found from 
the graph in Fig. 12.6.12 plotted according to experimental data). 

For a craft with its empennage behind the wing (the normal ar
rangement), we usually have SeiSw« 1. We can therefore assume that 
k2 ~ k1 k'. When the em penn age is ahead of the wing (a canard), we 
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Fig. 12.6.12 
Graphs for determining the coefficient k' in Eq. (12.6.62) 

have Sel S wl » 1, therefore the stagnation coefficient ahead of the 
wing arranged in the tail part is k2 ~ k1 • The corresponding Mach 
number used to determine the normal force coefficient for the tail 
unit is 

M1 =-Jloo Vkz (12.6.63) 

Aerodynamic Characteristics 

The results of calculating wing-em penn age interference can be 
used to find the aerodynamic characteristics for body-em penn age or 
body-wing-empennage combinations. For a winged craft provided 
with an empennage, the interaction of the latter with the wing 
must be taken into consideration. 

Let us consider a combination with an identical arrangement of 
the wing and tail unit panels (Fig. 12.6.13). By analogy with 
(12.4.47), the normal force coefficient for the combination is 

Cy = Y/(qooSw) = Cy,b + c~.w (Kw + K b)w kla.. 

+ c~. e (Kw + Kb) e [1 - (de/da) el k 2a..Se!Sw (12.6.64) 

In accordance with this value of cy, let us find a relation for the 
coefficient of the pitching moment about the nose of the body: 

mz = mz.b - {Kb,w [(cp)a. b(w) (bo)w + Xw] 

+Kw [(cp)a.w(b) (b0)w +xwl} c~.w ak1 

- {Kb,e [(cp)a.b(e) (bo)e + Xe] 

+ Ke [(cp)a.e(b) (ho)e +xeJ}c~. e [1- (de/da)e] k2a..Se1Sw (12.6.65) 
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Fig. 12.6.13 
General view of a craft with a tandem wing-tail unit arrangement 

In these relations, we find the interference factors with the sub
scripts '\v" and "e" from Table 12.2.1 for the values of rwl(sm)w and 
r ei(sm) e• respectively. We use the table to find the values of (cp)a = 
= (xp)a/(b 0 )w [for example, (cp)a,b(w) = (xp)a .. b(w)/(b 0)wl. All the 
geometric parameters in (12.6.65) are dimensionless and have been 
related to the length of the craft body x JJ• namely, :i.v = xwlxb• 
(bo)w = (bo)w/Xb, etc. 

By differentiating with respect to a = a" cos (p [see (12.6.64) 
and (12.6.65)], we can find the derivatives of the normal force and 
pitching moment coefficients c~ and m~. \Ve use these quantities to 
calculate the derivatives of the lateral force and yawing moment 
coefficients with respect to the sideslip angle: 

(12.6.66) 

and also the centre-of-pressure coefficient for the combination: 

(cp)a = (cp)B = -m~!c~ (12.6.67) 

All the aerodynamic coefficients for the separate elements of a 
combination (body, wing, empennage) in the above relations are 
determined according to the linearized theory with account taken 
of compressibility. 

The interference factors for the wing K b,w• Kw and the empennage 
(tail unit) Kb. e• Ke are found, in addition, depending on the taper 
ratio of the panels, the boundary layer displacement thickness, 
and also on the length of the tail part of the body behind the wing 
and tail unit. 

Rolling Moment of a Tail Unit 

This moment changes under the influence of the vortices casC off 
the wings of a craft in sideslip and at an angle of attack._ .. 

In a combination with flat wings, a pair of vortex· cores is generat-
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-ed. One forms an angle with the vertical plane of symmetry that is 
dose in value to ~, while the other forms an angle close to a with 
the horizontal plane. With cruciform wings, four such vortices are 
generated. Usually, the sign of this moment for a flat tail unit is 
opposite to that of its intrinsic moment. Bearing this in mind, and 
also that the dimensions of the tail unit are small in comparison 
with the wings, and therefore the rolling moments it produces are 
small in magnitude, the additional interference component of the 
rolling moment is not taken into account when computing its total 
value for a craft. 

With a cruciform wing-tail combination, the interference rolling 
moments due to the vertical and horizontal panels, as a rule, are 
opposite in sign and close in magnitude. Hence, the total rolling 
moment of the combination can be taken equal to zero. This is also 
true for a body-cruciform tail craft in which the vortices ahead of 
the tail unit are generated by the body, this being due to the appear
ance of a relatively small normal force on the body. 

12.7. Controls 

Basic Kinds of Controls 

The trajectory of an unguided craft experiencing only drag and 
gravity is usually called a free-flight or ballistic one. Such a craft 
is characterized by the absence of an artificially produced controlling 
force normal to the trajectory. 

The trajectory of a guided craft executing a manoeuvre differs 
from a free-flight one because of the additional control force coin
·ciding in direction with a normal to the flight velocity vector. 
Devices producing the required control force are called controls. 

The controls are part of the flight-control system, by which is 
meant the collection of apparatus and devices provided to measure 
the deviations of a craft from the preset flight conditions, form the 
-corresponding signal, and produce a control force. 

Depending on the physical nature of the control force, controls 
-can be divided into three basic kinds, namely, aerodynamic, gas
dvnamic, and combined. 

·Aerodynamic controls produce a control force by changing the 
·external flow conditions, consequently, the control force has an 
aerodynamic origin. Such controls are a means of changing the mag
nitude and direction of the resultant vector of the aerodynamic 
forces. Their use is very effective for craft travelling at a high velo
city in the dense atmosphere. 

Gasdynamic controls are based on the use of the effect produced by 
a change in the direction of the gas jet flowing out of the nozzle of 
.a jet engine. A control force is produced by deviation of the thrust 
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vector from the direction of a tangent to the flight trajeetory. Some 
designs of gasd ynam ic con trois liS<' special control jl'l engine.~. Tht• 
latter are employed when the aerodynamic controls IH'comt' poorly 
effective•, for examplL', in the raref'Ierl almosphern or at low spPc>ds 
of a craft (for example, \vlwn a rocket i.~ being launched from tlte 
Earllt). 

Combined controls when producing a control force ttse effect:< of 
aerodynamic and gasdynarnic controb simultaneottsly. 

An example of snch a control is <1 jrl l1ap. It:- main dement is 
a rotating no;~,zle 1tsually installc>ct ou the trailing PdgP of' a wing or 
empennage and designer! iu Lhe form of a narrow slot. TiH' control 
force is generated as a I"l's1tlt o[ air flowing out of Lho nozzle inclined 
at a detinite anglP to t.lle chord. This force cmtsists of two compo
nents, namely, tlte normal cornponeuL of tht• thmst prod11ced by the 
rotaLing slot and the component of the aeroclynamic force' prod11ced 
because of the redistribution of the prrssme on thL' lift.ing surface. 
This redistribution is d1LC Lo tbP intc~raelion of tht• oncoming flow 
and the jet of air flow·ing o11L throttgh the sloL. 

Each kind of control includt~" a large number of c:pecitic kinds 
of control deyicPs or ltnits. The choicr of the hnrl of controls and 
the specific kind of control unit is elosPly related to Lhe aerodynamic 
design, which is determined, in t11rn, by lite designation of the craft 
and the requirements and specifications which it must meet. l-Ienee, 
a definite aerodynamic design, kind of conLrol, and its speciiic rlesign 
ensuring compliance \Vith the giYL•n rPqttirPmenls and speeilications 
correspond to a given craft. 

Controls and how to calc1tlaLe Lhem are seL 011t in greater detail 
in [2]. We shall deal with some kinds of aerodynamic controls and 
the ways of calculating them, particularly witl1 Llw gro11p of control 
surfaces widely used in practice. 

Control surfaces arranged at various places 011 a craft can be 
classified as follows (Fig. 12.7.1): completely movable eontrols such 
as a rotating wing or empennage; tip conlrols; and controls arranged 
along the trailing edge of a lifting or stabilizing surface. 

Completely movable control stufaces in the form of a rotating 
wing or empennage ensuring good controllability owing to Lhe suffi
ciently large area of the controls are 11sed for high-manoeuvre craft, 
and they are very effective at high altitudes and over a wide range 
of numbers Moo· Most often, the axes of rotation of the control sur
faces (hinge lines) and those of the body are mut11ally perpendicular, 
but from the design standpoint it is sometimes convc>nient to choose 
an angle between these axes other than a right one (the position of 
a hinge line is determined by the sweep angle Xc, Fig. 12.7.1). 

Some favour has been found by tip controls that are part of a 
lifting or stabilizing surface and arranged at the tips. Such controls 
are effective over a large range of speeds. The hinge line, like that of 
n-o:,-, 
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Fig. 12.7.t 
Basic kinds of control surfaces: 

,c) !1 
~-

\ 

'1- all-movable; b- tip; c- arranged along the trailing edge 

Fig. 12.7.2 
Kinds of tip control surfaces: 
(a)- ordinary; (b)- with compensation 

a rotating empennage, may make a right angle with the axis of the 
body or have a certain sweep angle. 

A feature of tip control surfaces is that their effectiveness does 
not virtually depend on the presence of a body. Their drawback 
consists in the difficulty of installing the control surface drive and 
rotating mechanism on a wing or on an empennage with tip control 
surfaces. The latter can be divided into ordinary tip eontrol sur
faces and controls with control surface compensation (Fig. 12.7.2). 

At subsonic and low supersonic velocities, the greatest favour is 
given to control surfaces arranged along the trailing edge of a fixed 
wing or empennage. At low numbers M oo• deviation of the control 
surfaces is attended by the appearance of a normal force (a control 
force) not only on these surfaces themselves, but also on the fixed 
lifting surface which the disturbances from the control surfaces 
extend to. This is why such control surfaces can be very effective 
even with a relatively small area. 

At supersonic velocities, there is no reverse action of the control 
surfaces on the stationary ones, therefore a control force is produced 
only by the control surface. Notwithstanding the increase in the 
control force due to the high velocity head, it may be necessary to 
design control surfaces with a larger area to improve their effective-
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Fig. 12.7.3 
Kinds of control surfaces arranged along the trailing edge: 
11-with constant C1iorL1; b-with inverse tav<'r ratio; !-internal control-:nrfacr; ~-exter
nal control surface; .J-control surfncc· along the Pntir1· 'l'"n 

ness. Controls arranged along the trailing edge may be internal and 
external surfaces occupying part of the edge or installed along the 
entire span (Fig. 12.7.3). 

The control surfaces of craft are used as rndders, elPvators, aile
rons, and elevons. 

Rudders in their nentral position are arranged along the longitud
inal axis of a craft in the vertical plane of symmetry. Their deviation 
from this position causes the craft to turn either to the right or to 
the left. This turning is dne to the controlling yawing moment set 
up by the rudder. 

Elevators are arranged at right angles to the plam• of the rudders. 
Their deviation ensmes a change in the direction of t1ight in a ver
tical plane and, consequently, a change in the altitude. Here rotation 
of the craft abo11t its lateral axis is due to thP eontrolling pitc.hing 
moment set up by the elevator. 

A combination of rudders and elevators allows a craft to be eon
trolled simultaneously in two mutually perpendicular planes, i.e. 
virtually any manoeuvre can be performed in space. These control 
surfaces can also be used to rotate a craft about its longitudinal 
axis Ox. 

Designs of ainraft also provide for ailerons in combination with 
elevators. Ailerons are two control surfaces on tht• tips or trailing 
edges of the wing panels. They de\'iate in different directions, which 
leads to banking of the aircraft. Here a horizontal component of the 
normal force appears that deviates the craft in the required direction 
and ensures its tnrning under the action of the yawing moment. If 
the elevator is turned simultaneously, the required manoeuvre in 
space is performed. When ailerons are to be used, oue must take 
into account that owing to their deflection the increments of Lhe 
14• 
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normal force generated on the starboard and port wing~ with opposite 
signs product> a ('OrrPsponding diffcrtmco of the induced drag. This, 
in tllfn, leads to an additional yawing moment c;wsing the craft 
to turn in tile direction of the lowered aileron, and also to sideslip 
and. consequently. producing a rolling moment opposite in sign to 
that produced by the ailerons. This lowers the effectiveness of the 
ailerons, pre,·enting a normal manoeuvre. The rolling moment reaches 
its maximltm value aL appreciable angles of attack, as a res11lt of 
whicl1 the effectiveness of ailerons at such angles is very low. 

To compensate for this effect, differential ailerons are used, in 
which one aileron deviates H pviard over a greater distance than its 
counterpart does downward. The drag of the aileron deflected npward 
is considerably higher than that of the one deflected downward, 
which canses the yawing moment to diminish. 

Elevons, unlike ailerons, can be deflected to any direction inde
pendently of each other, therefore they are used simultaneonsly as 
ailerons and elevators. Such devices. simultaneously performing 
the functions of lateral and longitudinal controls, are installed on 
tailless aircraft (flying wings). 

The aerodynamic properties of controls are determined by their 
effectiveness, by which is meant the increment in the control forces 
and moments of a craft (or of a separate lifting surface) during the 
deflection of a control surface. This effectiveness is evaluated by the 
partial derivatives of the corresponding force or moment coefficients 
with respect to the control surface angle. For example, for elevators, 
the longitudinal effectiveness is determined by the derivatives 

ocy/(){jel = c~el 01' iJmzf(){jp] = m~el, 

Controllability 

The aerodynamic properties of a craft are characterized by its 
controllability-the ability of the craft to react to deflection of the 
control surfaces by the corresponding changes in the flight parameters 
(the angle of attack, the pitching, yawing, and flight path angles, 
etc.). Controllability can be evaluated by the degree of aircraft 
sensitivity to such a deflection of the controls. It is characterized 
by the intensity of the indicated changes in the flight parameters. 
When evaluating controllability, we find that the parameters deter
mining the intensity of the change in the path of the centre of mass 
are of major practical interest. This is associated with the fact that 
the main task in controlling a flight consists exactly in ensuring 
a given flight path. 

The manoeuvrability of a craft, i.e. its ability to change the flight 
parameters characterizing the altitude, as well as the magnitude and 
(l.irection of the velocity, depends to a considerable extent on the 
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controllability. When designing craft and their control systems, one 
has to take into account the contradictory nature of tlu• requirements 
of flight stability and controllability. The imparting of stability 
ensures the elimination of possible violations of the preset 11ight 
conditions, whereas controllability is associ a ted with the opposite 
phenomenon, namely, the possibility of changing the!"e conditions. 

The controllability of a craft is related very closely to its static 
stability. It is more difficult to control a craft with an increased 
stability (large restoring moments) than one with a lower stability, 
i.e. the craft requires greater deflections of its control surfaces for 
changing the flight conditions. If a craft reacts strongly to small 
control surface deflections, this points to a low stability. Such 
a low stability is a property of craft intended for rapid manoeuvres. 
The requirement of greater controllability makes it necessary to use 
craft that are statically neutral or in some cases that are even static
ally unstable. 

The investigation of controllability based on a knoviledge of the 
aerodynamic characteristics is the cornerstone of Lhe Lheory of the 
disturbed motion of craft. 

Aerodynamic Calculations 
of Control Surfaces 

The determination of the aerodynamic characteristics of controls 
is an important and difficult task. The methods of calculating these 
characteristics are based in the majority of cases on experimental 
investigations of the control surfaces of various kinds of craft. 
Theoretical investigations of aerodynamic control smfaces began 
to be carried out on a broad scale in recent years on the basis of the 
achievements of mathematics and mechanics. These investigations 
resulted, particularly, in methods for calculating slender control 
surfaces on a body of a small thickness. The data of this aerodynamic 
theory of slender bodies in a number of cases agree well with experi
mental results and at the same time allow us to understand separate 
phenomena associated with the mechanism of the appearance of 
control forces. 

We shall consider methods based on this theory and Hsed to cal
culate aerodynamic control surfaces that are all-movable wing or 
empennage panels. To do this, we shall use the reverse-flow method 
that permits us to take into account the influence of the wing and 
body on the generated normal (control) force. We shall proceed from 
the relations of the aerodynamic theory of a slender body according 
to which the planform of a control smface does not affect th(• mag
nitude of the force it producl'S. 

Let us assume that the control occupies a portion uf length sm - s 1 
along the trailing edge of the wing (Fig. 12.7.4). \Yp ~hall calculate 
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(a) 
z 

0 

Fig. 12.7.4 
To the calculation of the aerodynamic characteristics of an external control 
surface by the reverse-flow method: 
a-forward flow; b-inverse 'flow; I -control s11rfacr arpa Sc

8
; 2-wing area Sw: J-area Sb of 

the body undPr the wing 

the normal force developed by the control surface provided that 
the body and wing are in a forward flow at a zero angle of attack 
(a1 = 0), and the control surface is deflected through the angle 
6 (a1 = 6). We shall assume that in the inverse flow the body-wing
control surface combination is arranged at the overall angle of attack 
a 2 = 6. By formula (8.13.8') of the reverse-flow method, for the 
case being considered, we have 

\ \ 11p16 dS = \ \ !!..p26 dS 
<Scs +s~,- +Sb) (Sc;> 

or, cancelling 6, 

~ ~ 11 p 1 dS = \ \ 11p2 dS 
<8cs+ 8 w+ 8 b) <sc;> 

(12.7.1) 

Here the left-hand side determines the normal force being sought 
of the body-wing-control surface combination due to deflection of 
the control related to the velocity head qoo = Poo V~/2, i.e. 

Y cs = qoo .\· .\ f1p2 dS 
<8 cs> 

(12.7.2) 

Assuming the elementary area of the control surface to be dS 
= dx dz, we have 

8m "tr 

Yes= 2qoo ~ dz ~ !!..p2 dx (12.7.3) 
8 i .xld 
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(the subscripts "tr" and "lcl" stand for "trailing" and "leading", res
pectively). 

The quantity 
xtr 

~· ~ p2 d:r = bc;1 (12.7 .4) 

xld 

i.e. it equals the load in a wing section determined during deflection 
of the body and panel through the angle o. By the aerodynamic the
ory, this flow when the combination is in the inverse flow does not 
depend on the planform of the wing and is determined as the normal 
force of the section concentrated at the leading edge. 

The pressure-drop coefficient is 

- - - 2 ( 0\f[. O([ 11 ) 

~Pz = PL - P" = - y oo --;;x- ----r;x 

Hence, the load in a wing section with a view to (12.l).27) is 

xtr "tr 

b I \ A- d -2 r ( OCfL OCfn \ d 
Cy = • o.pz X= --p:- J -a;;--- fix } X 

= ;~ (q>v- fPu) = 40 [ ( Sm + ;~ r- ( Z + :2 rr/Z (12.7 .5) 

Inserting this expression into (12.6.39), we find 
sm 

Yc,=8qoc0 ~' [(sm+r2/sm)2-(z~-r2/z)3]11 2 dz (12. 7 .6) 
si 

Expression (12.7.6) is similar to relation (12.6.41) obtained in 
the preceding section. By performing integration and relating 
(12.7.6) to the normal force of the separate wing 

Yw = 20nqoo (sm - Stf (12. 7.7) 

formed by two joined tip controls, we obtain 

Yc, = 2-" [~(1-r;,)z-(.~1-r::r,)tfZ(i-sl)t/2 
Yw ;c(1-si)• 4 

1 2-2_]_4 (1' 4)2 24 
1 (1 ... 4 ) . -1 - si ' r m 2 . -1 T rm s,- r m] + -2 -;- 1m Sill 1 4 + r m Sill 

-rm (1-rh,) sr (12.7.8) 

where rm = r!sm and S1 = s11sm. 
The ratio YcsfYw depends only on the geometric parameters at 

the trailing edge. A plot of Y 05/Y w against r/ Sm for various values 
of s11sm is shown in Fig. '12.7.5. The normal force of the combination 
as a result of interaction of the body and a wing with a deflected 
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Fig. 12.7.5 
Aerodynamic effectiveness of 
controls: 
!-control surfaces; 2-wing; 
3- body 

Yw 'm si -
s;;;"'D.75 I 

--r 
- L__ 

tip control surface may substantially exceed the normal force Y w 
of a separate wing. At a fixed value of rm = rlsm and an increase 
in the ratio s 1/r, the normal force of the combination grows because 
of the influence of the control surface. The explanation is that the 
field of pressures formed upon flow over the control is "captured" 
by a considerable area of the wing. 

Formula (12.7.8) determines the control force of a tip control 
surface. In a particular case, assuming in this formula that s1 = rm 
(s 1 = r), we obtain a relation for Y08 for all-movable controls: 

~~: n(i~rm) 2 [~ (1-r~)2 -rm(1-r~) 

+ ( 1 + rjl,) 2 • -1 1- rjl, J 12 7 9) 
2 Sill 1 + rjl,. ( · • 

Expression (12.7.9) coincides with formula (12.2.60) determining 
the interference factor Kw for a fixed wing. The nature of the change 
in the ratio Y csiY w depending on the magnitude of r m is shown in 
Fig. 12. 7.5. 

Hence, we have obtained an interesting result according to which 
the effect of interference as a whole for a body-movable wing combination 
is the same as for a fixed wing interacting with the body when the com
bination is in a flow at an angle of attack. 

Accordingly, we have 
(12.7.10 

The normal force can be expressed in terms of the sum 

Yes = dY w(bl t'l + t1Y b(wl 0 (12. 7.11) 

Here the first term is the normal force of the wing deflected through 
the angle 6 and influenced by the body, and the second term is the 
normal force of the part of the body due to its interaction with 
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the wing: 
~Yw(b)6 = kwYw 

~Yb(w)•~ = J,;bYw 

(12.7.12} 

(12.7.13} 

where kw and kb, by analogy with the factors Kw and K 1) inlro
duced above, are interference factors due to the dt'flrction of the all
movable control surfaces thrm1gh the anglt> o at a =' 0. 

By (12. 7.11), we have 

Yes = (kw + k!J) Yw 

an<l with a view to (12.7.10), 

kw + kil = Kw 

(12.7.14} 

(12.7.15} 

To determine the factors kw and kb, we must have another equation 
establishing the relation between these factors. To obtain o-;11Ch an 
equation, we shall procePd from the assumption that the wing "trans
fers" to the body a part of its normal force regardless of whether this 
force is produced by the angle of attack a of the combination or 
by the angle of wing setting 0. This part of the normal force d11e to the 
influence of the angle of attack a is determined by the ratio 

(12.7.16) 
while the ratio 

~Yb(w)o/ ~}-w(b)6 = kb!kw (12.7.17) 

determines the part of the normal force transferred to the body at 
the angle 0. According to the adopted hypothesi~, both these parts 
are equal, consequently, 

kblkw = J..:b!Kw 

This equation can he written as 

(kb + kw)fkw = (Kb + Kw)IKw 

(12.7.18), 

(12.7.18') 

Using the values given by (12.7 .15) and (12.2.li1) for kh + kw 
and Kb + Kw, respectively, \ve obtain the following expression 
for the interference factor: 

(12.7. Hl} 

By (12.7.15), we have 

(12.7.20) 

These values of the factors are used when studying the interaction 
of the movable empennage of non-slender combinations for which 
the aerodynamic characteristics of the separate panels are chosen 
in accordance with the data of the linearized theory of flow. We can 
refine the results of the investigations if we take into consideration 
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the change in the factors kw and kb under the influence of the taper 
;ratio of a panel, the number Moo, the length of the body nose, the 
boundary layer, etc. Here we proceed from relations similar to 
·(12.4.29): 

(12.7.21) 

where (kwhh and (kb)th are the interference factors evaluated accord
.ing to the aerodynamic theory of a slender body by (12. 7 .19) and 
t{12.7.20): 

(kw)th = (K~)th/(1 + r;,); (kb)th = (Kw)th - (kwhh (12. 7.22) 

The tail part of the body affects the magnitude of the factor kb 
((as the value of Kb); the factor kw remains unchanged (like Kw)· 
Accordingly, when a body has a part after a movable panel, the fac
•tor kh is 

(12.7.23) 

where F is determined by (12.4.31). 
Let us consider the calculation of the aerodynamic characteristics 

for a body-all-movable empennage combination with the use of the 
·obtained interference factors. By (12. 7 .14), the coefficient of the 
rnormal force due to the deflection of the panels of an all-moving 
wing is 

(12.7.24) 

Here 6vt is the angle of attack of the panel equal to the turning 
angle measured in the vertical plane of symmetry passing through 
the body axis. Its value is the same as that of the turning ang e 6~t 
when the hinge line makes a right angle with the body axis, i.e. 
when the sweep angle of this axis is Xes = 0. If Xes =I= 0, the angle 
.of attack of the panel 6vt does not equal the turning angle O~t meas
ured in a plane at right angles to the hinge line. The magnitude 
.of this angle is 

6vt = 6~t COS Xes (12.7.25} 

By adding to (12.7.24) the coefficient cy,a = cy.b.w computed from 
the value of the normal force Y a = Y b.w of the combination for 
·a =1= 0 and 6vt = 0, we obtain the total normal force coefficient 
related to the area of the wing panels: 

Cy = Cy,a +cy,o = Cy.b .S~~~d + [(Kb + Kw) a+ (kb + kw) 6vtl c~,w k1 

(12.7.26) 

'Ve can find the dimensionless coordinate of the centre of pressure 
•(the coordinate of the aerodynamic centre with respect to the angle 
.6vt) of the all-moving wing panels at a = 0 from the expression 

(cp)o.w(b) = (xp/xb)t'l.w(b) = Xw + (cp)o.w(b)bo (12.7.27) 
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The values of (cp) o.w(b) calculated according to the aerodynamic 
theory of a slender body are virtually the same as the values of the 
coefficients (cp)a.w(b) found for fixed panels at a =1= 0. 

The data obtained indicate the relatively weak influence of inter
ference on the displacement of the centre of pressure of an all-moving 
wing. This gives us grounds to consider that as a first approximation 
the centre of pressure of such a wing at a = 0 and 6vt =I= 0 may be 
taken the same as for a separate wing. 

If the body moves at the angle of attack a and the wing is addition
ally deflected through the angle 6vt, the relative coordinate of the 
centre of pressure is 

(cp)w(b) = (xplxb)w(b) = Xw + (c~)w(b)bo (12.7.28) 

where the coefficient 

(cp)w(b) = (xplbo)w(b) 

= [Kwa (cp)a,w(b) + kw6vt (cp)o,w(b)JI(Kwa + kw6vt) (12.7.2fl) 

Upon the turning of a control, in addition to a change in the 
position of its centre of pressure because of interaction with the body, 
there is also a change in the coordinate of the point of application 
of the additional normal force on the body due to the influence of 
the empennage. If such turning is attended by a change in the angle 
of attack of the body, the relative coordinate of the centre of pres
sure is 

(12.7 .30) 
where 

(c~h(w) = (xp/boh(w) 

[Kba (cp)o:,b(w) + kb6vt (cp)6,b(w)li(Kba + kb6vt) (12.7.31) 

When calculating the position of the centre of pressure on the 
body with a view to the influence of the empennage, we assume that 
the centre of pressure is not sensitive to \vhether the normal force 
develops due to the angle of attack or the wing turning angle. 
Accordingly, (xpL .. b(w) = (xp) 11. b(w)· 

The centre-of-pressure coefficient for a body-all-moving wing 
combination is 

I I [( ) Srntct Cp=Xp Xb= -mz Cy = Cp bCy,b~ 

+ (cp)"(b)t1cy,w(b) + (cp}b(w)~Cy,b(W) J / Cy ( 12.7 .32) 

where cy is the total normal force coefficient evaluated by (12. 7.26). 
Its components are found from the expressions 

t1cy.w(b) = ~Cy,a.w(b) + ~cy,i\,W(b) = (Kwa + kw6vt) c~.w~kl (12.7 .33) 

(12.7.34) 
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Let us consider the longitudinal effectiveness of controls in the 
form of an all-moving wing. Its magnitude is determined by ;the de-

rivative m~vt for symmetric deflection of the horizontal panels pro
vided that the pitching moment is calculated about the centre of 
mass. It is not difficult to compute the coefficient of this moment m 2 

according to the known values of ~cy.w(b) from (12.7.33) and 
~cy,b(wl from (12.7.34), and also according to the given relative 
coordinates of the centres of pressure (cp) 6, w( b) and (cp) 6, b(w). Cal
culation of the derivative of m 2 with respect to 6vt yields 

{j - -

mz vt = - b0 {kw [(cp)o, w(b) + (xcM)wl 

+ kb [(cp)o b(w) + (xcM)wl} c~.w k1 
(12.7.35) 

where (xcM)w (xcM/b 0)w [here (xcM)w is the distance from the 
centre of mass of the combination to the vertex of the wing on the 
body]. 

The derivative (12. 7 .35) is usually negative for a tail unit and 
positive for a canard control unit. 

When determining the aerodynamic characteristics of a body-all
moving wing-all-movable empennage combination, one must take 
into account the interaction of the empennage and the wing. The 
aerodynamic calculations of the body-all-movable empennage part 
of the combination are performed in the same way as for the body
all-moving wing combination for which the normal force coefficients 
of the wing with account taken of a body (and also of the body with 
account taken of the wing) are found by formulas (12. 7 .33) and 
(12.7.34), respectively. It should be assumed in them that 6vt = 
= 6vt.w• while the interference factors Kb = Kbw• kb = kb.w• 
Kw, and kw should be calculated from the wing parameter rwl(sm)w· 

By analogy with (12. 7 .33), the normal force coefficient of the 
empennage with regard to a body is 

Cy t(b) = (Kea + ke6vt e),'::Ca rkzSe!Sw ' . . y.eo (12. 7 .36) 

where K e and k e are the interference factors of the empennage similar 
to the corresponding factors Kw and kw of the wing, and 6vt.e is 
the turning angle of the empennage panels. 

The normal force coefficient for the body with regard to an empen
nage i~ 

(12.7.37) 

where K b.p and kb,e are interference factors; they are computed 
in the same way for the empennage as the values of Kb.w and kb.w 
for a wing. 

The more accurate finding of the normal force coefficient for the 
tail part of a body-wing-empennage combination is associated with 
determination of the correction to this coefficient due to interaction 
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with Lltt> wing. Till' magnitude ol' thi~ correction i:-: 

C,1 (JJ.(')V 

TIH' interferencP factor i~ in Lhi:-; PX pression is cletrrminod as a 
function of (rm), .. c rel(sm)e, 11 e· z,/(sm)P, and y,/(sm)e from the 
graph;; depictrd in Fig. 12.G.\l. The \'PrLicaJ coordinaLP of a vortPx 
Yv (sc'<' Fig. 12.(i.H) if a wing panel t11rll>" through the angle <\. 1.w l~ 

(12.7.3\l) 

when' lirut is the dislanr.r between thr axis of rotation of tlle panel 
and thr point where the Yorlex is ra.'-'t off. 

By "!Imming thr found vali1cs of I hr normal force coPfficient com
ponents and adding the normal l'cH·ce coefficient for the separate 
bod;\'· \Ve obtain the overall col'ffieiPnt for the PnlirP eomhinat.ion: 

Cy = cy,hSmlci!Sw-:- ~c,,.,w(h) + ~cy,h(wl 
+ ~Cy,e(ll) I ~Cy,h(e) + ~Cy,b(e)v (12.7.40) 

vVith a view to thr abon values of the normal forcr coefficients 
for the parts of the combination and the relevant values of the centre
of-prr:-;.;ure coefficients. by analogy with (12.7.:12) we find the follow
ing relation for the centrP-of-prcss!lfe coefficiPnt for thP entir<' com
bination (relativl' Lo tlH' nos<' of the body): 

I I [ ) Smicl 
Cp = Xp Xb = - m 2 Cy = (cp hCy.b ~ 

+ (cp)w(bl~cy,"'(b' + (cph("''~c 11 ,b(\\') 
j- (cp)e(IJ)~C 11 .e(hl I (cp)!J(e)~c,1 .b(e) 

-;- (cp)(IM)V ~Cy(b, p)v ]/ Cy (12.7.41) 

In this ex pression, the cenlre-of-pressnre coefficiPH t for the body
empennage part (see Fig. 12.6.13) is 

(cp)p(!J) ~· (xp)e(bl/xb = ~e + (c~)e(bl fbol~ (12.7 .42) 

(crh<el "'~ (xph(e)lxb = Xe + (c~h(e) (b0)e (12.7 .43) 

where ; e = x elxb, (b0 ) e = (b 0 ) elxb [ht>re .rb is the distance from 
the nose of the body to the empennage, and (b 0 ) e is the root chord 
of the empennage]: 

( 12.7 .44) 

(12.7.45) 
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For tlJP body-wing part of the combination, we rletermine the 
centre-of-pressure coefficients (cp)w( b) and (cph(wl by form11las 
(12.7.28) and (12.7.30) with the 11se of (12.7.29) and (12.7.31), anrl 
take the valne of (cp)(b. e)v equal to (cp) e(b)· 

To determine the pitching effectiveness of control surfaces, we 
calcnlate the derivatives of the normal force coefficient with respect 
to the angles of deflection of the controls 6vt '= 6vt.w and 6vt = 
= 6vt. e· By (12.7.40), we have 

(12.7.46) 

where we determine the derivatives on the right-hand side by differ
entiation of (12.7.33), (12.7.34), and (12.7.38) with respect to 6vt.w: 

(12.7.47) 

(12.7.48) 

Expression ('12. 7 .48) takes into consideration the change in the 
derivative of the normal force coefficient with respect to the angle 
of turning of the wing caused by downwash of the flow ahead of the 
empennage. The derivative of this coefficient with respect to the 
angle of deflection of the em penn age panels by ( 12.7. 40) is 

0vt, e 0 ,·t, e 0 vt. e 
Cy = 11cy, e(b) + 11cy, b(e) (12.7.49) 

We find the derivatives on the right-hand side by (12. 7 .36) and 
(12.7.37): 

0v t e a ilvt e a 
11cy,e(b) = kecy,e k2Se!Sw; 11cy,b(e) = kb,eCy,e Se!Sw (12. 7.50) 

To determine the pitching effectiveness from the angle of deflection 
of the wing, we should use the relation (Fig. 12.7.6); 

llvt.w A 
11 vt.w [-, ( ) (b-) l mz = LlCy,w(b) Xw- Cp 1\,w(b) 0 , .. 

11 vt w -; -+ 11cy,b(~) [xw- (cp)il,b(w) (bo)wl 

- 11cZ~6:~)v [Xe + .(cp}<h,e)vt (ho)el (12. 7.51) 

where x~ = x~/xb, (b0)w = (b 0)w/xb, Xe = X eiXIJ, andl,.(b0) e = 
= (b 0 } e/X]J. 

The pitching effectiveness with respect to the angle I of turning 
of an empennage panel is 

ilvt e llvt e - + (b-) mz ' = - 11cy,e(b) [Xe (cp)i\,e(b) o el 
1\ t - -

- t1cy,b(~l [Xe + (cp)l\,(e)(bo)el (12. 7.52) 
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Fig. 12.7.6 
To the determination of the pitching effectiveness of control surfaces 

In formulas (12.7.;'51) and (12.7 .52), the cenln'-of-pre~:'!llfl' coeffi
cients are calculated as the ratios of the relevant distances to the 
root chord of the wing or empennage, for example. (cp)o,w(b) = 

= (xp) 6, w(b/(b 0)w, and (cp)(b, e)Y = (xpb, ehl(b 0 ) P· 

The above valnes of the pitching effectiveness can bP related 
to a cruciform configuration of a craft moving without sidPslip (a =I= 0, 
~ = 0). If snch a craft is banked (a =1= 0, ~=I= 0), it lwcomPs neces
sary to determine thP yawing effectiveness m~r in addition to the 
pitching effectiveness m~'·t. The latter can lw fonnd with the aid 
of formulas (12.7.51) and (12.7.52) in the plane of the m1gle a= 
= a, cos (jl without taking into account the intPraction between 
the vertical and horizontal panpls. We detprminP the yawing ,effec
tiveness computed with symmetric deflection of the r11dders (f>r = 
= f>r,w; flr =- flr, P) in 1 hP plane of tlw sideslip ang)p B -- a, sin rp. 
Here 

(12.7.53) 

In rolling motion, the pitching pffectivellcss in Lhe plane of the 
angle of attack a, increases, which is explained by the growth in 
the lifting capacity of a cruciform em penn age 11 pon rot at ion through 
the angle cr. 

One of the reason" whv the effectiveHP!'s of Ll1e control !'Urfaces 
diminishes and th(• linea~ depende!H'.P of tltPir aerodynamic charac
tPristics on the angle of deflection is Yiolatecl i~ the formation of slots 
between the coutrols and the body. This phenomenon appears at 
snfficiently large slots whose dimeu>;ions gro\\- with a gn•ater deflec
tion of the control surfaces. The drop in their lifting capacity and 
the violation of linearity are cine to the sharp decn'aSP in the pres
snre drop at the root chord cansed by the slot. 

The effectiveness of the controls can he improved and linearity 
can be restored by redneing the dimensions of the slots in a craft 
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and simultaneously decreasing the permissible angles of deflection 
·of the control surfaces. In real conditions of a viscous flow, the 
boundary layer, as it were, overlaps small slots, which leads to 
a reduction in their negative influence on the control surfaces. 

The influence of slots formed in production and service conditions 
on the change in the effectiveness of control surfaces can be taken 
into consideration by introducing the coiTection factor k 8 1 into the 
values of the aerodynamic characteristics obtained above for the 
controls. For subsonic velocities (Moo< Moo,w), we can assume 
.approximately that k81 = 0.8-0.85, while at increased Mach numbers 
(Moo > 1.4), the factor k81 •=o 0.9-0.95. 

12.8. Aerodynamic Drag 

The relations for determining the aerodynamic drag of a craft 
including a body, wings, and an empennage must take into acco11nt 
the influence on the drag of the interaction between the separate 
elements of the craft. The total drag X a in the presence of a lift 
force (cu, =1= 0) can be represented as the sum of the drag X 0 when 
there is no lift force, the induced drag Xi produc!:ld by the body, 
wings, and empennage, and of the induced component ~X a that 
includes some aerodynamic forces arising together with the lift 
force and not taken into consideration otherwise, i.e. X a = X 0 + 
+ X 1 + t1X a· The corresponding coefficient of the total drag related 
to a characteristic area S is 

Drag in the Absence 
of a Lift Force (cya =0) 

The value of the coefficient of this drag is 

Cx,o = ~Cx,b + ~Cx,w + ~cx,e 
where 

(12.8.1) 

(12.8.2) 

} (12.8.2') 

Here Cx,b• Cx,w• and ex, e are the drag coefficients for the separate 
body, wings, and empennage, respectively; the remaining compo
·nents in the sum give the correction for interference. The subscript 
in parentheses on each component indicates the element of the craft 
as a result of interaction with which the additional drag of the body, 
wing, and empennage is created. 
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The main part of the drag of the entire combination is the drag 
of. its separate elements: 

(12.8.3) 

Separating from each component the drag caused by the rare
faction behind the bottom section (the wake or base drag), we obtain 

~Cx,O = C~,b + C~,w + C~,e + Cx,b,llot + Cx,w,hot + Cx,e,>JOt (12.8.3') 

where the first three components are the drag coefficients due to tho 
pressure and friction on the body, wing, and empennage, and the 
other three components are the corresponding components of the 
base drag coefficient. 

Body Drag. The total drag of a body is determined with a view 
to its shape, which in the general case may differ from a body of 
revolution. If this difference is not great, the body is considered as 
a body of revolution \Vith the radii distributed along the longitud-
inal axis x according to the law r (x) ~ V S (x)/:rt, where S (x) is 
the cross-sectional area of a body of a given shape. Investigations 
show that the lift force and moment characteristics of such a body of 
revolution remain the same as those of a body of the given shape. The 
difference in the drag is more appreciable, therefore it is expedient 
to take it into account. The shape of a body may deviate from that 
of a body of revolution becanse of vario11s "superstructures" such 
as fairing and aerials. 

The aerodynamic drag of a body depends on the arrangement of 
the superstructures. Investigations show that the drag is the smallest 
when these superstructures are arranged in the middle. When they 
are brought forward, the drag grows because of the increased pres
sure on the nose, while when they are arranged near the tail it grows 
because of flow separation and an increase in the bottom rarefaction. 
The drag due to such rarefaction behind the bottom section with 
an area of S bot is determined by the magnitude of the base pressure 
coefficient Pbot = (Pbot- Poo)lqoo, hence the coefficient Cx,b,bot 

in (12.8.3') related to the characteristic area S (Fig. 12.8.1) is 

c _ Xv.hot _ --(Piwt-Poo)Shot __ -p Shot 
x,h,bot- qooS -- qooS - bOt -S- (12.8.4) 

In practical cases when calculating the drag, we can assume that 
its component due to friction does not depend on the interference. 
Hence we must only take into consideration the change in the drag 
due to the pressure of the body because of interaction with the lifting 
surfaces. If the wings and empennage are on the cylindrical part 
of the body, its drag does not change. If, on the other hand, the wings 
or empennage are on narrowing or broadening parts of the body, the 
influence of interference may be quite noticeable. The quantities 

15-055 
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Fig. 12.8.1 
To the calculation of the aerodynamic drag of a craft 

t1cx,b<w> or ~cx,b( e) can be determined by assuming the body to be 
in the pressure field of a separate panel of a lifting or stabilizing 
surface. This field can be computed according to the supersonic theory 
of a wing (see Sec. 8.3). 

Wing and Empennage Drag. When calculating the drag of separate 
wings and empennage, it is good practice to consider them as panels 
protruding above the body and fictitious parts of the lifting surface 
inside the body. The previous span of such a \Ving (or empennage) 
is retained, but its area s~ is larger. The value of Cx,w (Xw) [or 
ex. e (X e)l taken into consideration by formula (12.8.2) is determined 
by the drag of this wing without its fictitious part with an area of 
~S w under the body, 

Cx,w = (cx,w)sep (1 - t1Sw/S~) 

where (ex. w )s ep is the drag coefficient for a pair of separate panels 
computed for the value of S!, with account taken of the area under 
the body. 

The influence of interference on the drag can be taken into account 
by introducing a correction to the expression for cx.w in the form 

Cx,w = (cx,w)sep (1 - kt,wt1SwfSw) (12.8.5) 

where k1.w is an interference factor varying greatly depending on 
the arrangement of the wing on the body and how they are joined, 
and also on the shape and aspect ratio of the wing. At a small sweep 
and aspect ratio (Aw > 2) of wings smoothly joined to the body, the 
value of k1.w differs only slightly from unity. With positive inter
ference diminishing the drag, the value of k1.w is larger than unity. 

We calculate the drag of empennage panels in the same way as 
for a wing. According to the results obtained, the sum of the terms 
~cx.w + ~cx,e in (12.8.2) can be written as 
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where .2: S~,. and ~ S~ are the total areas of the panels with account 
taken of the parts occupied by the body, k 1 and k 2 are stagnation 
coefficients, (cx.wlsep and (cx,elsep are the drag coefficients for the 
separate wings and empennage calculated for the numbers M1 and 
M 2 of the flows ahead of the wings and the empennage, respectively. 

Total Drag at cya = 0. The sum of the components of the coeffi
cient ~cx.b (12.8.2') relating to the body is 

~c,_.,h = [c~.b + ~c~.b(w) + ~c~,b(e)lSmld/ S (12.8. 7) 

where we find the primed coefficients for the middle section of the 
body, while the quantity t1cx,b is related to the characteristic areaS 
of the combination being considered. With a vie·w to (12.8.6), we 
shall find a general relation for the total drag coeffieient: 

[ 
' A ' A ' ] Sm!rl Cx

3 
= Cx,b + LlCx,b(w) + LlCx,b(e) - 8-

( 1 k l'lSw ) ~ Sw k + (cx.w)scp - !.w S' S 1 
w 

( 
1 k Me ) ~ Se k + (cx.e)sep - !,e S~ -S- 2 (12.8.8~ 

According to experimental investigations, in the major part of: 
designs, interference affects the drag only slightly, and it can be 
taken into consideration by introducing a correction factor to the 
drag coefficient ~cxo (12.8.3), i.e. the summary interference factor 
ksum· Accordingly. the total drag coefficient is c~·. 1 = ~Cxoksum· 
The factor ksum depends, among others, on the speed and: altitude of 
flight, the design of the craft and of its separate elements. The value 
of this factor usually rliffers only slightly from unity and may be 
taken approximately equal to ksum ~ 1.05-1.06. 

Area Rule. Of practical interest is an estimate of the drag of 
a body-\ving combination based on the use of the area rule. According 
to this rule, the drag of the combination equals the corresponding 
Yalue for <1 separate body with the same distribution of the cross
sectional areas aE the body-wing combination. Such a ;;eparate body 
is called an equivalent body. 

When constructing an equivalent body, a body-wing combination: 
is dissected by parallel planes perpendicular to the longitudinal axis, 
and its area in the chosen section is measured. This area is considered 
to belong to an equinlent body differing from the given one in that 
it becomes convex after the place containing the leading ed:g~s 
(Fig. 12.8.2). If the :ohape of the equivalent body h<~s been determined, 
the coefficient of its wave drag can be found, for example, with th.e 
aid of integral relation (11.3.28). We evaluate the second derivative 
S" (~) in it for the equivalent body. 

15* 
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Fig. 12.8.2 
The use of the area rule for calculating the aerodynamic drag: 
1-given configuration ot a craft; 2 -equivalent body of revolution with bulging (in sec
tions I-I and II-II thr~ cross-sectional area' are identical); 3 -body of revolution with 
a minimum drag; I -configuration of an e:ruivalent body (with Inward bu](!ing) having a 
reduced drag (th 1J area; in sections III-III and IV-IV are identical) 

3 
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Fig. 12.8.3 
Dependenee of the drag coefficient of a craft designed according to the area rule 
on the number Moo: 
1 -minimum-drag body; 2 - body-wing combination designed according to the area rule; 
J- body-wing combination deaigned 1\ithout account taken of the area rule 

In the supersonic range, the above method may be employed only 
for very slender configurations with swept low-aspect-ratio wings. 
This method can also be used for unswept wings provided that 
Moo~ 1. 

Experimental investigations show that the area rule can be used 
to obtain such a design of a craft that would ensure the lowest drag 
in the transonic region. By this rule, a craft should be designed so 
that the areas of its cross sections would change along its longitud
inal axis according to the same law as for a body of revolution with 
the minimum drag (Fig. 12.8.2). 
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Figure 12.8.3 shows the experimental dependence of the drag coeffi
cient ex, a at cYa = 0 on the number Moo· A glance at this figure 
reveals that a body-wing combination designed according to the 
area rule has a lower drag in comparison with a combination designed 
without account taken of this rule. 

The use of the area rule gives satisfactory results for the nearsonic 
range 0.8 ::( Moo ::( 1.4. 

Induced Drag 

When eYa =1= 0, the additional (induced) drag is determined by 
the sum of the corresponding aerodynamic coefficients ex, 1 + Lkx,a 
[see (12.8.1)]. The induced drag coefficient ex,! for subsonic velocities, 
in turn, can be considered as the sum of the induced drag coefficients 
for the horizontal panels of the wing (ex, 1)w and empennage (ex. 1) e 

(in the absence of sideslip): 

Cx,l = (cx.l)w + (cx,!)e= (~x.l)w(S~v/S)k 1 + (~x.l)e (S;!S) k'!. 
where 

( 12.8. 9) 

(12.8.10) 

In these expressions, the lift force coefficients are found for the 
separate panels with account taken of the area under the body, i.e. 
according to their actual span. To take interference into considera
tion, we have introduced empirical coefficients that are the effective 
aspect ratios: 

(Aer)w = Aw (1 + f':...Sw/S~); (A.ede = Ae (1 ,- f':...Se/8!,;) (12.8.11) 

where Aw = 4 (s~, )w/S~; Ae = 4 (s;,,)e/S~ are tl1e aspect ratios of the 
separate wings and empennage. resprctiYely. 

At supersonic velocitirs, the induced drag coefficient ex,l = 
= X 1/(qooS) = ey a. By (12.6.64). (12.7.26), (12.7.36), and (12.7.37), 

a 
,\-e have 

Smlcl , {[(]( · K) I (k · k) <\·t.w J Cx,l = ey,]JCI. - 5- --;- w--;-- h w -- w T b w -----u-
vk a ~-+-[(K ·_T.:") -'-(k __:__7.) <'>vt.e] 

n ,ey, w s \V 1i.j. e -. w ' /1-)l e C£ 

(12.8.12) 

Let us consider the componen L of thr total drag coefficient ex, a = 
f':...X a..l(qooS) depending on the angle of attack [see (12.8.1)]. The 

value of this coefficient is determined to a considrrable extent by the 
suction ("reactive" or "pushing") force of the wings and empennage. 
When computing it account must be taken of thr change in the lift 
force of the wings and empennage because of their interaction with 
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the body. By (8.11.5), and also having in view (12.6.64), (12.7.36), 
and (12.7.37) (with account taken of the minns sign), we have 

(t1cx.et)w + (~cx.et)e = (cx,h)w + (cx.h)e 

=- [ (~)~LJ)w {[ (Kw +K~>)w + (kw + kll)w ov~.w J k1c~.wr s~ 

+ (cb~b)e { [ (K w + Kh)e + (kw + k1,)e 
6 v~,e J 

>~k2 [1-(de/daJeJc~,e}
2 ~e Ja3 (12.8.13) 

In the particular case when the controls are not deflected (6vt.w = 
= 6vt. e = 0), we have 

(~cx.et)w + (~cx.et)e 

= - { (cb~b)w [ (K w + Kh)~ k~ (c~.w)2 8
8w J 

When determining the suction force of the wings and empennage 
at subsonic velocities (Moo < 1), we can use formulas (8.11.5) and 
(8.11.6), taking interference factors for the interaction of slender 
configurations with the body such as in (12.8.13). We determine the 
suction force coefficient for the body calculated according to the 
characteristic area S in accordance with (11.5.43) in the form 

(12.8.14) 

Hence, the additional drag coefficient is 

(12.8.15) 

Many high-speed craft have wings and empennage with sharp 
leading edges, therefore the sum (t1cx.a.)w + (t1cx,a.) e = 0. 

If we take into :consideration that the suction force of the body 
forms an insignificant part of the total drag, we may consider that 
(~cx,ah ~ 0. Accordingly, the drag coefficient due to the angle of 
attack is determined by the formula ex,! = cyaa' i.e. by relation 
(12.8.12). In this relation, we may assume that 6vt.w = 6vt. e ~ 0 
for craft in which the lift force changes insignificantly upon deflection 
of the controls, and, consequently, the induced drag produced by 
this deflection is negligibly small. 
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12.9. Non-Stationary 
Characteristics 
of a Craft 

Numerical Method of Determining 
the Stability Derivatives 
at Subsonic Velocities 

The main elements of modern flying craft, especially high-~peed 
ones, are comparatively slender and only slightly bent. Hence, for 
the major part of Lhe surface. Lhe cosine of the angle between a normal 
to the surface at a given point and the longitudinal axis Ox is small, 

-~ 
i.e. cos (n, x) « 1. Using this inequality and considering the aero-
dynamic problems in a linear approximation, we can show (see 
[ 17, 18]) that when calculating the loads causing a normal fone to be 
produced, a real craft can be replaced with a schematized basic plane 
parallel to the axis Ox. The corresponding b01mdary conditions are 
projected onto this plane. Consequently, iL is assumed Lhat the aero
dynamic loads do not depend on the thickness of the crafl. According
ly, we solve the problem on determining the stability derivatives 
of a wing (see Sec. 9.8). By the adopted scheme, a craft of the given 
configuration for which we are evaluating Lhe stability derivatives 
will be represented as one basic plane. We replace this plane, in 
turn, with a system of non-stationary vortices. Figure 12. \.!.1 shows 
such a system relating to circulatory flow over the given craft. 

-~) 

ll _ _j_ _ _i_l~W\W\W\WW~~~ p=r 

p=O 

Fig. 12.9.1 
Vortex model of a flat configuration of a craft 
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We shall perform all our further numerical calculations in the 
same way as for a wing. We choose the length of the craft xb as the 
characteristic length when calculating the pitching moment coeffi
cient m 2 and the dimensionless kinematic parameter: 

mz = 111[ zl(qooS wXb), W z = Qzxb/V oo 

The wing span with account taken of the part under the fuselage 
is the characteristic length when calculating the rolling moment mx, 

and the wing semi-span is the characteristic length when calculating 
Lite kinematic parameter wx: 

mx = M xf(qoo, Sw, l), Wx = Qxlf(2V oo) 

The obtained aerodynamic coefficients are converted to the number 
Moo< 1 (a compressible fluid) with the aid of formulas (9.8.95)
(9.8. 98). 

Pitch Damping 

Let ns consider the calculation of the pitch damping coefficient 
assuming that the craft in question is moving in a longitudinal 
plane without rolling. The characteristics of damping obtained as 
a result of such calculations are helpful for appraising the dynamic 
properties of a craft. Assume that the craft is in curvilinear motion 
at a zero angle of attack (Fig. 12.9.2) in a longitudinal plane. The 
damping can be investigated by assuming that this motion from the 
aerodynamic viewpoint is equivalent to the rotation of the craft abont 
its centre of mass at a certain angular velocity. 

Owing to such rotation, the empennage and part of the body under 
it are at a certain local angle of attack ~a = Qz(XcM) eiV, where 
(xcM) e is the distance from the centre of mass of the craft to the 
centre of mass of the area of the part with an empennage, Qz(XcM)e 
is the velocity of the additional vertical flow, and V is the velocity 
of the disturbed flow coming onto the empennage. 

The angle of attack leads to the arising of a normal force of the 
tail part. Given the direction of rotation as shown in Fig. 12.9.2, 
this force acts upward, and when the direction of this rotation is 
reversed, downward. Hence, in both cases, the directions of rotation 
and of the additional damping moment are opposite. 

The magnitude of the normal force is determined with account 
taken of interaction with the body. In addition, a correction may be 
introduced into the total value of the tail normal force due to the 
additional force of the body arising because of its interaction with 
the empennage. With this in view, we have 

(12.9.1) 
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Fig. 12.9.2 
Curvilinear motion of a body-empennage combination 

where (xcM) e is a coordinate determined as the distance from the 
centre of mass of the craft to the middle of the mean aerodynamic 
chord of an empennage panel (Fig. 12.9.2), (xrM)e = Xe -i--xA + 
+ bA/2. 

The value of the coefficient cy, e is relatively :-mall and i~ us11ally 
disregarded in calculations of the total normal force codficient; 
here the additional pitching moment may Sllhstantiall~- affect the 
dynamic properties of a craft. \VP ealnilate Lhe coefficient of Lhis 
moment using the quantity 'u. e and the dislance (xp)e from the 
centre of mass to Lhe ccnlre of pressur(': 

(12.9.2) 

The corresponding rotary dPrivatins \Yith respect Lo the parameter 
Wz = Qzxb/V oo have the following form: 

c~,~ = (Ke +Ki,) c~,e V~ (XcM)e 

m:.~ =, - (K e + K 11 ) c~,e V ~ (rcM)e (xp)e 

(12 9.3) 

:( 12. D.4) 

where (xcM)el =-= (xc111)e/x 0 and (rp)e = (xp)e/x 11 ; for approximate 
calc1ilations, we can a:-sume that (xp)e = (xcM)e· 

Derivative (12.9.'1) always has a mirllls sign hrcan:-P the directions 
of the damping moment and of rotation are opposite. Formula 
(12.9.4) may be liRPd for cases wlwn the empennage is at a sufficient 
distance from the cen Lre of mass of the bod v. 

To determine the total stability derivatives for a body-ernpPnnagc 
combination, we shall use the general relations for the normal force 
and the pitch damping moment: 

Qz S 0 Qz S Q ' Qz " Q 
ell qoo m!rl•"z = Cy,IJ(/oo mid z -:- Cu,eqoo':>e z 

gz Q Q 
mz qooSmlctxh = mz,1,qooSm 1ctQzxl, -f- mz,2eqocSexllQz 
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Going over in these relations to the derivatives with respect to 
the dimensionless variable Wz = Qzxb' I' oo. we obtain 

(12.9.5) 
(i) (i) 

where cy,b and mz.f, are derivatives determined hom the relations 
(i) (i) 

for a separate body, and cy.~ and m,,~ are determined by relations 
(12.9.3) and (12.9.4), respectively. 

If when finding the normal force and pitch moment coefficients 
for the part with the empennage we choose the mean aerodynamic 
chord as the characteristic length (xb = bA,e), then the derivatives 
are calculated by the formulas 

c~2 =c:.zb+c~~eASebA,el (Smldxb) } 
(12.9.6) 

wz wz wz AS 2 S 2 mz = mz,b + mz,e' eb A,el ( mtdXb) 

where Wz,A = QzbA,eiV oo· The derivatives with respect to Wz,A 

can be found with a view to (12.9.3) and (12.9.4): 

(12. 9. 7) 

Yawing Moment 

The above method of calculating pitch damping can be employed 
for evaluating the stability derivatives of the part of the body with 
the empennage in yawing and provided that all other kinds of motion 
are absent. In accordance with this method, the stability derivatives 
for yawing are determined for a cruciform (plus-shaped) empennage 
by the relations 

(12.9.8) 

where Wy = Qyxb/V co• 

The rotation of a craft about its longitudinal axis may set up an 
additional yawing moment known as a spiral moment. This is due 
to longitudinal suction forces on the leading edges of the horizontal 
empennage. If the rotation occurs in the direction of the starboard 
empennage panel, the force on this panel is greater than that on the 
port one because of the increase in the local angle of attack. As a 
result, a positive yawing moment 11M y is produced that for relatively 
slow rotation is proportional to the angular velocity Qx· Such a 
moment is produced only at subsonic velocities (or at numbers 
Moo > 1 for empennage panels with subsonic leading edges). For 
empennage panels with supersonic edges, the spiral moment equals 
zero because no suction force appears. 



Ch. 12. Aerodynamic Interference 235 

Investigations show that when a spiral moment appears (in the 
presence of a horizontal empennage or wings), its magnitude is so 
insignificant that in practical calculations of the total yawing 
moment it is usually disregarded. 

When a craft provided with empennage having \'ertical panels 
symmetric about the body performs rotation, no spiral yawing 
moment occurs. The explanation is that the lateral forces arising 
on the panels because of snch rotation are opposite in sign. 

If there is one panel (upper or lower), the spiral moment does not 
equal zero. We evaluate this moment as follows. An additional 
sideslip angle ~appears as a result of the rotation at the velocity Qx· 
The mean value of this angle is ~ = QxYcMI V (where YcM is the 
distance from the axis to the centre of mass of the empennage area, 
approximately equal to the distance to thr m('ill1 chord bA, 
Fig. 12.9.2). The lateral force corresponding to this angle is 

~z =- (Ke + Kb) c~,e~qSe 
The moment of this force about the centre of mass of the craft is 

!!..My=- (Ke + Kb) c~,eQxYcM (xp)e qSe!V 

Upon calculating the spiral moment coefficient and the col'l'e
sponding derivative with respect to Wx = Qxlei(2V oo) related to the 
yelocity head qoo and body length xb, we fmd 

m:x = - 2 (Ke + Kll) c~,eYcM (xp)eV k; ( 12. 9. ~)) 
where YcM = YcMile and (xp)e = (xp)e/xb (here Ze is Lhe span of 
thr empennage with account taken of the body thickness). 

Roll Damping 

Method of Reduced Angle of Attack. When a craft rotates at an 
angular velocity Qx, each section of a horizontal panel has an addi
tional velocity ~ Vy = -Qxz that is variable along its span 
(Fig. 12.9.3). We can calculate the average value of this velocity as 
T7 y.av = -Qx (zcM) e• where (z,_;M) e is a coordinate of the centre 
of mass of the panel area. Such an additional crossflow corresponds 
to an increase in the angle of attack of the starboard panel by the 
magnitude ~a = - Vy,aviV = Qx (zcM) eiV oo and a decrease in 
its value for the port panel by the same amount (these \'alues of the 
angles of attack are called reduced). Consequently, normal forces !:!..Y 
equal in magnitude, but opposite in sign, arise on both panels: 

~Y = + c~,eKeq (Se(b)/2) Qx (zcM)e!V 

where S e(b) is the area of the empennage panels with account taken 
of the part under the body (fuselage). 

The corresponding normal force coefficient is 
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Fig. 12.9.3 
To the definition of the reduced angle of attack method 

(12.9.10) 
- a where Wz = Qxlei(2V oo), (zcM)e = (zcM) ell e• and Cy,e is a coeffi-

cient determined for the separate empennage panels. 
By (12.9.10), the rotary derivative of the rolling moment coeffi

cient (the roll-damping derivative) is determined by the expression 

m~x = 11M xl ( qooSe(b)Zeffix) = t1 Y (zp) r.e(b)/ ( qooSe(bJlewJ 

= - c~.eKe V k 1 (zcM)e [r m + (1- rm) (zp)q>,e(b>l (12.9.11) 

where rm = 2rlle, (zp)<r.e(b) = [(zp)rr,e(b)- r]/(0.5Ze- r). 
By halving the magnitude of the damping derivative found with 

the aid of (12.9.11), to a first approximation we can determine the 
corresponding value of the damping moment coefficient derivative 
produced by a vertical panel of an asymmetric empennage of an 
aircraft. Here, evidently, all the calculations must be performed with 
a view to the configuration and geometry of the panel. 

With a cruciform ("+" or "X") arrangement of a craft, the value 
given by (12.9.11) must be doubled, and, in addition, a correction 
factor must be introduced into it that takes the interaction between 
the panels into consideration. 

Let us consider the nature of interference. Let us assume that 
a pressure difference producing a normal force has appeared on the 
upper and lower sides of a horizontal panel. The increased pressure 
on the upper side of the horizontal panel extends partly to the inner 
side of the upper vertical panel, and the rarefaction on its lower 
side, to the inner side of the lower vertical panel. As a result, an 
additonal rolling moment due to the vertical panels is produced 
that is opposite in sign to the moment due to the horizontal control 
surfaces. Hence, the total rolling moment diminishes. Investiga
tions show that the decrease can be taken into account by introduc-
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Fig. !2.9.4 
To the determination of the rolling moment rotary derivatives 

ing a correction factor x to the magnitude of the rolling moment 
dne to the deflection of the cruciform controls awl calculated without 
considering interference. The factor x can be found as a function of 
rm = rlsm = r/(0.5le) by the approximate formula 

x = 1 - exp ( -4.5rm) (12.9.12) 

applicable for Lhe values of rm from 0.4 to 1. When rm ~ 0.4, we 
may assume x = 0.75. Accordingly, for a cruciform empennage 
configuration, the rotary derivative is 

(12.9.13) 

Rotary ,Derivatives m~J and m~z. The rolling moments arising 
because ot rotation of a craft about its centre of mass at the angular 
velocities QY and Qz are called spiral moments. Let us eonsider the 
calculation of the rotary derivatives of the coefficients of these 
moments determined by the values of m~ 1 and m~z (where wy = 
= Qyxb!V OOo and Wz = Qzxb/V oo). 

When a craft rotates about its centre of mass at the angular veloci
ty QY (Fig. 12.9.4), a wing panel acquires the additional linear veloc
ity ~ V = QylcM (where lcM is the distance from the centre of mass 
of the craft to that of the panel area). With a positive value of QY, 
t,his velocity is directed forward at the starboard panel and back
ward at the port one. The longitudinal components of the additional 
velocity ~ V x have the same direction. Accordingly, the velocity of 
the flow over the starboard panel grows, and over the port one di
minishes. Simultaneonsl v, the angles of attack change. This change 
for a panel can be evaluated by the mean increment of the angle of 
attack t1a for a section passing through the centre of mass of the 
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cross-sectional area. Inspection of Fig. 12.9.4 reveals that 

~a = + [Qy (zcM)e/V] a 

(this angle is positive for the starboard panel and negative for the 
port one). 

The change in the angles of attack causes the arising of additional 
normal forces of the opposite sign on the starboard and port panels: 

~ Y a = ± c~,eKeq ( Se(b)/2) QY ( ZcM)e a/V ( 12. 9.14) 

The coefficients of these forces are 

~cy.a = ~Ya! (qo,,se(b)/2) = ± c~.eaKe Vkl Wy (z-CM)e le (12.9.15) 

where (zcM)c = (zcM)eiZe and l;;1 = lelxb. 
We can use the quantity ~y a computed by (12.9.14) to determine 

the rolling moment coefficient: 

mx.a = t1 Y a(Zp)<p,e(b)/[ qoo (Se(b)/2)ele] 

= - c~.eaKe V k 1 Wu (zcM)e le (zp)tf,e(b)/ le (12.9.16) 

The corresponding mixed derivative is 

m:'] = - 0.5c~,eKe VkdzcM)e le [rm + (1 - r m)(zp)rr.e(b>l (12. 9.17) 

This derivative at a positive angular velocity QY is always nega
tive. 

In addition to longitudinal flow, the rotation of a craft at the 
angular velocity QY also produces an additional crossflow at the 
velocity ~ V z = QY (xcM)e at the sideslip': angle; ~~ = ~ V ziV = 
= QY (xcM)eiV (Fig. 12.9.4). Sideslip is attended by the rolling 
moment ~lvJ x,l3 whose coefficient is 

13 13 -
m,·,[\ = ~M x.(') (qooSe(b)le) = mxQy (xcM)efV = mxWy (xcM)e (12.9.18) 

where (xcM)e~ = (xcM)e/xb is the dimensionless coordinate of the 
empennage centre of mass. 

The corresponding rotary derivative is 

(i) 13 -
mx~l3 = mx (xcM)e (12.9.19) 

We can find the derivative m~ with the aid of expression (12.5.11) 
determining the rolling moment coefficient mx depending on the 
sweep and dihedral angle, the body-wing interference, and also the 
shape of the panels. 

Hence, the total rotary derivative is 

(12.9.20) 
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If the horizontal panels producing a spiral moment belong to a cru
ciform empennage, then wh( n computing the rotary deriYatin' mC:u 
one should take inlo con.~ideration all four panels by introducing 
the correction faclor x (12.9.12) into (12.D.20): 

('12. 9. 21) 

The vertical panl'Js of an empennage produce a spiral moment \Vhen 
they rotate about the latcl'a1 axis Oz at lhe ang1dar wlocity Qz· 
For a craft with a cruciform empennagE', lhe rotary dPrivatiyc of 
the coefficient of this moment is determined in accordance with 
aerodynamic symmetry by the ex pression 

(12.9.22) 

The vertical empennage can also produce a spiral moment npon 
rotation about the vertical axis Oy at the velocity QY if it is not sym
metric. This moment is caused by the additional lateral force ~ZB 
arising on the lower or upper panels in sideslip at the angle ~~ = 
= QY (xcM) eiV: 

(12.9.23) 

Multiplying this quantity hy the coordinate of the centre of pres
sure (yp)qJ. P(b) = (zp)q, e(b>• we obtain the spiral rolling momPnt 
f:!..Jl!J x,(3· 

The corresponding coefficient of this moment is 

mx.l3 = ~M :r.BI [qoo (Se(b)/2) SmJ 

=- c~,eKeqQY (Xc:M)e (zp)<r,e(b/ (qoosmV) (12.9.24) 

Dearing in mind that the dimensionless kinematic parameter 
u> 11 = Qyxb!V oo, we obtain the derivative 

m:;"il ~ - c~,eKe V~ (.:TcM)e [rm + (1- r mUzr;)rr.e(b>l (12.9.2.1) 

Application of the Results 
of Calculating the Wing 
and Body Derivatives 

The stability derivative of a craft consisting of a combination of 
a body of revoh1tion and a ~wing (empennage) can be calculated as 
the snm of the relevant dPriYatives found for the separalP bodies of 
revolntion and wings by u~ing the interference faclors. 

We shall proceed in om calculations from tbe a~sumption lhat the 
interference factors I<"' and I< b obtained for a steady flow are the 
same as for unsteady flow. Accordingly, any aerodynamic charaeler
istic (cy, m_,, m 2 ) for ~uch motion of a lJOdy-wing (Pmpennag<') combi-
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nation can be written in the form of a series: 

3 

+(Kw+Kb) 2j (c:iq;+c~iq;) (12.9.26) 
f==i 

. . . . -
(i = 1, 2, 3; q1 =a, q2 = Wx, q3 = Wz; q1 =a, q2 = Wx, q3 = Wz), 

The subscript "b, w" signifies the aerodynamic coefficient of the 
entire combination, while tho separate subscripts "b" and "w" stand 
for the corresponding coefficients of the separate body or wing. In 
accordance with (12.9.26), the part of the body under the wing 
(empennage) producing an additional normal force because of inter
action with a lifting surface is considered as the part of the wing 
(empennage) under the fuselage (body). Such a wing with a part 
under the body whose span is l = 2sm has a normal force, the coeffi
cient of which by (12.9.26) is 

(12.9.27) 

where c~:w and c~~w are the stability derivatives for a separate 
wing whose span is l = 2sm. 

When using relation (12.9.26), we shall as~ume that sideslip of 
the crafL is absent, and the rolling moment coefficient and its deriva
tives for a body (of revolution) are zero. Accordingly, (12.9.26) yields 
the following relations for the stability derivatives of a craft consist
ing of a body and a wing (empennage): 

c~,b,w=C~,b+(Kw+Kv)c~,w t 
C~,b,w=C~,b+(Kw+Kb)c~.w ) 

w wz K K w Cy,zb,w = Cy,b + ( w + b) Cy,zw 

(12.9.28) 

(12.9.29) 

(12.9.30) 
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(12.D.31) 

(12.9.32) 

The calculation of the stability derivatives for the unsteady motion 
of separate wings (empennage) is treated in Chap. 9, and for slender 
bodies, in Chap. 11. It is shown in these calculations what reduction 
centre the derivatives are related to. \Ve already know that for 
a wing we can choose its vertex or the beginning of the mean aerody
namic chord as its rednction centre, and for a body, its centre of 
mas:-J or tlte front point of its nose. 

Therefore, when using expressions (12.9.28). (12.V.29), (12.9.31), 
and (12.9.32), the stability deri\·atives for separate wings (empen
nage) and a body are recalcnlatPd in accordance with the new point 
of reference for the entire craft. Snch conver~ion is oLYiously not 

needed for the stability derivaLives with respect to C•), and ~x (for 
rolling) because of coincidence of the longitudinal axes about which 
the rolling moment JI x is evaluated for a separate wing and for the 
craft as a whole. 

\Vhen converting the derivati\·es to a ne\\- reducliou centre, one 
should me formulas (9.3.7) and (9.3.8). Figure 1:2.D.5 shows points 
0. 0 1 , and 0 2, wl1ich are tiL! rwlttclion centre.-; for Lite craft as a whole, 
for the separate body, and sl'parale wing. respc•clively. Points 0 
and 0 1 are usually the centres of mass of the craft and body. Let 
x1 = x 1 1x 1, and x 2 = x 2

1xb be the dimen~ionle"s distances from 
centres 0 1 and 0 2 to reduction centre 0. In accordance with 
Fig. 12.9.5 and formulas (9.3. 7) and (9.3.8), in which the sign of 
x = .x':1 has to be reversed, we ha\'e the following relations for a body: 

- -a. a. 
Cy,1 =Cy,b 

. . . - - -a a. a- a a a-
mz,1,b = 11'Lz,b + Cy,bXI, 71'~z,l,b = mz,b+Cu,hX! 

1G-U5:i 

} 

l 
j 

(12.9.33) 

(12.9.34) 
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Fig. 12.9.5 
To the conversion of the stabil
ity derivatives for a body and 
wing (empennage) to the reduc
tion centre 0 of a craft 

o, J 

The corresponding formulas for a wing are: 
. . - -a a 

Cy,t,w=Cy,w 
. . . 

(l)z (l)z 0:. - wz 00 z a -
Cy,l,w = Cy,w + Cy,wXz, Cy,t,w = Cy,w+ Cy,wXz 

} (12.9.35) 

(12.9.36) 

When computing the total derivatives of a craft from their cor
responding values for the separate body and wings, one must take 
into account that all these derivatives have to be related to the same 
geometric characteristics. We usually take the length xb of a craft 
and the wing planform area as the characteristic for the pitching 
moment coefficient mz of a craft; when evaluating the kinematic 

parameterS eX, Wz and ~Z' We USUally take the Same length Xb aS 
this characteristic, i.e. 

mz,b,w=Mz.b.w/(qooSwxb), ~=(da/dt)xb/Voo l (f? g 3 ( . -· . 7)1 
Wz=Qzxb/Voo, ~z=(dQzfdt)xfi/V~ J 

Let us assume that the length xb and the area of the middle section 
Smid are the characteristics for the body, while the mean aerodynam
ic chord bA and the area S w are those for the wing. Accordingly, 

mz,b = Nl z,b/ ( qooS mid xb)' rib= (da/dt) xb/V oo l (12.9.37'} 
Wz,b = Qzxb/V oo, ~z.b = ( dQzf dt) xt!V oo J 

mz.w = lVIz,wl(qooSwbA), aw = (da/dt) bAIV oo ~ (12.9.38) 
OJz,w = QzbAiV oo, Olz,w = (dQzfdt) bi,/V~ J 
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Assuming that the aerodynamic coefficients and the correspond
ing stability derivatives of the body and wing are related to the same 
reduction centre, we obtain the following equation for the sum of 
the moments Jllz,b,w = Jlz,b + Jfz,w: 

mz,b,wqooSwxb = mz,lbqooSmidxb + mz,twqooSwbA 

whence the total pitching moment coefficient is 

(12.9.39) 

The corresponding relation for the derivative with respect to the 
angle a has the form 

(12.9.39') 

Let us consider the expression for the component of the pitching 
moment due Lo longitudinal rotation at the angular velocity Q 2 : 

() 

Jiz,!b = m~".zlllqooSnllctxbQz, 

Summation yields 

CU 7 , \\' I + rnz,-lw qooSwiJ A (Qzb AI V oo) 

Hence it follows that the derivative of the craft is 

(12.9.40) 

\Ve shall write the expressions for the oLlter aerodynamic coeffi
cients and their derivatives in a similar way. Here we obtain the 

derivatives m~,tb• m~, 1 w, m~'h~· and m~t~v for the body and wing 
in formulas (12.9.39') and (12.9.40) by co{lVersion to the correspond
ing reduction centre with the aid of relations (12.9.33)-(12.9.36). 

Rotary Derivatives of a Craft 

The rotary derivatives of craft of the body-wing-empennage type 
(see> Fig. 12.6.3) in pitching are determined from Lhe parameters 
obtained for pitch damping of the empennage. By analogy with 
(12.9.3) and (12.9.4), with account taken of stagnation, we fmc! the 
rotary derivatives of the wing and part of the body under it (c~.'w, 

m~~;,, with substitution of the subscript "w" for ''e"). In the calcula
tions, the quantities (xcM)w and (xp)w may be assnmed to be iden
ticaL 

16* 
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When determining the stability derivatives for the section with 
an empennage, one must take into account the wash of the flow behind 
the wing. The wash angle is 

e = -(dsjda)e Qz (xp)w/V' 

With a view to the wash angle, the lift force coefficient for this 
section is 

(K K ) a [ Qz (xp)e _ Qz (xp)w ( !:!_) J _q_ ~ 
Cy,e = w + b e Cy,e V T S " 1' da e qoo w 

where V' and Tn' are the velocities ahead of the wing and empennage, 
respectively, and q = PooV"2/2. 

Taking into consideration the values of k1 = (V' IV oo) 2
, k 2 

= (V"/V oo) 2 and calculating the derivative with respect to Wz = 
= Qzxb!V oo. we obtain 

c~\ = (Kw + Kb)e c~,e l (xp)e v~- (rp)w(k2/ V~) (ds/da)el SeiSw 
(12.9.41) 

The corresponding derivative of the damping moment coefficient 
calculated from the wing area S w and the body length xb is 

[(xp)e Vk2- (xp)w (kj Yk1) (ds/da)el se (xp)e!Sw (12.9.42) 

The total rotary derivatives of a body-wing empennage combina
tion are 

~ 
wz wzs IS , wz wz ) 

mz = mz,b mid w I mz,w + mz,e 

(12.9.43) 

The rotary derivatives for the separate body in this formula are 
found using the linearized theory (see Sec. 11.6). 

When performing calculations according to the above procedure, 
one should take into account that the expressions for the derivatives 
of the coefficient cy are suitable for arbitrary distances between the 
centre of mass and the panels. If the centre of pressure of one of 
them coincides with the centre of mass, the corresponding lift force 
vanishes. As regards the damping moment, its action manifests itself 
in this case too. At the same time, formula (12.9.42) yields a zero 
value of the derivative, but this does not correspond to reality. 
To obtain more accnrate values of the damping coefficient for the 
wing (empennage), one should use the data in [13]. 



13 
Friction 

13.1. Boundary Layer Equation 

Let ns consider the steady plane flow of a viscous compressible 
fluid over a curved surface. The Navier-Stokes differential equations 
employed for studying this motion have the form of the first two 
equations in system (3.3.10). Performing the s11bstitntions div V = 
= 8Vxi8x + 8Vy'8y and £ 2 -= 0.5 (8V)8y + 8V1/8x) in them and 
assuming that the partial derivatives 8V:j8t anrl 8V1/Dt equal zero, 
we obtain 

V oV, + V aV, = _ .!._ . !!..!!._ ~ __i_ . 8 { [ 2 rJV" ) 
X ax y Dy p Dx ' p Dx ~ Dx 

2 (aT'" r7V,, }]} , 1 rJ [ ( arx av,, )] 
-3 ox + DiJ -:- p-· rJy ~ --;;/;: + 8!1 

av u oru 1 a P 1 a { [ av Y rl V --+V --=--·-+-·- ~ 2-.\: ax y rJy p rJy p oy r)y 

2 ( aT·. al',, ) l} t a [ ( av av,, ) J 
- 3 ax' + rJ~ _ + p · ~ ~ ay' + ~ ) (13.1. 1) 

Let us consider the flow of a ll11id with a low viscosity, i.e. with 
low values of the coefficient v cc=: ~~fl. A glance at (13.1.1) reveals 
that if the viscosity is a significant feature of a flow, then the mltlti
pliers of v should be large eno11gh to compensate the low valnes of v. 
In a free flow, the int1uence of stagnation due to the friction forces is 
not great, hence the changes iu the velocity in the directions deter
mined by the derivatives 8V)8x, 8Vxl8y, etc. are small. Consequent
ly, the multipliers of v are small, and \Ve may disregard the te~ms 
taking into consideration the influence of the friction forces in the 
equations. This leads us to the conclusion that a free flow can be 
investigated on the basis of Euler's equation for an ideal ( inuiscid) 
fluid. As the flow approaches a surface, the action of the viscosity 
on the change in the velocity manifests itself to a greater and greater 
extent. For this reason, the term~ containing v may not be disregard-
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Fig. 13.1.1 
Diagram of a boundary layer: 
1 - boundary layer; 2 - edge of the 
boundary layer; 3 -surface in the 
flow 

X 

! ,"a 

I 
----1 

ed, and the Navier-Stoke equation (13.1.1) must be used to study 
such a viscous flow. This is the first statement of the boundary layer 
theory. 

The second statement consists in the possibility of simplifying the 
N avier-Stokes equations when studying the flow of a fluid in a bound
ary layer characterized by the small thickness 6. Let us consider 
the derivation of these simplified equations of a bonndary layer 
based on determination of the order of the terms in (13.1.1) and 
their comparison. 

In accordance with our assumption on the small thickness of the 
boundary layer, we shall presume that 6 ~ L, where Lis a char
acteristic length, for example, the length of the body in the flow 
(Fig. 13.1.1). Since for the coordinate y of a point in the boundary 
layer we have the inequality 0 ::( y ::( 6, then y and 6 are of one order 
of magnitude. The second coordinate x determining the distance 
along the boundary layer has the order L (x ~ £). If we introduce 
the symbol V 6 for the velocity at the edge of the boundary layer, 
then the order of the velocity V x at an arbitrary point of the bound
ary layer with the coordinate y will be V x ~ V 6 . 

To determine the order of magnitude of the second velocity com
ponent, we shall use continuity equation (2.4.50'), from which it 
follows that 

0 
V ,_,_1 \ a(pV,_) d 

Y p J ax Y 
0 

We shall assume the order of the density p to be equal to the den
sity p 6 at the edge of the boundary layer. To find the order of the 
derivative a (pVx)lax, we shall take advantage of the following 
condition: along the surface over a distance of the order of the char
acteristic length £, the quantity p V x can Yary by a value of the 
order of PoVo (for example, from 0 to p 6V6), i.e. in the given case 
t1 (p V x) ~ p 6 V 6 • Since we have assumed that ~x ,_, L, we have 

(13.1.2) 
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Consequently, 
(13.1.3) 

We determine the order of the derivatives in (13.1.1) by analogy 
with (13.1.2). For example, 

8Vx'Bx~ 1'6/L, oVy!ox ~ (V 06/L) (1/L) = V65/£2, etc. (13.1.4) 

\Vith a view to these results, let us consider the first equation 
(13.1.1). The order of the terms on the left-hand side of this equation 
is as follows: 

VxiW)ox--VoWo!L)=V~ 1L } 

VyoVxloy"" (V65/L) (Vo/6) =VAIL 
( 13.1.5) 

Examination of (13. 1.5) reveals that both terms have the same 
order. 

For the terms on the right-hand side of the equation that take 
into consideration the friction forces, we find 

_1_. ~ ( f1 aT-"')~__~::_. __!i_ _1_, ~ ( ft av,,) _ J:.. ~ 1 
p OX ax p u p ax oy p £2 I 

1 2 , 
f (13.1.6) 

_1_,~( arx) ~__i::_,_!i _1_. __!!____ ( ft avy) _ ..1::... 5. 
p ay fl oy p 6" p oy ax p £2 I 

3 4 I 

It can be seen from (13.1.6) that since 6 « L, the first, second, 
and fourth terms have higher orders of smallness and they may be 
disregarded in com paris on with the third term. 

The order of the term (1/p) oplox is determined from the Bernoulli 
equation (3.4.11). Excluding the potential function U (thus assum
ing that the force of gravity, i.e. the weight of the gas, does not 
affect motion) and performing differentiation, we find the equation 
V dV = -dp/p. This equation, evidently relating to the boundary 
layer edge where friction is negligibly small, can also be written as 
(1/p) iJp/ox = - V oV/ox. Hence it follows that the quantity 
(1/p) op/ox has the order of V&!L. 

If we consider a flow appreciably affected by viscosity, we must 
presume that the term taking viscosity into account, i.e. 
(1/p) a (~t 81' xfoy)/oy, has the same order as all the other terms, i.e. 

_1_.~ (fA. avx) ~ v6 
p ay ay L 

Hence, insteadJof the first equation (13.1.1), w? hav 
1 

V oVx+V oVx = __ 1 .op0 +_1 ·~( oVx) 
x ax Y ay p ax p oy fA.. ay 

( 13.1. 7) 

( 13.1.8) 
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Let us consider the second equation (13.1.1). We determine the 
order of the terms similarly to the first equation: 

av 11 av11 1 a P 4 a ( av" ) Vxax+V 11 ay- = -p-·ay+3p"·ay !lay 

v Z<'~fL2 <~fp)V 0/(LO) 

2 a ( av x) 1 a ( av x) 1 a ( av 11 ) - 3P 0 ay !l ~ + p . ax fl Ty + p 7ii !l ax ( 13.1. 9) 
~----------- ~-------

(~/p)V 0/(LO) (ll/P)V 0/(L6) (ll/P)V 06fL3 

The last term on the right-hand side of (13.1. 9) may be disregarded 
because it has a higher order of smallness than the other terms that 
take viscosity into consideration. To determine more accurately 
the order of the other terms that take viscosity into account, let us 
determine the order of the quantity ~-tiP = v. To do this, we shall 
use the found relation (13.1. 7). The order of the quantity on the left
hand side of this relation is determined by the third expression in 
(13.1.6), hence ([tip) V 6162 ~ V~L, whence we find the order of the 
kinematic viscosity 

(13.1.10) 

As a result, we obtain the order of the remaining terms on the right
hand side of (13.1. 9), that take the viscosity into consideration: 

([tip) V61(L6) ~ (V6621L) V 0I(L6) = VS61£2 (13.1.11) 

The quantity (1/p) (}play evidently has the same order. Accord
ingly, the order of the ratio of the gradients (}play and (}pl(}x is 
determined by the value of 6/L, i.e. the gradient (}play~ (}plax. 
Therefore, to a reasonable accuracy, the second equation of the 
system (13.1.1) may be replaced with the equation 

(}play= 0 (13.1.12) 

According to this expression, the pressure in a boundary layer in 
the direction of a normal to the wall does not change and equals the 
pressure p 6 on the edge of the boundary layer. It follows from the 
above that a thin boundary layer does not affect the pressure distri
bution. The result obtained is the content of one of the important 
hypotheses of the boundary layer theory, namely, of the hypothesis 
on the absence of the influence of a boundary layer on the free stream. 
According to this hypothesis, the pressure distribution over the 
surface of a body in a flow when a boundary layer is present can be 
computed on the basis of the Euler equations for an ideal (inviscid) 
fluid, while the shear stresses can be found proceeding from the 
simplified equation (13.1.8). This equation, which is the fundament
al one in the boundary layer theory, is known as the Prandtl equa
tion. 
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Such calculations with the aid of the Enler and Prandtl eqllations 
may be performed as long as the thickness of the boundary layer is 
small in comparison with the dimensions of the body in the flow 
and, consequently, as long as the hypothesis on the absence of the 
influence of the boundary layer on the free stream holds. On remote 
parts of a surface where the thickness of the boundary layer is large, 
this hypothesis may not be applied, and viscous i1ow must be calcu
lated on the basis of the general ~a vier-Stokes equations. 

The Prandtl equation (13.1.8) includes the dynamic viscosity ~t, 
which in the general case is a function of the pressnre and tempera
ture. For a given cross section of the boundary layer, characterized 
by a constant pressure p 6 , the q1tantity ~~varies along the thickness 
of the layer as a function of the temperatnre T. This also relates 
to the density p. Hence, to find solutions for ~t and p, we have to 
know the function T(y). To determine this function, we must use 
an energy equation in the form of the last equation of system (3.3.10). 

Like the N avier-Stokes equation. the energy equation for a bound
ary layer can be simplified. The relevant transformations for deriv
ing a simplified energy equation are given in Chap. 14. We shall use 
the equation obtained in the form of (14.2.5') corresponding to the 
absence of any other kind of heat transfer except for heat conductance 
in the boundary layer. If we assume in this equation that the Prandtl 
number equals nnity (Pr = 1). it acquires the form of (14.2.6). 
Evidently, one of the possible integrals of Eq. (14.2.6) will be the 
equality i 0 = const reflecting the condition of constancy of the total 
enthalpy of a gas particle, i.e. the condition (14.2.2) 

i 0 = i + T'i:'2 = const (13.1.13) 

We can show that this equation corresponds to the condition of 
the absence of heat transfer at the wall, i.e. to the case of a thermally 
insulated surface. Indeed, assuming that i = c}JT and differentiating 
(13.1.13) with respect toy, we find 

c]l aT/ay + Vx DV)oy = o 
Since when y-+ 0 the velocity l' x-+ 0, it is obvious that the 

derivative oT/oy-+ 0 too (there is no temperature difference), which 
proves the absence of heat transfer aL the wall. Consequently, instead 
of the intricate energy equation in the form of (14.2.5') we shall nse 
the simple equation (13.1.13). 1\; aturally, such a form of the energy 
equation does not correspond completely to the real nature of mo
tion of a viscous gas in a boundary layer and yields approximate Yal
ues for the parameters determining this motion, particularly for 
the shear stress. The results obtained, however, are acceptable for 
practical calculations of skin friction. 

The Prandtl equation, and also the equations of continuity, state, 
and energy form a system of equations of a compressible boundary 
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layer: 

V.aVx+V 8Vx= __ 1_,dPb+_1_,.!_( av,.) } 
X OX y !Jy p dx p !Jy fl !Jy 

o(Vxp) 1ox+o(Vyp)/oy=O; p6=RpT; i+V:I2=i0 

(13.1.14) 

Here in the equations of flow and state, the pressure p has been 
·replaced in accordance with (13.1.12) with the quantity p 6 • In the 
energy equation, the instantaneous value of the enthalpy is i = 
= cPT, and the stagnation enthalpy i 0 = cpT0 • 

The obtained system of equations is suitable for studying a laminar 
boundary layer. When solving it, one must satisfy the boundary 
conditions on the surface of the body in the flow and the conditions 
of the continuous transition of the parameters in the boundary layer 
to the corresponding values on the edga. Here the solution makes it 
necessary to asymptotically fulfil the conditions on the edge. There
fore, the boundary conditions for the velocity are 

Vx = Vy = 0 at y = 0; Vx = V 6 (x) at y--+ oo (13.1.15) 

The density and temperature in (13.1.14) can be expressed in 
terms of the velocity in the boundary layer. 

It follows from ( 13.1.13) that 

consequently 
cPT + Vil2 = c"T 0 

T = T 0 (1 - ll~/V~ax) 

( 13.1.16) 

(13.1.17) 

Using the equation of state p = pRT in which the pressure p 
for the boundary layer is taken equal to its value p 6 at the edge of 
the layer, we obtain an expression for the demity: 

p = P61(RT) = (PoiRTo) (1- Villl:nax)-1 (13.1.18) 

Since the stagnation temperature is 

To = To (1 - ll8W:nax)-1 

and the density at the edge of the boundary layer is 

Po= P61 (RTo) =Po (1- VaiV:nax) 11<" -t> 
we have 

P = Po ( 1- V~lll:nax) ( 1- Y~ ll~axt1 

= Po ( 1 - l'~lll:nax) ~<I<"- 1 
> ( 1 - V~!V~axt1 

(13.1.19) 

(13.1.20) 

(13.1.21) 

The obtained equations allow us to calculate the parameters of 
a boundary layer without account taken of the physicochemical 
transformations occurring at very high flow velocities when the gas 
in the boundary layer is heated to very high temperatures. Conse-
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quently, these equations hold for comparatively moderate velocities 
when the temperature in the boundary layer does not reach high 
values. Diminishing of the flow velocities reduces the influence of 
eompressibility and heating of the gas in the boundary layer. 

For an incompressible two-dimensional plane bonndary layer, the 
system of equations has the form 

V av x + V oY'x = __ 1_. dp,1 _j_ ,, a2r ~· } 
X OX y oy p dX ' oy 2 

(13.1.22) 
8Vxl8x+8Vyl8y=O; 1'6 2+Po Po=const 

These equations are integrated for the boundar~· conditions given 
by (13.1.15). 

13.2. Generalized 
Boundary Layer Equation 

Differential Form of the Equation 

Let us derive an equation of a steady boundary layer in the gene
ralized form suitable for studying both a laminar and a turbulent 
three-dimensional axisymmetric flow with a view to the physico
chemical transformations occurring at l1igh temperatures. 

We shall consider in the boundary layer an elementary thoroid
shaped particle with an inner radius of r. a width of dx, and a thick
ness of dy (Fig. 13.2.1). We shall replace the action of the surround
ing flow with forc"s of the pressure and shear stress. Since we are 
considering a thin boundary layer, w2 can assume that at each point 
of the cross section passing through the given point A, the pressure 
is the same and equals its value Po at the edge of tl1e layer. Therefore 
the force dne to the pressure on the left face of the ring in the direc
tion of the x-axis is 

P = p 0 dS = 2nrp 0 dy (13.2.1) 

L:>t Px be the force acting on the right face with the same area 
dS = :2nr dy . Since the pressure p 0 is a function of the coordinate x, 
i.e. p 6 =Po (x), then the force P = P(x) Accordingly, the right 
side experiences the force P . .., = P(x + dx) or, because we have 
chosen the coordinate x = 0 for the cross section being considered, 
Px = P (dx). Expanding this function into a Taylor series and 
disregarding infmitesimals of the socond and higher orders, we obtain 

Px = P (0) + (8P/8x) dx = 2m·p 6 dy 

+ [8 ('2nrp 0 dy)/8x] dx = 2rtr [p 6 + (clp 6 /dx) dx] dy 

The excess force acting in the direction of the x-axis is 

P - Px = -2nr(dp 6ldx) dx dy 

(13.2.'2) 

(13.2.3) 
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Fig. 13.2.1 
To the derivation of the generalized equation of a boundary layer 

The friction forces applied to a particle are computed in accordance 
with the reciprocity principle of shear stresses (Fig. 13.2.1). The 
friction forces acting on the front and rear areas prodnce no compo
nent onto the x-axis. Such a component is due to the shear stresses 
on the inner and outer surfaces of the ring and equals F x- F, where 

F x = F (y + dy) = F (y) + (fJF!ay) dy 

= 2nn; dx + [fJ (2nn dx)!ay] dy; 

F = F (y) = T dS = 2nn dx 

here T is the friction stress on the inner surface of the ring. 
Hence, the excess friction force acting in the direction of the 

x-axis is 
F x- F = 2n [a (n)/ay] dx dy (13.2.4) 

For the particle being considered, the product of its mass (density X 
volume) and acceleration is 

-2nrp (dV xldt) dx dy (13.2.5) 

The sum of this quantity and of the forces acting on the particle 
in the direction of the x-axis is zero. i.e. 

- 2nrp (dV xldt) dx dy - 2nr (dp ~/dx) dx dy 

+ 2n [a (n)/ay] dx dy = 0 

Assuming that the total acceleration dV )dt = v X av xlax + 
+ Vy fJVxlay, we find 

pr (V X av )fJx + Vy av xlay) = -r dp{j!dx + {} (n)/ay (13.2.6) 

Equation (13.2.6) is called the generalized boundary Jayer equa
tion in the differential form. 

When studying a turbulent boundary layer, the averaged values 
of Vx, Vy, p, and p 6 have to be taken, while the shear stress is deter
mined from the expression 

T = ([1 + ftt) fJVxlfJy (13.2.7) 
in which ftt is the turbulent viscosity. 
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The quantity ~lt can be considered as an analogue of the dynamic 
viscosity ~L of a laminar Yiscous flow. Evidently, for snell a flow ~lt = 0, 
the shear stress T = 11 av )iJy. and Eq. (13.2.U) becomes 

pr ( V /'~~' + v/~~T) =-r a:: ~- ;Y ( r~L a~>) (13.2.8) 

In the general case, \Vhen a gas experiences physicochemical 
transformations Hilder high temperatnres, tlw valne of the coefficient 
~~ varies along the thickness of the boundary layer. \Vhen these 
transformations are absent, the quantity ~tis assumed to be constant. 
VVhen irwestigating a boundary layer near a Hat contour. the quanti
ty r has to be eliminated from Eq. (13.2.8). 

Integral Relation for a Boundary Layer 

\Ye shall transform generalized equation (1~L2.U) into a relation 
of a different form that is widely Lrsed in practical calculations of 
a boundary layer. For this end, we shall write the lefl-hand side of 
(13.2.G) in the form 

(l' aF"+V ar_,.) rm·~ I D(l'xl'u) l' ol'x 11 D'Vu] pr '- -=or!-~ - .-- -
X OX if i)y ' L i},y ' dy ,\ U.T .~ i)y 

\Ve calculate the deriYatiyes in the continnity equation (2.4.48) 

v 8 (pr) ' 81' ~· ' T' 8 (pr) . al·,, - ( J 
x ---;;-;- --;- p r iJ :r --;- · Y 0 Y _j_ p 1 --;-;y - . 

Hence 
F av " ( , , ) 

-prVx o;x:r -orV _Y --l'"~-1-l' V D\pr 
U ' X rJy ·- X 0:1' ' X y-----ay 

Accordingly, 

(v il'Vx 1 ,. av") av~ BW.Yu) 
Pr -- l' -· =Or -+or---

x oX I y oy ' ox ' dy 

y2 8 (pr) 1 V V 8 (pr) __ 8 (prV~) + 8 (prV xV!i) + X oX I X y oy - OX oy (13.2.9) 

We introduce this expression into (13.2.6): 

o(prVi) o(prVxVy) dp0 iJ(n) ---.,.----+ = -r- -~- --
dx dy dx ' oy 

By combining this expression with the continuity equation in 
the form of 

we find 

v
6 

o(prV") +Vo o(prVy) 
dx oy 

8 (prl'~) _ 8 (prV xV11 ) = r d Po _ 8 (n) 
dX ~ dx oy 
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or 
a ar6 a; [prV x (V6- Vx)J- prV x ax 

+ ~ [prV (V - V .)] = r dp6 -a (n) 
ay Y 6 -~ dx ay 

Integration with respect to y between 0 and {) (within the limits 
of the boundary layer thickness) yields 

0 0 ,. a · av J Tx[prVx(V0 -Vx)]dy- ~ prVx dx6 dy 

o _o~--~---
2 

6 0 0 
= 1 dp 0 \' a (n) d J r dx dy -- J ay y J

. a + -- [prV,1 (V6- V,)] dy ay . . 
0 ~0~~---

4 5 
0 

3 
(13.2.10) 

We transform the terms in (13.2.10): 
ll 6 

> a T d r 
1. ~ a;fprVx(vll-Vx)]dy= d:i J prVx(Vo-Vx)dy 

0 0 

ll 

-[prVx(V6-Vx)]y~o ~~ = :x ~ prVx(Vil-Vx)dy (13.2.11) 
0 

The expression over the brace equals zero because at y = {) the 
quantity V x = V 6· 

6 6 

2 r T av 6 a av ll c a • J pr l x dx y = dx J pr V x y 
0 0 

6 ll 
a ( - a r 

=a;; Vo j prVxdy)-V6dx J prVxdy 
0 0 

0 

3. I :y [prVy (V6- v x)J dy= [prVy (VIl- v x)lr=~ = 0 
0 

(13.2.12) 

( 13. 2.13) 

because at y = {) the value of V x = V 6 , while at y = 0 the 
velocity V Y = 0. 

0 ll 

4. 1' r dpo dy = dp6 \ r dy 
J dx dx • 

(13.2.14) 
0 0 

(13.2.15) 
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By taking these results into consideration, \Ve can write
Eq. (13.2.10) as 

(13.2.16); 

After cancelling and assuming that for a small thickness of thee 
boundary layer the coordinate r may be approximated by the coordi
nate r0 of the corresponding point on the surface in the flow (see 
Fig. 13.2.1), we obtain 

6 0 

a r P2 d , l' a r 1' d o dp<) -- dx J provx Y-r 6"7fi J pro -~ y-ro dx =roTw (13.2.16') 
0 u 

This generalized equation, obtainerl by von Karman, is kno\Yn as 
the integral relation of a boundary layer. It allows one to determine 
directly the shear stress Tw on a wall, which is associated with the 
practical problem of determining the friction drag. The use of the 
integral relation for this purpose presumes that the nature of the 
velocity distribution over the thickness of the boundary layer, i.e. 
the form of the function 1'., = V x (y), is known. 

The solution of Eq. (13.2.1G') must fulfil the condition on the edge 
of the boundary layer where at y = 0 the velocity Vx = V 6 . This 
velocity and the pressure p 6 , which are known parameters, are cal
culated by solving the Enler equations for an ideal (inviscicl) flow 
over the body. The quantities V x• 0, and T are unknown. Hence, 
relation (13.2.1G') must be supplemented with two more unknown 
equations relating the indicated unknown parameters. The integral 
nature of Eq. (13.2.16') makes it possible to nse these equations in 
the approximate form. Particularly, it is sufficient to set a quite 
approximate relation for the velocity V x to obtain a result acceptable 
in practice because the velocity V x is inside the integral, and when 
the latter is evaluated, the error diminishes. 

Conditional Thickness 
of the Boundary Layer 

Let us \vrite integral relation (13.2.16) in a different form. To do 
this, we shall replace the last two terms on the lefL-hand side \vith 
a Yiew to relation (13.2.12), and by using (3.f).3) ,,-e shall write 
dp 6/dx in the form 

(13.2.17) 
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The result is 

or 
6 6 

:x J prVx(V6-Vx)dy+ d:2 J r(p
6
V6-PVx)dy=r0Tw (13.2.18) 

0 0 

We shall write this equation in the form 
6 

:x J. 2nrpVx (V0 - Vx) dy 
u 

6 

+ d~6 ) 2nr (p6 V6 - pV x) dy = 2nr0Tw 

0 

(13.2.18') 

The first integral in (13.2.18') determines the decrease in the 
momentum transferred through the area 2nn5 due to stagnation of 
the flow in the boundary layer. Let us introduce the concept of the 
momentum thickness 6* *-the conditional thickness of a layer con
fining the area 2nr06* * through which the momentum 2nr06* *p 6 V~ 
is transferred in unit time at the constant velocity V 6. This quantity 
equals the indicated decrease in the momentum, i.e. 

(j 

2nr06**p
0
V5= J 2nrpVx(V6-Vx)dy 

0 

Assuming inside the integral that r ~ r0 , we find 
(j 

6** = r ...e.... • ..!:2:.. ( 1 - v X ) ay J Po v6 v6 
0 

(13.2.19) 

The second integral in (13.2.18') determines the difference between 
the flow rate through the area 2nr6 for a flow of an inviscid gas 
6 (j 

J 2nrp 6 V 6 dy and for a flow of a viscid fluid i 2nrp V x dy. 
0 0 

This decrease in the flow rate is due to stagnation of the flow in 
the boundary layer. Let us introduce the concept of the displace
ment thickness 6*, which in an in viscid flow is the conditional thick-
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ness of the layer confining the area 2nr06* through which an amount 
of fluid equal to the above-mentioned decrease in the flow rate flows 
in unit time and at a constant velocity V 6 at all points on the sur
face, i.e. 

ll 

2nr06*p
6
Vo= ~ 2nr(p6V~-pl1x) dy 

0 

Assuming that r = r 0 , we find 
ll 

6* = ) ( 1- :6 . ~~) dy (13.2.20) 
0 

It can be seen that expressions (13.2.19) for 6** and (13.2.20) 
for 6* do not contain the quantity r; consequently, the conditional 
thicknesses for a three-dimensional boundary layer to a first approx
imation are determined in the same way as for a two-dimensional 
layer. For an incompressible flow, it is necessary to assume that 
p = p 6 = const in the above expressions. The introduction of para
meters such as the displacement thickness 6* and the momentum 
thickness 6* * reflecting definite physical properties of the boundary 
layer allows us to obtain more effective methods of solving the 
problem on the flow of a viscid fluid in a number of cases. With the 
aid of these parameters, particularly, we can obtain a differential 
equation in a form that is more convenient for calculating the bound
ary layer near curved surfaces (see [ 19, 20]). 

Let us consider an application of the concept of the displacement 
thickness 6* to aerodynamic investigations. It is clear from physical 
notions that a boundary layer, as it were, displaces an external 
in viscid flow, moving its streamlines away from the surface. The 
thickness 6* may be considered as a quantity determining the mean 

.displacement of thesf' streamlines. Hence, the external flow, as it 
were, passes over a surface obtained from the actual surface of a 
body by adding to it a hypothetic layer with a thickness of 6*. The 
distribution of the velocities and pressures in the external flow should 
be evaluated as if it flows over a new surface belonging to the ficti
tious thicker body. Accordingly, the use of the concept of the displace
ment thickness allows us to take into account the influence of the 
boundary layer on the parameters of the external flow. 

13.3. Laminar Boundary Layer 
on a Flat Plate 

Let us consider the calculation of the boundary layer on a flat 
plate in a compressible flow. The solution of this problem is of major 
significance in the theory of a viscous flow. The boundary layer para-

17-055 
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meters obtained as a result of such calculations are used in practical 
cases for an approximate estimate of the parameters of a viscid flow 
near surfaces not only close in shape to a plate, bnt also differing 
appreciably from one, for example, near bodies of revolution. At 
the same time, as shown below, the found formulas for calculating 
the parameters of an incompressible and compressible boundary 
layers on a flat plate are similar in appearance. 

We shall use an integral relation for a flat plate. It is obtained 
from Eq. (13.2.18) provided that r is deleted from it and the deriva
tive dV 6 /dx is taken equal to zero because the velocity of the free 
stream along the plate does not change. Hence 

(13.3.1) 

Let us transform (13.3.1) to the new variables ~and f] introduced 
by academician A. Dorodnitsyn [21]: 

X 

s = ) I (x) dx; 
0 

y 

fJ = ) g (x, y) dy 
0 

(13.3.2) 

where I (x) and g (x, y) are functions selected with a view to the 
condition that the transformed integral relation for a compressible 
boundary layer must be close in form to the relevant relation for an 
incompressible fluid. The integration of such a relation is a simpler 
task. 

Applying (13.3.2), we shall write Eq. (13.3.1) in the form 

Tlij 

all a j a11 +-·- pV (V6-V )-=T . ax al'J X X g W 

0 

where fJ 6 is the value of fJ corresponding to the edge of the boundary 
layer. 

In this equation 

because at the wall when fJ = 0, the component V x == 0, while at 
the edge of the layer when fJ = fJ 11 , its value is V x = V 0 • For this 
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reason, (13.3.1) can be written as 

'l6 
a r a11 _ fdf: J pVx(Vo-Vx)g--Tw (13.3.3) 

0 

For the integral (13.3.3) to coincide with the corresponding expres
sion for an incompressible medium, we must assume that p/g = 
= const. Since according to (13.3.2), the function g is dimensionless, 
this constant can be taken equal to the stagnation density, i.e. 
p/g = Po· Consequently, 

y 

l'] = r J?.... ay 
J Po 
0 

Hence, for ( 13. 3.3), we have 
1) 

d
dt \ Vx(Vi\-Vx)dl'J=Tw-fgw 
" J wPw 

ll 

In this equation, the right-hand side is 

'tw gw 'tw Pw 1 
{);. I w = Pw • Po . f w 

(13.3.4) 

It follows from (13.1.21) that the density at the wall is 

Pw = Po (1 - VUV~ax) = poT 11/T o = PoPoiPo (13.3.5) 

whence 

Consequently, 
'rw gw 'tw Pi\ 1 
Pw • fw = p;;. Po • J;; 

With this expression in view, we have 
T]i\ 

_!:_ \ V x (V 0- V x) dl'] = ~ '.B, · -
1
-

d\; J Pw Po fw 
0 

Let us assume here that Pol Po= f w• i.e. 
X 

~ = \ l!.2._ dx = .B_ X 
J Po Po 
0 

Accordingly, 

no 

:£ ~ V x (V 6- V x) dl'] = ~: 
0 

17* 

(13.3.5') 

(13.3.6) 

(13.3.7) 
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Equation (13.3. 7) coincides in form with the relevant boundary 
layer relation for an incompressible medium in the coordinate 
system ~, fJ. Consequently, to solve the integral relation in such 
a form, we can use the method employed in the theory of the boundary 
layer of an incompressible fluid. This method provides for presetting 
the distribution of the velocity V x over the cross section of the bound
ary layer, which has to be known when using the integral relation. 

Let us consider a laminar boundary layer for which the integral 
relation has the form 

flo 

d~ ~ v X (V 6 - V..~) dfj = flw ( aav X) ;, J Pw Y y=O 
0 

ftw ( av x ) ( a'YJ ) 
= ""P; 811 TJ=O ay y=O 

(13.3.8) 

In the theory of a laminar boundary layer for an incompressible 
fluid on an arbitrary surface, Paulhausen proposed the third-degree 
polynomial function v x('Yl' ~): 

v X = a(~) + b(~} ll + C(~) fj 2 + am fj3 (13.3.9) 

The coefficients a(~), b(~), c(~), and am of this polynomial 
are determined from the boundary conditions, which must be satisfied 
by the velocity. According to the boundary conditions at a wall, 
i.e. at fJ = 0, the velocity V x = 0. Hence, the coefficient a = 0. 
Examination of the first equation of system ( 13.1.14) transformed 
to the variables ~' f] and related to the conditions on a flat plate 
(dpt,ldx = 0) reveals that at the wall where Vx = Vy = 0, the 
derivative 

(82V xl8f] 2)'1=o = 0 

From (13.3.9), we have 

82 v xl 8f]2 = 2c + 6df] 

(13.3.10) 

(13.3.11) 

whence upon fulfillment of condition (13.3.10), the coefficient c = 0. 
Hence, 

(13.3.12) 

To determine the coefficients b and d, we shall use the boundary 
conditions at the edge of the boundary layer. At fJ = flo• the velocity 
component Vx = V 6 , therefore 

v 6 = bY] 6 + df]~ (13.3.13) 

At the edge, the shear stress is (Tw)'l=no = 0. 
By Newton's formula T = fl av xlay, the derivative (aV xi8YJ)'I']=TJo = 

= 0. With this in view, we obtain from (13.3.12) 

(aV xlafl)'l=no = b + 3dfJ5 = 0 (13.3.14) 
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This simultaneous solution of (13.3.13) and (13.3.14) relative to 
the coefficients b and d yields 

1 v6 d---·-
- 2 'Y]~ 

Consequently, for the velocity distribution, we have 

v =[_1_.2 ___ 1 (2) 3]v. 
x 2 'YJo 2 'YJo " 

We introduce this expression into (13.3.8): 

'16 

:£ ~ ( + v 6 Tj: - + v 6 ~; ) 
0 

(13.3.15) 

( V 3 'Y] 1 V Tj 3 
) d 3 Vw V 6 Pw X 6--V0-+- 6- f]=-·--·-

2 'YJo 2 T]g 2 'Y]o Po 

By evaluating the integral and performing differentiation, we 
obtain the equation 

dTJA _ 280 VwPw 
df -13. VoPo 

Upon integrating with the assumption that along the plate 'Vw = 
= const and Pw = const, we obtain 

Assuming for the initial point of th~ plate that the thickness 
f] 6 = 0 at ~ = 0, we find C = 0. Therefore 

1]6 = 4.64 -. / VwPw ~ 
V VoPo 

(13.3.16) 

Taking into consideration formula (13.3.5) for Pwlp 6 and expres
sion (13.3.6) for ~. we obtain 

'1'16 = 4.64-. /vwx. !!.2_ • Pw = 4.64 1!..2....-. /vwx (13 3 16') 
'

1 V V 6 Po Po Po V V 6 ' ' 

We find the thickness of the layer from the expression 

o n6 

6 = ~ dy = .\ ~0 df] 
0 0 
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Taking into account (13.1.21) and that V x = V 6f]/f] 6, we shall 
write p0/p in the form 

Po Po (1- V~/V~ax) (1- Vg/V~ax)-1 /(k-1 ) (1- V~/V~ax) 

p = Po (1- V~/V~ax) = 1-VAfV~ax 

Po ( V~ ) . Po ( vg 'YJ
2 

) = Pi: 1 - v~ax = Pi: 1 -- v~ax. 'YJS 

To replace Vx, we used a simpler relation in which the velocity 
depends linearly on the function fJ instead of (13.3.15). When deter
mining the thickness of a boundary layer, this does not produce 
appreciable errors, but does facilitate the simplification of the calcu
lations. Accordingly, 

Q6 2 2 

6- ..P.2. I ( 1-~. Y) dfl - ..!!.!_ ( 1-~) 'YI11 
- Pi\ J V~ax 'YJ& - Pi\ 3V~ax 

0 

= ..£.2. [1- _!_ + ( 1- ,~5 ) .!_] flo=..!!..£.. ( ~+ .J:.L) 'Y111 
p 0 3 v max 3 Pi\ 3 3T 0 

Introducing into this expression the value of f] 6 from (13.3.16'), 
we find 

6 = 4.64 [2/3 + T6/(3T0)] V 'Vwx!V i\ 

We shall write the coefficient 'Vw in the form 

'Vw = ~ = ~. !lw • ...!!.2._ = 'Vi\ ( T w ) n ~ • ...£Q_ 
p", Po !lo Pw T11 Po Pw 

=vi\ ( Tw )n.fQ.,}!.Q_='Vi\ ( Tw )n ~ 
T11 Po Pi\ T11 To 

(13.3.17)' 

Since we are dealing with a thermally insulated wall on which 
for the adopted value of Pr = 1 the gas temperature is 

( vg ) - 1 ( k -1 2 ) Tw=T0 =T6 1-~ =T6 1+-2-Mo 
max 

(13.3.18) 

then, consequently, 
_ (!..2._)1+n_ (1 k-1M2 )1+n 

'Vw- 'Vo Ti\ -vi\ + -2- i\ ( 13.3.17') 

Accordingly, 

6 = 6com = 4.64 ( 1 + k 3 1 M~) ( 1 + k 
2

1 M3 )cn- 1
>
12 Vr ~: (13.3.19) 

Assuming here that M 6 = 0, we obtain a relation for the thick
ness of the boundary layer in an incompressible fluid: 

61c=4.64Yvi\x/V6 (13.3.19') 
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or in the dimensionless form 

61c = 61c/ L = 4.64 (x! ReL) 112 

where x = x/L, and ReL = F 6L/v6• 

The ratio of the thicknesses is 

{J~~cm = ( 1 + k -;-1 M~} ( 1 + k 2 1 M~ t+ 1)/2 

( 13.3.19") 

(13.3.20) 

Compressibility can be seen to increase the thickness of the boundary 
layer. The explanation is that the gas being compressed becomes 
heated upon stagnation, as a result of which its viscosity grows, 
and a greater thickness of the gas is affected by it. 

We determine the shear stress at the wall by Newton's formula 
\Yith a view to (13.3.15) and (13.3.4): 

( av x \ ( av x ) ( B!J ) 
Tw = flw --;;y) y=O = ftw arj 'I']=O ay !J=O 

3V0 Pw 3V6 P~ 
= flw 21'Jo • p;;- = 'Vw 21]6 , p;;-

Let us insert into this expression the value of llo from (13.3.16') 
and substitute P6lp0 for Pwlp 0 : 

_ 3 V0Pw l/ VwVo 
Tw-2' 4.64 -X- (13.3.21) 

Inserting into (13.3.21) the value of vw from (13.3.17') and taking 
into account that 

Pw Po Po Po To Pw =Po-· -=Po-·-= Po-
Po Po Po Po To 

(13.3.21') 

we obtain 

- 0 323 l'a V Vo ( !..2._ )(n-1)/2 
Tw- • Po 0 v T 

0x o 
(13.3.22) 

or with a view to Eq. (13.3.18) and the symbol for the local Reynolds 
number Rex = V 6x/v 6 , we have 

_ _ 2 -. /-1- ( k-1 2 )(n-1)/2 
Tw-(Tw)com-0.323poVIl V Rex 1+ - 2-Mo 

For an incompressible fluid (M 6 = 0) 

(Tw)1c = 0.323p6V~ V 1/Re.x 

The ratio of the shear stresses is 

(13.3.22') 

(13.3.23) 

('tw)com = ( .J.L)(n-1)/2 =: ( f + k-1 M~ )(n-1)!2 
('tw)ic To 2 u (13.3.24) 

It follows from relation (13.3.24) that with an increase in the 
number M 6 or with elevation of the temperature in the boundary 
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layer the shear stress, notwithstanding the increase in the viscosity, 
diminishes (n < 1). Thi& is due to the dominating influence of the 
density Pw on the friction. The density, as can be seen from (13.3.21'), 
decreases with elevation of the temperature T w = T 0 , and, conse
quently, the ability of the gas to withstand shear diminishes. 

Let us determine the local friction factor: 

( ) 
= 2(Tw)com=O 6461 / 1 { 1 +k-1 M 2 )(n-1);2 

Ct,x com Po V& • J' Rex 2 ll 

For an incompressible fluid (M 6 = 0), we have 

(cr.x)1c = 2 (Tw)tcl(pllV~) = 0.646 V 1/ Rex 

(13.3.25) 

(13.3.26) 

The ratio of the local friction factors is the same as that of the 
shear stresses (13.3.24): 

(?'x)lom = ('t(w)c)om = ( TTo )(n-1)/2 = ( 1 + k-2 1M& )(n-1)/2 (13.3.27) 
Cf,x lc 'tw IC 6 

Let us calculate the friction drag of a plate. The elementary value 
of this force acting on an area of dx · 1 is 

dXr,com = (Tw)com dx · 1 

The total friction drag on one side of a plate with an area of L ·l 
(L is the length of the plate) is 

L 

Xr.com = ~ (Tw)com dx 
0 

The coefficient of this force is 
L L 

(13.3.28) 

( ) X f. com 1 r ('tw )com d 1 I ( ) d 
Cx,f com= (PoV6/2) L·1 = T J PllV5/2 X= r J Cf.x com X 

0 0 

(13.3.28') 

Introducing into (13.3.28') the value of (cr,x)com from (13.3.25), 
we obtain 

L 

(cx.r)com = 0.646 ( 1 + k 21M~ rn-1)/2 1 l v ;bilX dx 
0 

Integration of this expression yields 

( ) - 1.292 (1+k-1M2)(n-1)/2 (13329 
Cx,f com- yReL 2 ll · ' ) 

where the Reynolds number based on the length L of the plate is 

ReL = V oLivo 
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For an incompressible fluid 

(c.,,t)lc = 1.292/V ReL (13.3.30)· 

Let us see how the conditional thicknesses of the boundary layer 
are determined. We find their values for an incompressible flow from 
the expressions 

ll ll 

6** = I' v X ( 1 - ..!::i_) dy; 
• Vo Vo 0* = i ( 1- ~=) dy (13.3.31~ 
0 0 

We introduce into these expressions the ratio V xiV 6 proceeding 
from velocity distribution law (13.3.15): 

(13.3.32)-

Integration yields 

Nc* = o.146,c; 6tc* = o .. 3766 1c (13.:3 .. 33} 

where 6 1c is determined from (13.3.19'). 
To take into account the influence of compressibility on 6**, let 

us consider Eq. (13.3.1), from which for p = const we find 

d6'fc*ldx = 0.5cr,x (13.3.34} 
X 

whence 6{c*=0.5 .\ cr,xdx, or 6tc*=0.5cx.tX (cx.l is the mean. 
0 

friction factor on the part of the plate from 0 to x). In accordance· 
with this result, the ratio 6~o*m/6'fc* is the same as (13.3.27): 

t'l~;lll = (cx.t)com = ~~ 1 +k-1JtJ2)(n-1)12 ~** ( ) ') 6 vic Cx.f ic ~ 
(13.3.35} 

The ratio of the conditional displacement thicknesses is determined 
by analogy with (13.3.20): 

6~~m=t'lcom=(1 k21M8)(1+k-;1M't)(n-l)j2 (13.3.36} 
t'lic t'ltc 

13.4. Turbulent Boundary Layer 
on a Flat Plate 

Use of a Logarithmic Velocity 
Distribution Law 

To solve the problem on determining the parameters of a turbulent. 
boundary layer on a flat plate in a compressible fluid, we shall use· 
integral relation (13.3.7) in the variables ~' 11, in which it is the 
same in form as for an incompressible fluid. 
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When determining the law of distribution of the velocity V x 

in the boundary layer, which we have to know for computing the 
integral in relation (13.3. 7), we proceed from formula (1.1.10). 
Taking the averaged value of the velocity component V x = V x• we 
.shall write this formula as 

T = pl2 (8V xf8y) 2 

whence 8V xf8y = (1/l) v T/p. 
According to Prandtl, the mixing length is 

l = ky 

(13.4.1) 

(13.4.2) 

where k is a proportionality constant, and y is the distance from 
the wall. 

Accordingly, aVxlay = (1/ky) v T/p, whence 

(13.4.3) 

where C 1 is a constant determined from the flow boundary conditions 
in the boundary layer. 

Let us transform (13.4.3), using the variables f] (13.3.4) and s 
·(13.3.6). To facilitate transformations, we shall introduce the func
tion 

(13.4.4) 

where V ll = V il/V max· 
We replace the density pin (13.4.3) with its value from (13.1.21): 

p= p0 (1- V3)";<k-!) (1- V~tt (13.4.5) 

where V" = V xiV max· 
We use (13.3.4) and (13.4.5) to write the differential dy in (13.4.3) 

in the form 

dy = (p0/p) df] = (1- V5t";<k-l) (1- V~) df] (13.4.6) 
Let us now consider the transformation for the mixing length 

{13.4.2). Academician A. Dorodnitsyn [21] adopts k = 0.3914, 
i.e. equal to the value of this constant near the wall for a boundary 
layer in an incompressible fluid. But near a wall we can assume that 
Vx :::::::: 0, and by (13.4.6), we have 

y ~ ( 1- J!~ t";<k-1) f] ( 13.4. 7) 

Introduction of relations ( 13.4.4)-( 13.4. 7) into ( 13.4.3) yields 

V _ - 1 -. (8 (1- V3)kf(k-1) (1- V~) 
X- J k'Y] (1- V&)-kf(k-1) v (1-- V5)k/(k-1) 

1 (1-V2)3'2 
X (1- V3t"f<k-l) (1- V~) df] + Cz = J k'Y] X ve df] + Cz (13.4.8) 
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where C 
2 

is a constant determined in accordance with the boundary 
conditions for the variable 'I'J· 

The quantity kf]/(1 - Tr~)312 , which we shall designate by T, 
corresponds to the mixing length l in (13.4.1). Since it is customary 
practice to find this length according to the constant k for the condi
tions near the wall, where V x ~ 1, we have 

l ~ kf] ( 13.4. 9) 

which exactly coincides with the adopted law for the mixing length 
in an incompressible flow. Hence, 

r ve 
Vx= J kf]dYJ+C2 

The derivation of the velocity distribution law being considered 
is based on the hypothesis that the shear stress is constant over the cross 
section of the boundary layer, in accordance with which T = Tw = 
= const and, consequently, 0 = Ow = const. Therefore, 

Vx= V8w \ ~+Cz 
k •. 'Y] 

or 
V x = ('VElw/k) ln f] + C2 (13.4.10) 

Relating this equation to the conditions at the edge of the bound
ary layer, where at 11 = 11 6 we have V x = V 6 , we obtain 

v6 = (VElw/k) ln 'YI6 + Cz (13.4.11) 

Combining (13.4.11) with (13.4.10), we find 

Vx- v6 = (VElw/k) ln (llhlo) (13.4.12) 

In the above form, the equations for V x express the logarithmic 
distribution of velocity over a cross section of a boundary layer. Equa
tions (13.4.10) and (13.4.12) according to their derivation hold only 
near a surface, i.e. in the vicinity of the laminar sublayer. Such 
a layer forms directly at a wall, which prevents mixing (turbuliza
tion). This phenomenon of the decrease in turbulization near a wall 
is described by formula (13.4.2), by which at a wall (when y = 0) 
mixing stops. An assumption was introduced in [21] according to 
which the velocity distribution inside the turbulent core of a bound
ary layer can be represented on the basis of logarithmic law (13.4.10) 
with the aid of the equation 

(13.4.10') 

where the quantity f(f]lf] 6) is Dorodnitsyn 's correction to the loga
rithmic law. 
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The correction f (f]/f] 6) is a universal function not depending on 
the Mach number or the velocity V 6 . In other words, as for a laminar 
boundary layer, we assume that the velocity distribution does not 
depend on the compressibility in the coordinates f], ~. 

Assuming in (13.4.10') that the variable 'I'] = f] 6 , we find the 
velocity at the edge of the boundary layer: 

V6 =(Vew/k) [lnfJi\+C2 +/(1)] (13.4.'11') 

By (13.4.10') and (13.4.11'), we have 

Vx- V11= ("Vew/k) F (YJ/fJII) (13.4.12') 
where 

(13.4.12") 

A calculation of the parameters of a turbulent boundary layer 
based on Eq. (13.4.12') containing Dorodnitsyn's correction is also 
given in [21]. Without altering in principle the scheme of solving 
the problem on the determination of these parameters, to simplify 
this solution we can consider the possibility of using a conventional 
logarithmic law without introducing the above correction, i.e. as
suming that the function F (f]lf] 0) = ln (fJ/f] 6). Calculations show 
that the numerical coefficients in the obtained expression for the 
boundary layer parameters differ somewhat from the data in [21]. 
This difference is quite permissible if we take into consideration 
the general nature of the approximate calculations. 

The equation for the velocity corresponding to the adopted lo
garithmic law in its conventional form (13.4.12) can be transformed 
by expressing the thickness fJ 6 in terms of 8w. For this purpose, let 
us consider Eq. (13.4.12) as applied to the conditions at the edge of 
the laminar sublayer, where at f] = f] Jam the velocity at this edge 
is V x = VIa rn: 

(13.4.13) 

To determine the thickness of the laminar sublayer f] Jam and the 
velocity V Jam at its edge, we shall use von Karman's equation, which 
we shall write as follows for a variable y: 

61am = CXf.-lw/V PwTw (13.4.14) 
where we take the coefficient a the same as for an incompressible 
fluid, and equal to 11.5 (according to experimental data). 

Let us transform Eq. (13.4.14) to thenewvariable fl· The quantity 
Olam 

6 1am = j' dy, or with a view to (13.3.4) and (13.1.21) 
0 

TlJam 

61am = (1- V~tk;(k-i) j' (1- V~) df] 

0 

(13.4.15) 
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l\ ear a wall, V x << 1, therefore 

6 ~ (1 - v-~)-"-f<k-1) 'Yl 
lam~ u ·•lam ( 13. 4.16) 

\\'e obtain an expression for Twin (13.4.14) from (13.4.4): 

T _ 0 P (1 - v-2 )kf(l'-1) w- wo 6 (13.4.17) 

\".'e find tlte density at the wall from (13.4.5), assuming that 
vx = 0: 

Pw =Po tt- V~ )"l<k-1> (13.4.5') 

We introduce (13.4.16), (13.4.17), and (13.4.5') into (13.4.14): 

(13.4.18) 

We can determine the quantity 0w in this expression by Newton's 
formula Tw = flw (iJV xloy) 11=o· Having in view the small thickness 
of the laminar sublayer, we can assume for it a linear velocity distri
bution V x = V1amY1fl lam• according to which Tw = f!w V lamlfllam• 
whence V lam = (Twlftw) fJ lam• or with account taken of (13.4.16) 
for fl 1am and (13.4.17) for Tw, 

(13.4.19) 

Substitution for lllam of its value from (13.4.18) yields 

(13.4.19') 

We introduce the value of llJam from (13.4.18) and Vlam from 
(13.4.19') into (13.4.13): 

V-8 -V __ V8w l ( CXfAw 1 ) a w 6 k n ,/ ·-
Po Y 8w 116 

whence 

YJo= aV,. exp(kV6/V8w)exp(-ka) 
Po 8w 

(13.4.20) 

Let us introduce the parameter 

z=kV6/Vew (13.4.21) 

and designate the constant quantity a exp ( -ka) by A. Hence, 

tlo Vew = ez AftwiPo ~ 13.4.22) 

We use integral relation (13.3.7), into which we introduce the 
value 

(13.4.23) 

that is obtained from (13.4.17) and (13.4.5'). Simultaneously in 
accordance with (13.4.12), we perform the substitution: 

(13.4.24) 
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The result is 

_ _c!_ 16 (vo+ vew lnl) vew lnl=e 
dl;; J k l'Jo k l'Jo w 

0 

or 

~( Vo V~ 7ln_.:!!__d )+~(~ ~{ ln2_..1_d )=8 
dl;; k J l'Jo fl dl;; k2 .J l'Jo fl w 

0 0 

(13.4.25) 

Here we evaluate the integrals in the explicit form: 

7 ln _..1_ dfl = flo (· ln _..1_ d ( _..1_) = - flt'l l 
j l'Jo J l'Jo l'JO 
0 0 ~ 

~0 1 I r l n2 _..1_ dfl =flo r ln2 ....!L d ( _..1_) = 2flt'1 
J l'Jo J l'Jo l'Jo J 
0 0 

(13.4.26) 

Accordingly, 

-- ~ [flo vkew ( - v 0 + 2 ~a;; ) J = e\\' 

We introduce the value of flo Vew from (13.4.22) and ew from 
(13.4.21): 

k2V2 
_ _c!_[ez Af.Lw (-Vt'\+2~)]=-o 

dl;; kp0 z z2 

We divide both sides of the equation by A [1wl(p 0k): 

_c!_ [r ( 1 -2) J -= Poka • ~ 
dl;; z A!J.w z2 

(13.4.27) 

Differentiation yields 

ez ( 1 _ ~ ) ~ + ez _!_ .. ~ = k
3
Po V o 

z dl;; z2 dl;; A!J.wz2 

Dividing both sides of the equation by 

ez (1 - 2/z) + ez2/z2 = ez (1 - 2/z + 2/z2
) 

we obtain 
dz k3p0 V 0 e-z 

df = A!J.w 'z2 (1-2/z+2/z2) 

or 
d(z2eZ) p0V 0k3 1+2/z 

dl;; = Af.Lw "1-2fz+2fz 2 
(13.4.28) 
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Investigations show that at large Reynolds numbers the quantity 
(1 + 2/z)/(1 - 2/z + 2/z2

} ~ const '-= 1.38, consequently, 

d (z2ez) = 1.38p0 Vok
3/(A~tw} (13.4.29) 

Assuming that k = 0.3914 and a c-o= 11.5, we fmd the constant 
quantity 

(13.4.30} 

Consequently, 
(13.4.31} 

Assuming that z = 0 at ~ = 0, after integration we find 

z2ez = (0.656p 0 Vi\/~tw) ~ 

By (13.3.6), we have 

(13.4.32)· 

~ = (pi\/p 0 ) x = (1 - V6)k/(k-1)x (13.4.33} 

By also taking (13.4.5') into consideration, we obtain 

z2e= = 0.656pw V 6xl~w (13.4.34) 

We can express the ratio Pwl~w by (13.3.17) as follows: 

(1- Vg)n+l 
Pw = _1 ( TTb )n TTo = _1 ( TTo )n+l = (13.4.35) 
f.tw Vo w o Vo o Vo 

Substituting (13.4.35) into (13.4.34) and also introducing the 
notation Rex = V 6x/v 6 , we have 

z2ez = 0.656 (1 - V6)n+ 1Rex (13.4.36) 

The value of z found from (13.4.36) allows us to determine the 
shear stress. To find how Tw depends on z, let us use relations (13.4.5') 
and (13.4.21): 

T = k2Vg (1- V2)Rf(R-1) = k2Vgp6 (1- v2) = k2Po vg . !.2.. 
w z2 Po i\ z2 i\ 2 2 T 

0 
(13.4.37) 

The local friction factor is 

C = 2Tw = 2k
2 
(f- V2 ) = 2k

2 
• _!j_ 

f .x Po V8 z2 i\ z2 To (13.4.38) 

"hence 

z = k V 2 (1- V5)1cr,x (13.4.39) 

'' ·l ·ing the logarithm of expression (13.4.36), we obtain 
-' ';:_LJ I! 

ln z + z = (n + 1) ln (1 - V3) + ln Rex + ln 0.65o 
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Introduction into this equation of the value of z from (13.4.39) 
yields 

-or 

2ln r k v 2 (1- V3) !cr.x J + k 1/ 2 ( 1- V~)lcr. X 

= (n + 1) ln (1-V3) + ln Rex+ ln 0.656 

k V 2 (1- V3)1cr.x = ln (Rexcr.x) + n ln (1- V3) + C3 

where C3 = ln 0.656- 2ln (k V2). 
Assuming that k = 0.3914 and going over to common logarithms, 

we obtain 

0.242 v 1- vg I v Cf.x =log (RexCr.x) + n log (1- V~) + 0.33 

(13.4.40) 

Taking into account the expression 1-Va = ( 1 + k 
2 

1 M8) -i 
.and designating cr.x by (cr.x)com• we find 

tl.242 = v--1-+----;-k--;--1.,...-M-S 
V(cr.x)com 

X {log[Rex (cr.x)c 0 m-n log ( 1+k 2
1 MA) +0.33} (13.4.41) 

Formula (13.4.41) corresponds to the expression obtained in [21] 
on the basis of a logarithmic law with account taken of Dorodnitsyn 's 
correction; on the right-hand side of this expression the numerical 
·Coefficient is 0.15 instead of 0.33. This difference, however, does 
not appreciably affect the value of (cr.x)com· 

A glance at (13.4.41) reveals that the local friction factor of a plate 
decreases with an increasing number M 6 • This result, suitable for 
a plate, may not be obtained when considering the boundary layer 
near a curved surface owing to the influence of the longitudinal 
pressnre gradient on the flow in this case. 

The friction factor in formula (13.4.41) is computed by successivB 
.approximations. In a first approximation, the factor Cf.x = 
= (cr.x)~~~ can be found for a given ratio T 6 /T 0 by (13.4.38) as
suming that z ranges from 10 to 12. Introducing this value of 
(cr,x)com into the right-hand side of (13.4.41), we find the value of 
cr.x = (cr.x)~~~ as a second approximation. This result can be 
refined by introducing the value of Cr.x = (cr,x)~~~ into the right
hand side of (13.4.41) and again calculating the value of Cr,x = 

( )
(3) = Cf, x com· 

The total friction factor for a plate with account taken of compres
sibility is determined by formula (13.3.28') by numerical integra
tion with the use of expression (13.4.41) for (cr.x)com· 
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For an incompressible fluid, we find the local friction factor from 
(13.4.41), assuming that M 0 = 0: 

0.242/ V (cr.x)JC =log [Rex (cr.x)lcl + 0.33 (13.4.42) 

To determine the thickness of the boundary layer, one should use 
formula (13.4.6) by which 

1]6 

6=(1-VA)-k/(k-1) I (1-T'~)dll (13.4.43) 
0 

Power Law of Velocity Distribution 

To establish the law of velocity distribution over the section of 
a turbulent boundary layer and determine the relation for the shear 
stress on the surface of a flat plate, we shall take advantage of the 
analogy with a viscous incompressible flow in a circular pipe (Fig
ure 13.4.1). Let us consider this flow. We shall separate the part of 
fluid contained between sections 1 and 2 with a spacing of l. \Ve 
shall assume that these sections are sufficiently remote from the pipe 
entrance, and therefore the flow through them is identical, i.e., for 
example, the shear stresses and velocity distribution are identical. 
The identical value of the velocities in the sections signifies that the 
fluid particles are moving without acceleration. Therefore the forces 
acting on the separated volume of fluid between sections 1 and 2 are 
in equilibrium, i.e. 

(13.4.44) 

where d = 2r0 IS the pipe diameter, and Tw is the shear stress on 
the wall. 

Hence, 
(13.4.45) 

In addition, the force Fin (13.4.44) can be expressed with the aid 
of formula (1.3.5) for the hydrodynamic drag. Let us insert into this 
formula the symbols for the drag force X = F and for the hydrody
namic drag coefficient Cx = 'A and determine the velocity head q = 
= pV~v/2 according to the average velocity Vav in the pipe 
(Fig. 13.4.1). Adopting the side surface area S = nld as the charac
teristic area, we obtain (PI - p 2) :rtd2/4 = 'A (p V~v/2) :rtld. Hence 
we find a formula for determining the friction losses: 

PI - P2 = 4'A (pV~v/2) l/d (13.4.46) 

where the average velocity is determined from the given flow rate Q 
in the pipe: 

(13.4.47) 

18-055 
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Fig. 13.4.1 

Viscous flow in a circular pipe 

The drag coefficient 'A can be determined experimentally. Such 
investigations were performed by H. Blasius, who established that 
for smooth pipes the drag coefficient for turbulent conditions and 
pipe Reynolds numbers (based on the pipe diameter) within the 
range of 

equals 
2.3 X 103 ~Red= pV8 vdl[t ~ 105 

'A = 0.3164/Re~14 

(13.4.48) 

(13.4.49) 

Let us introduce this value into (13.4.46) and replace p 1 - Pa 
with its value from (13.4.45). The result is 

'tw= 0.3164pViv/ (8 Re~14 ) = 0.03955V~'4 p3/4f.-t1/4d-l/4 (13.4.50) 

To determine the average velocity Vav, we shall use the results of 
studying the flow of a fluid in a circular pipe, according to which 
the velocity over its cross section varies according to a seventh root 
law: 

(13.4.51) 

This law reflects a hypothesis according to which in the flow of 
a fluid kinematic similarity is retained, i.e. regardless of the absolute 
dimensions of a pipe, at points with the same value of y/r0 the ratio 
of the local velocity V x to that at the pipe axis V max is also the same. 

The average velocity over the cross section of a pipe by (13.4.47) is 
To 

Vav=~=Vmu (' 2nr ( ro-r )
117 dr/(nr~)=0.816Vmax 

n~ J ~ 
0 

Let us insert (13.4.52) into (13.4.50): 

Tw = 0.03955 (0.816V max)714p3f4[11/4 (2r0)-1/4 

= 0.0233p Vinax (v/V maxr0)
114 

(13.4.52) 

(13.4.53) 
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When considering a viscous turbulent flow through a circular pipe 
and in the boundary layer, we can note a similarity in the velocity 
profiles over their cross sections. The velocity V 6 at the edge of the 
boundary layer corresponds to the maximum velocity at the pipe 
axis, and the layer thickness 6, to the pipe radius r0 • Investigations 
reveal that this analogy can be used to obtain relations determining 
the flow in a turbulent boundary layer. By substituting {) for r0 
and V 11 for V max in (13.4.51), We find for the boundary layer a power 
law (a seventh root law) of velocity distribution over its cross section: 

v X = v ~(y/{J)lf7 (13.4.54) 

A similar substitution in (13.4.53) allows usr ]to obtain a formula 
for the shear stress on the wall: 

Tw = 0.0233pVA [v/(V 06)]1/4 (13.4.55) 

To evaluate the shear stress by (13.4.55), we must first determine 
the boundary layer thickness 6. To do this, we shall use integral 
relation (13.3.1). Introducing into it relation (13.4.54) instead of 
Vx and (13.4.55) instead of Tw, we find 

ll 

pVo :x ~ ( ~ r/7 [ 1 - ( ~ r/7J dy = 0.0233pV5 ( v:i> f 14 
(13.4.56) 

0 

We calculate the integral: 

d{i/dx = 0.2395 [v/(V 116)]114 

Separation of the variables in this differential equation yields 

{)1/4 d{) = 0.2395 (v/V 11 )1/4 dx 

As a result of solving this equation, we obtain 

(4/5) {)514 = 0.2395 (v!V 11)
114x + C (13.4.57) 

The integration constant C is determined for the point of transi
tion of a laminar boundary layer into a turbulent one from the con
dition that at this point, at a distance of x = Xcr from the leading 
edge, the layer thickness is {i = Ocr· The distance Xcr is determined 
according to the given critical Reynolds number Recr = V oXcrlv, 
while the thickness tier is found for this number Recr by the corre
sponding formula for a laminar boundary layer. At large Reynolds 
numbers, the length of the laminar portion is not large, and in practi
cal calculations its influence on the thickness of the turbulent bound
ary layer may be negligibly small. We may consider in these cases 
that the turbulent boundary layer originates at the leading edge, 
where at x = 0 the layer thickness is 0 = 0. Accordingly, in (13.4.57) 
18* 
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the constant C = 0, and, therefore, the layer thickness is 

6=61c=(0.37/Re~15)x (13.4.58) 

where Rex= V6x/v6 and v 6 = v. 

Introducing the dimensionless quantities C lc = 61c/L, x = x! L, 
and the Reynolds number ReL = V 6 Liv 6 , we can write Eq. (13.4.58) 
as 

- - - 1/5 6=61c=61c/L=0.37(x415/ReL) (13.4.58') 

A comparison of (13.3.19") and (13.4.58') allows us to conclude 
that the thickness of a turbulent boundary layer grows more intense
ly than that of a laminar one. This is explained by mixing of the 
macroscopic particles that features the turbulent nature of a fluid 
flow and facilitates the intensive growth of the layer. 

We shall compute the stress Tw by formula (13.4.55). Assuming 
that p = p 6 , v = v 6 , and inserting the value of 6 from (13.4.58), 
we obtain 

(13.4.59) 

By introducing the quantities ReL = V 6L/v 6 and x = x! L, we 
shall write (13.4.59) in the form 

(Tw)!c = 0.0299p6V3/ (ReLx)116 ( 13.4.59') 
A comparison of (13.3.23) and (13.4.59) reveals that the shear 

stress in turbulent flow is considerably greater than in laminar flow 
at the same values of the number Rex· Hence, turbulization of the 
boundary layer is attended by a sharp increase in the shear stresses. 
At the same time, in turbulent flow the shear stress and other para
meters of the boundary layer depend more slightly on the Reynolds 
number than in laminar flow. This number is known to be due to 
molecular forces of viscosity that manifest themselves most signif
icantly in a laminar boundary sublayer. At a higher velocity and, 
consequently, a larger Reynolds number, this sublayer is thinner, 
the viscosity has a smaller influence, and the Reynolds number thus 
affects the friction parameters less. 

The magnitude of the shear stress can be used to determine the 
local friction factor: 

(cr,x)!C = 2 (Tw)lc/(p6VS) = 0.0598/Re!15 (13.4.60) 
or 

(13.4.60') 
The friction drag for one side of a plate is determined by formu

la (13.3.28): 
L 

Xr.lc = .l (Tw)!c dx 
0 

(13.4.61) 
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By this formula and with a view to (13.4.60'), the friction factor is 
L 1 _ 

(cx.rhc = 2X Lie = _1_ \ 2 (Tw )!c dx = 0.0598 f __.!!:!__ 
PIIV6L·1 L J p0 V~ Rei/5 J xl;o 

0 L 0 

whence 
(13.4.62) 

This formula yields reliable results if the number ReL does not 
exceed 106 • For larger values of ReL, better results are obtained by 
other relations. For example, at 2 ~< 106 < Rer_ < 1010 , the friction 
factor is 

(cx,r) 1c = 0.032Re-o.as (13.4.63) 

In this case, we may also use the Prandtl-Schlichting universal 
formula to calculate the factor (cx,f)!C, namely, 

(cx,r)!c = 0.455 (log ReLt2
•

58 (13.4.64) 

We shall use formulas (13.3.31) to determine the conditional thick
nesses of the boundary layer. By introducing into them the velocity 
ratio V xiV 11 in accordance with power law (13.4.54), integrating, 
and employing relations (13.4.58) and (13.4.60), we obtain 

6£c* = 0.0976,c and 6fc = 0.1256,c 

where 610 is determined from (13.4.58). 

13.5. Temperature and Enthalpy 
in a Boundary 
Layer with Heat Transfer 

Distribution of the Temperature 
and Enthalpy 

(13.4.65) 

At a low flow velocity, heating of the gas due to stagnation in the 
boundary layer is almost absent, and its temperature may be con
sidered virtually equal to its free-stream value. Indeed, it follows 
from (13.3.18) that in the absence of heat transfer for M 11 = 0.5, 
the gas temperature at the wall T w• equal to the stagnation temper
ature, is T w = T 0 = T 0 (1 + 0.2 X 0.25) = 1.05T 11 , i.e. it differs 
from the free-stream temperature by only 5%. 

At high velocities, stagnation of the gas leads to a substantial 
increase in the temperature and enthalpy in the boundary layer, 
which corresponds in its nature to the change in the velocity over 
the cross section of the boundary layer. 

If the only kind of heat transfer is conduction, the number Pr = 1, 
and the heat transfer at the wall is zero, then by (13.1.16) the tem-
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perature in the boundary layer is 

T = To - V~/[2 (cp)avl (13.5.1) 

where (cp)av is the average specific heat for the temperature interval 
from T 0 to T. The tern perature T 0 , which is a measure of the total 
energy, does not change over the thickness of the layer and is deter
mined by the parameters T = T 6 and V x = V 6 at the edge of the 
boundary layer in accordance with the expression 

To = T ll + V3/[2 (cp)avl (13.5.2) 

Let us perform the following substitutions here: 

V3 = Mgag = M3kRT 0 ; (cp)av = R (cp)av = _Rk _ 
(cp)av-(cv)av k-'i 

(13.5.3) 

where k = (cp)avl(c0 )av is the average value of the specific heat ratio 
for the temperatura interval from T 0 to T 0 • Hence, 

( k-1 2) T 0 =T6 1 +-2 -Mo (13.5.4) 

At constant specific heats, we should assume that (cp)av = Cp = 

= const, and k = k = const. When the specific heat varies greatly 
with the temperature because of dissociation and ionization, and 
it may not be replaced with its average value, it is good to use the 
enthalpies i and i0 , respectively, instead of T and T 0 • By (3.4.14) 
and by analogy with (13.5.1), the enthalpy at a point of the bound
ary layer cross section is 

i = i 0 - V~/2 (13.5.5) 

Introducing the values of i = i 0 and Vx = Vo. we find the follow
ing expression for the stagnation enthalpy: 

i 0 = ill + V512 (13.5.6) 

For constant specific heats 

i 0 = cpTo = kRTill(k- 1) = a&!(k- 1) (13.5. 7) 

therefore, bearing in mind that Vs = MAag, the stagnation enthal
PY is 

. . ( 1 + k-1 M2) ~o= ~o -2- o (13.5.8) 

The assumption that there is no heat transfer at the wall and that 
the number Pr = 1 does not correspond to what actually occurs, 
therefore in real conditions the temperature and enthalpy at the wall 
differ from the above values T 0 and i 0 • 

Let us consider the known case of an adiabatic (thermally insulat
ed) wall. The heat supplied to such a wall from the boundary layer 
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is not used for heating the wall, and the latter, in turn, gives up 
no heat to the boundary layer. Energy is transferred in the boundary 
layer as follows. Owing to stagnation of the flow because of viscosity 
forces, the temperature grows from its value at the edge of the layer 
to a certain value at the wall, and this gives rise to a temperature 
gradient oT/ay =1= 0. In this case in accordance with Fourier's law 
(3.2.7), heat transfer occurs by conduction to the outer layers of 
the gas with a lower temperature. The heating grows until equilibri
um is established between this heat transfer and the opposite flow of 
heat from the outer layers to the inner ones because of the work done 
by the viscous forces. Owing to the removal of heat from the bound
ary layer near the wall, the temperature on the surface T w = T r 
is lower than the stagnation temperature T 0 • The temperature T r 
and the enthalpy ir corresponding to it are known as the recovery 
temperature and enthalpy, respectively. The lowering of the tem
perature at the wall can be characterized by the parameter 

(13.5.9) 

called the temperature recovery factor. It shows how close the recov
ery temperature is to the stagnation one. This factor characterizes 
the fraction of the kinetic energy of the external flow that is converted 
into enthalpy upon stagnation. 

Equation (13.5.9) yields the following expression for the recoYery 
temperature: 

Tr = T6 + r (T 0 - T6) = T 6 [1 + r (T 0/Tli- 1)] (13.5.10) 

Introducing the values of the difference T 0 - T 6 from (13.5.2) 
and of the ratio T 0/T 6 from (13.5.4), we obtain 

(13.5.11) 

(13.5.12) 

When studying the i1ow of viscous dissociating gases, it is good 
to go over to other relations. Such gases are characterized by a sub
stantial increase in the specific heat because the dissociation energy 
should be added to the thermal energy of the gas. In such cases, it 
is no longer expedient to use the temperature as a measure of the 
•mergy. The enthalpy is more suitable for these purposes. 

To estimate the influence of the heat conductance on the boundary 
layer in a dissociating gas in the case being considered, one should 
use the concept of the recovery enthalpy ir and the corresponding 
enthalpy recovery factor 

r = (ir - i6)/(io - i6) (13.5.13) 
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When studying high-velocity heat transfer in the absence of disso
ciation for Pr =I= 1, we introduced the concept of the temperature 
recovery factor r. Similarly, when chemical reactions occur, we are 
justified in introducing a similar enthalpy recovery factor that 
takes into account the degree of conversion of chemical energy into 
thermal energy. 

It follows from ( 13.5.10) that 

(13.5.14) 

Using formulas (13.5.6) for i0 - i 6 and (13.5.8) for i0/i 0 , we 
obtain 

ir = ifl + rVA/2 

. . ( 1 I k-1 M2 ) ~r= ~o -,r -
2
- 0 

(13.5.15) 

(13.5.16) 

We can use the recovery factor r to characterize the change in the 
temperature T and enthalpy i over the cross section of the boundary 
layer. By analogy with (13.5.11) and (13.5.15), we have 

whence 
T r = T + rV;,/[2 (cp)avl; ir = i + rVi/2 

T = T r - rVi/[2 (cp)avl 

i = ir - rV~/2 

(13.5.17) 

(13.5.18) 

whence (cp)av is the average specific heat for the temperature interval 
from T r to T. 

We noted in Sec. 3.5 that the relation between the heat flow due 
to friction and the amount of heat removed by the molecules when 
they are mixed is determined by the Prandtl number [see (3.5.11)]. 
It is therefore natural to assume that the recovery factor r depends 
on the Prandtl number. The latter is as follows for the conditions 
at the wall, by analogy with (3.5.11): 

(13.5.19) 

Theoretical and experimental investigations have established 
that the recovery factors for a laminar and turbulent boundary 
layers can be taken as follows, respectively: 

rlam= VPr 
.31-p 

Ttrb = V r 

(13.5.20) 

(13.5.21) 

The Prandtl number for air varies from 0.75 at low temperatures 
to 0.65 at high ones. In practical calculations, one may use the mean 
value of the number Pr = 0.7, and the corresponding values 

rlam::::::::; 0.84 and rtrb ::::::::; 0.89 (13.5.22) 
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Fig. tl.S.t 
Change in the temperature and enthalpy over the cross section of a boundary 
layer: 
a-adiabatic wall (thermally insulatpd); b-coo!ed wall; c-ileated wall 

For Pr = 1, the recovery factor r = 1. In this case, the recovery 
temperature and enthalpy coincide respectively with the stagnation 
temperature and enthalpy. 

The change in the temperature and enthalpy over the boundary 
layer cross section for various flow conditions is shown in Fig. 13.5.1. 
The curves in Fig. 13.5.1a show the change in the temperature and 
enthalpy for a thermally insulated wall in two cases, when Pr = 1 
and Pr =I= 1. The distribution of the temperature and enthalpy natu
rally differs for a wall without thermal insulation, i.e. when heat is 
removed or supplied (Fig. 13.5.1b, c). When heat is taken away 
(a cooled wall), the boundary layer without thermal insulation gives 
up its heat to the wall and cools, therefore the temperature of the 
gas T w at such a wall is lower than the recovery temperature T ro 

and, correspondingly, the gas enthalpy iw is lower than the recovery 
enthalpy ir. The temperature of the gas Tw may be treated as the 
temperature of the surface, which we shall conditionally call the 
wall temperature. If heat is supplied from an external source and 
the temperature of the wall exceeds the maximum temperature of 
the boundary layer (a heated wall), the boundary layer is also heat
ed; hence, for the gas at the surface T w > T r and iw > ir. 

At very high craft velocities, the wall usually cools (iw < ir
T w < T r). This is explained by the thermal radiation from the 
surface that cannot be com pens a ted by the comparatively small 
inflow of heat because of conduction along the wall from heat sources 
inside the craft. We shall denote the temperature of such a wall by 
T w• i.e. like the temperature of the gas at the wall. In a most general 
case, however, the gas temperature does not coincide with that of 
the wall and, in addition, differs from the value T r· The quantity iw 
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indicated above should be treated as the enthalpy of a conditional 
gas whose temperature equals that of the wall T w· 

A craft may be heated (iw > ir, T w > T r) if the flight occurs with 
deceleration and is attended by a drop in the recovery temperature, 
whereas the overheated wall does not have time to cool. 

In wind tunnels where there is no special heating of the air, while 
the stagnation temperature is close to the ambient one, the wall of 
an experimental model may be heated. The explanation is that heat 
may flow to the surface of the model through the sting, while the 
radiation flux from the cold wall of the model is negligibly small. 

Reference Temperature 

The presence of the Mach number in the relations given above for 
determining the flow parameters of a viscous fluid reflects the fact 
that the density changes because of stagnation of the flow in the 
boundary layer and the associated elevation of the tern perature. 
This is a manifestation of the compressibility affecting the flow of the 
gas in the boundary layer. The growth of the velocities is attended 
by an increase in the temperature, which in addition to the change 
in the density also leads to a change in the thermodynamic parame
ters and the kinetic coefficients of the gas in the boundary layer. At 
high temperatures, chemical reactions may occur in it. 

These phenomena are of major significance in the formation of the 
skin friction and heat transfer processes in a boundary layer. But 
great difficulties are involved when taking these phenomena into 
consideration in calculating the parameters of a boundary layer and, 
particularly, the temperature distribution over its thickness. We 
shall therefore consider the comparatively simple approximate 
methods of computing the boundary layer parameters for very high 
flow velocities. One of these methods is based on the use of relations 
similar in their appearance to the relations we obtained when investi
gating the boundary layer in an incompressible fluid. This possibility 
follows from the fact that near the surface, in the region of the bound~ 
ary layer near the wall, the flow experiences great stagnation, and, 
consequently, the gas is close in its properties to an incompressible 
medium. If we consider that the flow in this region has the main in
fluence on skin friction and heat transfer, then, consequently, we 
may use relations whose structure is the same as for an incompressible 
fluid to calculate the parameters of a boundary layer. The difference 
is that these relations include parameters as functions of the tem
perature. 

Let us establish the boundary layer temperature which we should 
use to evaluate these parameters. Theoretical and experimental 
investigations show that satisfactory results are obtained when the 
effective, or reference temperature T* is used in the calculations. 
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This temperature is an average value over the cross section of the 
boundary layer. The gas parameters calculated according to the 
temperature T* are also called el'fective, or reference (the enthalpy 
i*, density p*, dynamic viscosity ft*, etc.). 

At high flow velocities, when physicochemical transformations in 
the boundary layer are important, the calculation of the layer para
meters should be based on the reference enthalpy i*. The latter is 
used to compute the other reference parameters including the tem
perature T*. 

By solving the heat transfer equation for a laminar boundary 
layer, E. Eckert obtained the following formula for the reference 
enthalpy: 

(13.5.23) 

The reference enthalpy depends on the boundary layer structure 
and the number Moo· Quite a few relations are available for calculat
ing the value of i* separately for laminar and turbulent boundary 
layers, and also for various intervals of the numbers Moo· Formula 
(13.5.23) differs advantageously from these relations because of its 
universal nature, and it may be used in a first approximation for 
both laminar and turbulent flows within a quite wide range of num
bers IJJ oo· 

A close look at (13.5.23) reveals that to calculate i* we should 
know the enthalpy of the gas iw at the wall temperature. In a partic
ular case, when the temperature of the surface is maintained with 
the aid of special cooling means at the required level, this enthalpy 
is known. On the other hand, if heating occurs spontaneously, the 
determination of iw is associated with solution of the problem on the 
heat transfer between the wall and the gas. For the case of a ther
mally insu 1.ated wall (iw = ir), the reference enthalpy is 

i* = 0. 72ir + 0.28io (13.5.24) 
Without account taken of heat transfer in the boundary layer at 

Pr = 1, the enthalpy ir equals the stagnation enthalpy i 0 that is 
evaluated by (13.5.6). Accordingly, 

i* = o.n (ill+ v&/2) + o.28ill = ill + o.36V& (13.5.24') 
The enthalpy ill at the upper edge of the boundary layer can be 

found by solving the problem on the in viscid flow over a given surface. 
The recovery enthalpy ir in (13.5.23) and (13.5.24) is determined 
from the expression 

ir = io + r*VV2 (13.5.25) 
in:which the recovery factor is calculated as the reference parameter 
by (13.5.20) and (13.5.21): 

riam = VPr* 
"' y-

rub= v Pr* 

(13.5.26) 

(13.5.27) 
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Here the Prandtl number 

Pr* = Ckfl*/1.* (13.5.28) 

is based on the reference values of the specific heat, dynamic viscosi
ty, and thermal conductivity. 

Relation (13.5.23) is used for a dissociating gas, and also when 
the gas in a boundary layer is heated to a temperature at which no 
dissociation sets in, but the specific heats change. In the first case, 
we find the reference temperature T* as a function of p and i*. 
Tables or phase diagrams of air for very high temperatures can be 
used for the calculations. In the second case, we can find the reference 
temperature by relation (13.5.23) in which the enthalpy is replaced 
with the temperature in accordance with the expressions 

i*- i6 = (cp):v (T*- T6) 

iw- i6 = (cp):v (T w- T6) 

ir- i6 = (cp)~v (Tr- T6) 

(13.5.29) 

where (cp):v. (cp):v. and (cp}~v are the average values of the specific 
heats found for the temperature intervals T* - T 0 , T w - T 6• 

and T r - T 0 , respectively. 
By inserting into (13.5.23) the values of the enthalpies from 

(13.5.29), we obtain a relation for the reference temperature T*. 
Here we find the recovery temperature with the aid of formulas 
(13.5.11) and (13.5.12) written in the form 

(13.5.30) 

(13.5.31) 

When the specific heats do not virtually depend on the temperature 
(at T ~ 700-800 K and below), the reference temperature is 

T* = 0.5 (T w + T 0) + 0.22 (T r - To) (13.5.32) 

For a thermally insulated wall, we assume that T w = T r• 

T* = 0.72Tr + 0.28T6 (13.5.33) 

We calculate the thermodynamic functions and the kinetic para
meters in terms of the reference temperature by formulas (1.5.1), 
(1.5.2), and (1.5.4) written as follows: 

c~/cpoo = (T*!T oo)lll; f.t*/J..too = (T*!T oo)•; 'A*I'Aoo=(T*!T oo)x. (13.5.34) 
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13.6. Use of the Reference Parameters 
for Calculating the Boundary Layer 
on a Flat Plate 
at High Flow Velocities 

Laminar Boundary Layer 

By using the reference parameters, let us find Lhe relation between 
the basic characteristics of an incompressible laminar boundary 
layer and a compressible core such as occurs at high flow velocities. 
For this purpose, we shall introduce the corresponding parameters 
into the relations obtained above (see Sees. 13.3 and 13.4) for an 
incompressible boundary layer. 

Let us consider the thickness of the boundary layer. Its value for 
an incompressible fluid is determined by formula (13.3.19'): 

l'ltc = 4.64 V f.l.llX/ (VllPll) 

where the subscript 6 signifies the parameters of the boundary layer 
in an incompressible fluid. 

We obtain a similar formula for a compressible gas if we substi
tute the corresponding effective parameters fA.* and p* for the qnan
tities [.t 6 and Pll: 

l'lcom = 4.64 V fl*X/ (Vop*) 

The thickness ratio is 

6com16,c = V(f.t*/f.to) pr,/p* 

(13.6.1) 

(13.6.2) 

A similar expression can be obtained for the shear stress. 
For an incompressible fluid by (13.3.23), we haYe 

('tw)tc = 0.323p6VAV f.to/ (Vllpox) 

and for a compressible gas 

('tw)com = 0.323p*VAV fA.*/ (V11p*x) (13.6.3) 

The ratio of the shear stresses is 

('tw)corn/ ('twhc = V (p*/p6) f.t*/flll (13.6.4) 

For the local friction factors related to the velocity head q 6 = 
= p 6 VS/2 of the free stream, we have 

(cr.x)lc = 2 ('twhc/ (p11Vg) = 0.646 V flo/ (VIIPoX) 

(cr.x)com = 2 ('tw)com/ (p11v&J = 0.646 V fl*/ (Vllp*x)•p*/pi\ (13.6.5) 

The ratio of these factors is 

(13.6.6) 
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The friction factor (or t.he average friction factor over the length 
of a plate) in an incompressible fluid, by (13.3.30), is 

(cx.r)tc = 1.292 V fJ,ol <VoPoL) 

For a compressible gas in accordance with (13.3.28') and (13.6.5) 
L 

(cx.t)cono =+ ~ (cr.x)com dx 
0 

L --
= o.646 r .. .1 ~.~.~ 

L J V V oP* Po yx 
0 

(13.6.7) 

At a constant wall temperature, the parameters ~t* and p* do 
not depend on the coordinate x, therefore 

(cx.r)corn = 1.292 V fJ.*/ (V oP* L) · p*/p6 

Consequently, the ratio of the friction factors is 

(cx.r)corr.l (ex. the= (cr.:>Jcom/ (cr.xhc 

= (T:w)com/ (T:w)tc = V (fJ.*/fJ.o) p*/po 

(13.6.8) 

(13.6.9) 

Let us consider the case when dissociation occurs in the boundary 
layer as a result of a high temperature, whereas the free-stream 
flow occurs at constant specific heats. Assuming here that the pres
sure does not change over the thickness of the layer, for the density 
ratio we obtain the following formula based on an equation of state 

p*/p 6 = (m*lm 0 ) T 0/T* (13.6.10) 

where m* is the reference average molar mass of the gas. 
Using power law (1.5.2) for the dynamic viscosity, we find 

fJ,*IfJ,o = (T*!T 6 )n (13.6.11) 

Let us introduce (13.6.10) and (13.6.11) into (13.6.2) and (13.6.9): 

6com16tc = (T*/T o)cn+l)f2 (m6/m*)112 (13.6.12) 

(cx.t)coml (cx.thc = (cr.x)coml (cr,xhc 

= (•w)coml (•w)lc = (T*IT fyn-t)/Z (m *I m6)112 (13.6.13) 

Formula (13.6.12) shows that the thickness of a laminar boundary 
layer depends greatly on the quantity T* IT 6 and, consequently, 
on the number M 6 (the velocity V0) and ratio TwiT 6 and it grows 
when these parameters increase. The dependence of the friction 
factor on the effective tern perature and, therefore, on M 0 and TwiT 0 
is weaker and is of the opposite nature: elevation of the temperature 
is attended by lowering of the friction factor. 
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The use of formulas (13.6.12) and (13.6.13) is associated with the 
calculation of T* and m* for a dissociating gas in a boundary layer. 
Here one first finds the reference enthalpy i*, and then uses it to 
evaluate T* and m* for the given pressure p 6 with the aid of tables 
or graphs of the thermodynamic functions. If dissociation is not 
taken into consideration, then T* is determined directly by (13.5.32), 
while the ratio m*/m 6 in (13.6.12) and (13.6.13) is taken equal 
to unity, i.e. 

(13.6.14) 

(13.6.15) 

By comparing the values obtained respectively by formulas 
(13.6.12) and (13.6.14), and also by (13.6.13) and (13.6.15), we 
can see how dissociation affects the thickness of the boundary layer 
and the friction force. It follows directly from a comparison of 
relations (13.6.12) and (13.6.14), in which the ratios T*!T 6 are 
assumed to be identical, that dissociation leads to a decrease in the 
layer thickness (because m 6/m* < 1). Actually, however, the ratios 
T* IT 6 are not the same, and the decrease in the thickness is still 
larger because the temperature T* in a dissociating boundary layer 
(13.6.12) is lower than in an undissociated one (13.6.14). 

The shear stress is greater in a dissociating gas because of lowering 
of the temperature, which has a stronger effect than a certain growth 
in the average molar mass [see (13.6.13)]. From the physical view
point, such a change in the shear stress is due to the fact that an 
increase in the dissociation and the related lowering of the tempera
ture are attended by an increase in the density and a decrease in the 
viscosity. The influence of density on the friction force is opposite: 
this force grows when the density increases, and becomes smaller 
when it decreases. But the increase in the density is more intensive 
than the decrease in the viscosity, and, consequently, the friction 
force grows. It should be noted that the growth in the friction 
forces is somewhat greater owing to the formation of additional gas 
molecules upon dissociation (i.e. to an increase in the average molar 
mass) and to the increase in the viscosity. 

The simple method of calculating a boundary layer according 
to the reference parameters is very efficient because it allows us to 
take account of the influence on the boundary layer thickness and 
the friction force of factors such as the compressibility, '. ariation 
of the specific heats, dissociation, and heat transfer. The latter 
factor is taken into account in the dependence of the effective tem
perature T* on the recovery temperature T r and the temperature 
T w =I= T r (when heat is supplied to or rejected from the wall). 
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Turbulent Boundary Layer 

Following the procedure used for a laminar boundary layer, we 
shall employ reference parameters to obtain relations for the bound
ary layer thickness, stress, and friction factor for turbulent flow. 
We shall proceed from the relations for the parameters of a tur bu
lent boundary layer in an incompressible fluid found with the aid 
of the power law of velocity distribution over the cross section of 
the boundary layer (the seventh root law). 

The boundary layer thickness in an incompressible fluid is deter
mined by formula (13.4.58), which we shall write as 

6 1c = 0.37 ([1 6/V 6p 6)1/5xq/5 

Replacing [1 6 and p 6 with their effective values ft* and p*, we 
obtain a relation for the boundary layer thickness in a compres
sible gas 

6com = 0.37 ([1*/V 6p*)115xqf5 

The thickness ratio is 

6com/6 10 = ([1*/[11\)lfli (p 6/p*)lf5 

( 13.6.16) 

(13.6.17) 

Let us see how we can find the shear stress in a turbulent compres
sible boundary layer. For this purpose, using (13.4.59), we shall 
write the expression for Tw in a turbulent incompressible boundary 
layer as follows: 

(Tw)lc = 0.0299poVA ([1 6/V 6p 6)115x-115 

By introducing the reference parameters, we find the correspond
ing relation for a compressible gas: 

(Tw)com = 0.0299p*V5 ([1*/V 6P*) 115x-115 (13.6.18) 

The ratio of the shear stresses is 

(13.6.19) 

The ratios of the local cr,x and 
the same values, namely, 

average Cx,t friction factors have 

(cx,r)coml(cx,f)lc = (cr,x)com/(cr,x)!c 

= (Tw)com/(Tw)!c = (13.6.20) 

where (cr,J 1c and (cx,r) 1c are determined by formulas (13.4.60) and 
(13.4.62), respectively. 

Considering the general case of a dissociating gas, we calculate 
the ratios p*/p 0 and ft*/fto by (13.6.10) and (13.6.11), respectively. 
HPnce, 

6com16,c = (T*/T i\)(n+l)f5(m6/m*) 115 (13.6.21) 

(cx,r)coml(cx,t) !C = (cr,x)coml(cr,x)lc 

= (Tw)com/(Tw)lc = (T*/T 6)<n-q)f5(m*/mo)4/li (13.6.22) 
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A glance at these formulas reveals that the qualitative nature 
of t lw change in the boundary layer thickness and Lhe friction force 
in turbnlent flow is the same as in laminar flow, namely, with an 
increase in the reference temperatme, the layer thickness grows, 
while the friction force lowers. B11t a quantitative estimate of 
such a change reveals that in accordance with (13.G.21), the layer 
thickness with elevation of the reference temperature grows considerably 
more slowly and the friction factor drops more intensely [see (13.6.22)1 
for a turbulent boundary layer than for a laminar one. 

As in a laminar boundary layer, dissociaLion manifests itself 
in a certain decrease in the boundary layer thickness and a growth 
in the shear stress. The boundary layer thickness and friction factors 
with dissociation are determined by (13.6.21) and (13.6.22) by 
successive approximations. First we use the given wall tempera
ture T w and the undisturbed flow parameters M 6 , p 6 , p 6 , i 6 , and 
others to find the reference enthalpy i* by formnla (13.5.23), as
suming in a first approximation that riam = 0.84 or rtrb = 0.89. 
Next we find T*, taking i* and p 6 with the aid of graphs or tables 
of the thermodynamic and kinetic functions of air. The same tables 
or graphs allow us to find (cp)*, ~t*, /..* from the temperature T* 
and pressure p 6 , to refine the number Pr* by formula (13.5.28), 
and to find the recovery factor r* by formula (13.5.26) or (13.5.27). 
We use this value of r* to calculate in a second approximation the 
enthalpy i*, and then determine the temperature T* and the cor
responding molar mass m*. We insert their values into (13.6.21) 
and (13.6.22). 

In the absence of dissociation, the ratio of the molar masses is 
m*!m 6 = 1. Hence 

{jcomf{j,c = (T*!T o)(n+l)fo 

(cx,f)com/(cx,f)lc = (cr,x)comf(cr.JL· 

= (Tw)comf(Tw)lc = (T*/T 0)<n-q)/5 

(13.6.23) 

(13.6.24) 

Relation (13.6.24) can be \Vritten for constant specific heats in 
the approximate form 

(cx,r)coml(cx,r)Lc = (1 + 0.12M5)-0•65 (13.6.24') 

It is not difficult to obtain these formulas from (13.5.31), (13.5.33), 
and (13.6.24), assnming that n = 0. 75, k* = 1.4, and r* = 0.85. 
For the same values, we find an approximating relation determining 
the ratio of the boundary layer thicknesses (13.6.23), and also of 
the conditional thicknesses: 

{jcomf{jlc = {j~omf{jfc = (1 + 0.12M~)0 · 35 (13.6.23') 

The values of {j 1c and {jfc are found from (13.4.58) and (13.4.63), 
respectively. It is not difficult to obtain formula (13.6.23') from 

1 ~- 0 55 
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(13.5.31), (13.5.33), and (1:-3.6.23), assuming that n = 0.75, k* 
= 1.4, and r* = 0.85. 

The ratio of the conditional thicknesses 6~6m/6iric is determined 
by analogy with a laminar boundary layer, like the ratio of the 
corresponding friction factors with the use of (13.6.24). 

Skin Friction on a Cone 
In Supenonlc flow 

Laminar Boundary Layer. A supersonic flow about a sharp-nosed 
cone has the property that along the conical surface generatrix 
the velocity V 6 = Vc is constant, and, consequently, the longitu
dinal pressure gradient is zero. An "inviscid" flow about a flat plate 
along which the parameters on the boundary layer edge are constant 
has the same property. This flow similarity allows us to use the 
results of calculating the boundary layer for a flat plate in determin
ing the relevant parameters of a viscous flow about a conical surface. 

For this purpose, we shall use integral relation (13.2.16). Taking 
into account that the gas parameters at the edge of the boundary 
layer are identical everywhere on the cone (V 6 = Vc = const, 
p 6 = Pc = const, etc.) and, therefore, that the longitudinal pres
sure gradient is zero (dp 6 /dx = 0), we can write this relation as 

{j 

d ' ([X.\ pr0Vx(Vx-Vc)dy= -r0Tw (13.6.25) 
0 

where r 0 is the distance from the axis to a point on the cone surface 
with the coordinate x (Fig. 13.6.1), and 'tw is the shear stress at this 
point. 

Let us use relation (13.6.25) to calculate a laminar boundary 
layer. At an arbitrary point of its cross section at a distance x from 
the point, We find the shear stress by the formula T = fl oVxfoy. 
In accordance with this formula, we can substitute dy = ([.tiT) dV x 

in Eq. (13.6.25). Dividing both sides of this equation by PcVgf.tc, 
where Pc and flc are the density (Pc = p 6) and dynamic viscosity 
(t.tc = t.t 6 ), respectively, at the boundary layer edge of the cone, 
we obtain the integral relation 

1 

.!!:_I PVx .L.~(t-....!2:._)a(~)= ro'tw (13.6.26) 
dx J Pc V c ftc T V c V c Pc V~ ftc 

0 

For the case of a "gradientless" boundary layer being considered, 
the velocity ratio VxiVc = f1(y!6) is a function of only the relative 
coordinate y/6 and does not depend on x. Therefore, with a view 
to the formulas T = fl oV xfoy and Tw = f-tc (dV xfdy)c, the ratio of 
the shear stresses in the layer also depends on the same relative 
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Fig. t3.6.t 
Boundary layer on a cone 

coordinate, i.e. T!Tw = / 2 (yf{)). Let us insert the functions / 1 and / 2 

into (13.6.26) and introduce the symbol 
1 

J= \ pV" . . L. 1-t~ df 
J Pc V c ftc f 2 

1 (13.6.27) 
0 

Taking into consideration here that with a constant temperature 
over the entire surface of the cone the ratio [!/ftc does not depend 
on the coordinate x and that the density ratio pipe, which is a func
tion of V xiVc, also does not depend on this coordinate, we fmd the 
relation 

(13.6.28) 

Substituting x sin ~c for r0 on the right-hand side of the formula 
and separating variables, we obtain 

(13.6.29) 

Integration yields 

~._1_- ~-
2 't~- 3 

3 ' 2 R 
X Sill PC + t 

V3 cons 
Pc cflc 

(13.6.30) 

Assuming at the initial point (at x = 0) that the ratio r0!Tw = 0 
and, therefore, that the constant on the right-hand side of (13.6.30) 
equals zero, and also performing the reverse substitution of r0 for 
x sin ~c and designating the shear stress on the cone by Tw = Tw,c, 

we have 
=V3 (_!_· PcV~[tc )1/2 

Tw,c 2 x (13.6.31) 

A similar expression can be obtained for the shear stress Tw = 

= 'tw,pJ on a flat plate. We shall proceed here from the assumption 

19* 
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that the. plate is in a hypothetic supersonic flow with parameters 
that will be the same as on a cone. Now as a result of integrating 
Eq. (13.6.28), in which we shall take no account of r0 , we obtain 
the relation 

_ ( J PcV~Pc )I/Z 
Tw,pl- z" X (13.6.32) 

Formulas (13.6.31) and (13.6.32) yield an important relation: 

Tw.c = V3 Tw.pl (13.6.33) 

according to which the shear stress on a cone is V3 times larger than 
the shear stress on a plate calculated from the parameters on a cone. 
We use a formula similar to (13.6.33) to determine the local and 
average values of the friction factors: 

cr.x.c = V3 Ct.x,pl 

Cx,f,c = (2/ V3) Cx,f,pl 

(13.6.34) 

(13.6.35) 

These values are related to the velocity head of the disturbed 
flow q0 = Pc V~/2. The following relations have to be used to calcu
late the friction factors according to the velocity head of an undis
turbed flow: 

Ct.x.oo.c = cr.x.cqcl qoo = V3 Ct.:c.Pl (Pc V~/poo V~) ( 13. 6. 36) 

Cx,f,oo,c =cx.t.cqcfqoo = 2/ V3 [cx,f,pl (p0V~/pooV~)] (13.6.37) 

We calculate the friction drag according to the average friction 
factor Cx,f,oo,c and the side surface area Sc of the cone: 

Xr = Cx,f,oo,cqcSc = 2/ V3 [cr,x.pl (PcV~/2) Sc] L (13.6.38) 

We find the shear stress Tw,pJ = (Tw)com and the friction factors 
Cx,t,pi = (cx,r)com and cr.x,pl = (cr ,x)com from relation (13.6.13) 
according to the reference parameters in the general case for disso
ciating air. 

We can also establish an approximate relation between the thick
nesses of the boundary layer on a cone and plate. For this purpose, 
we shall use the Paulhausen method to calculate the velocity distri
bution over a cross section of the boundary layer in an incompres
sible fluid. By this method, we calculate the velocity using 
Eq. (13.3.15). Substitution of y for f], {i for flt'l• and Vc for V 6 yields 

(13.6.39) 

By Newton's formula, the shear stress on the surface of a cone is 

[ a ( 3 y 1 y
2 

) J 3 6 Tw.c = ftcVc ~ay 2 · T --z ·(52 y=O = ftcVc ~ (13 .. 40) 

where tic is the thickness of the boundary layer on a cone. 
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\Ve can compile a similar expression for a plate: 

Tw,pl = f-tc Vc (3/26pl) (13.6.41) 

where 6p1 is the thickness of the boundary layer on a plate. 
It follows from (13.6.40) and (13.6.41) that 

(13.6.42) 

whence, by (13.6.33) 

6c = (Tw,pl/Tw.c) 6Pl = 6pl/ V3 (13.6.43) 

Hence, in accordance with formula (13.6.43), the thickness of 
a laminar boundary layer on a cone is 11V3 of that on a plate. The 
thickness 6p1 = 6com for a plate can be calculated in· the general case 
of a dissociating gas according to the reference parameters for a coni
cal surface with the use of formula (13.6.12). 

Turbulent Boundary Layer. By using integral relation (13.2.16), 
we obtain similar approximate relations for a turbulent boundary 
layer. Let us go over in (13.6.25) to reference parameters and intro
duce instead of Tw expression (13.4.55), in which we use the notation 
V 6 = V c and 6 = 6c: 

0 

d \' * · V ) d - 0 0233 *V2 ( ~-t* ) 
114 

ro ax J P loVx( c-V.., Y- · P c: Vcp* (6*)1f4 
0 

Taking into consideration that the temperature of the surface is 
the same everywhere and, therefore, the reference parameters are 
constant (the density p* on the left-hand and right-hand sides 
cancels out), we obtain the following equation after simple trans
formations: 

1 

:x [ro6c ) ~: ( 1- ~: ) d ( tJ J 
0 

~-t* ' 1/4 r814 
=0.0233 ( VcP* } (ro<'>c)lf4 (13.6.44) 

If we proceed from the seventh root power law, the dimensionless 
velocity VxiVc = (y/8c)117, therefore 

1 

J 1 = .\ ~: ( 1 - ~: ) d ( lJ = cons t 
0 

Accordingly, we shall write (13.6.44) as 

1 1 (r06,.)11'>d (r06c) = 0.0233 (ft*/V,p*) 11'>r~t'> dx (13.G.45) 
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Substituting x sin ~c for r 0 on the right-hand side and integrating 
provided that for x = 0 the quantity r 0 tic = 0, we obtain 

(4J1 /5) (r0tic}5/4 = 0.0233 ([1*/Vcp*)1fq sin5fq ~c (4x9N9) 

Performing the reverse substitution here (x sin Pc)514 = r~1 ~ and 
cancelling this quantity on both sides, we have 

whence 

where 

ti~ 1 ~ = (4/9) J 2x 

tic = (4/9)4/5 (J2x)4f5 

J2 = (0.0292/Jl) ([1*/Vcp*)1fq 

(13.6.46) 

(13.6.47) 

Introducing tip1 instead of tic in (13.6.45) and excluding r0 , we 
obtain a similar expression for the thickness of the boundary layer 
on a flat plate. Integration yields 

(411/5) (tip1) 5fq = 0.0233 ([1*/Vcp*)1fqx 
whence 

(13.6.48) 

From expressions (13.6.46) and (13.6.48), we find the relation 
between the thicknesses of the boundary layer on a cone and plate: 

tic = (4/9)qf5tipl = 0.523tip1 (13.6.49} 

We establish the relation for the shear stress from (13.4.55) by 
introducing the reference parameters and writing this expression 
separately for a cone and plate: 

Tw,c = 0.0233p*Pc (v*/Vc)1
/ 4 (1/ti~ 14 ) 

Tw,pt = 0.0233p* V~ (v* /Vc)1/4 (1/ti~~~) 

Assuming that the reference parameters are the same on a cone 
and a plate, we find the following relation from the last two for
mulas 

Tw,c!Tw,pl = (tip\/tic)l/4 (13.6.50) 

Let us introduce into (13.6.50) the value of tic from (13.6.49): 

Tw,c = (9/4) 115Tw,pl = 1.176Tw,pJ (13.6.51) 

Comparing formulas (13.6.33) and (13.6.51), we can conclude 
that the difference between the shear stresses on a cone and those on 
a plate is smaller for a turbulent boundary layer than for a laminar 
boundary layer. The explanation is that the friction force in a turbu
lent boundary layer is affected more by flow mixing than by the 
action of the surface shape. The values of the layer thicknesses [see 
(13.6.43) and (13.6.49)] on a cone for a turbulent and laminar bound
ary layers differ by about 10%. Such a small differencP points 
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to the stronger int1nence of lhe shape of snrfaces in a t1ow on the 
boundary layer thickness than of mixing. 

The known shear stress can be nsed to determine the local and 
average friction factor: 

cr.x c = 1.176cr.x,pl (13.6.52) 

Cx,f,c = 1.045cx,t,pl (13.6.53) 

These factors were calculated from the velocity head qc = Pc V~/2. 
To convert them to the velocity head of the undisturbed t1ow, formu
las similar to (13.6.36) and (13.6.37) should be used. 

\Ve determine the friction drag in a turbulent boundary layer 
by an expression similar to (13.6.38): 

Xr = 1.04.5cx f.pl (pcV~/2) Sc (13.6.54) 

The shear stress Tw,pl = (Tw)com• and the friction factors c,,f,pl = 
= (cx,f)com and Cr,x,pJ = (cr,x)com for a t1at plate can be found from 
relation (13.6.22), and the boundary layer thickness 6p 1 = 6com• 
from (13.6.17) according to the reference parameters with a view 
to dissociation. 

13.7. Influence 
of the Longitudinal Pressure Gradient 
on Friction 

Boundary Layer on a Curved Surface 

A supersonic boundary layer on a t1at plate and a conical surface 
is characterized by the same pressure in all its cross sections (p 6 = 
= const). Hence, the longitudinal pressnre gradient dp 6/dx = 0. 
But for a flow over a curved surface (for example, an airfoil or a body 
of revolution with a cun'ed generatrix) this gradient is other than 
zero because the pressure at the edge of the boundary layer is a var
iable quantity depending on the coordinate x. As can be seen from 
integral relation (13.2.16). where dp 6/dx =I= 0, this cause3 a change 
in the shear stress and, consequently. in the distribution of the 
velocity and in the boundary layer thickness in comparison with 
flow over a flat plate or a cone. 

If we consider an airfoil witl1 a cnrved contonr in a subsonic flow 
(Fig. 13.7.1a), then on its front part (from stagnation point 0 to 
point B) the pressure gradient will be negative (dp 6/dx < 0). while 
from point B to point C on the trailing edge it will be positive 
(dp 6 /dx >0). Snell a natHre of the change in the press1tre gradient 
is due to the features of the ilow over the airfoil. On the front part, 
the velocity in a direction from point 0 to point B increases, and, 
consequently, the pressure according to the Bernoulli equation 
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(a) 

Fig. 13.7.1 
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Airfoil pressure distribution: 
a-subsonic flow; b-supersonic flow 
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lowers; on the part adjoining the trailing edge, the velocity, con
versely, decreases, and the pressure grows. 

With supersonic flow (Fig. 13.7.1b), the velocity V 6 in a direc
tion toward the trailing edge of the airfoil continuously grows, 
therefore the pressure p 11 and the derivative dp 6/dx diminish, i.e. the 
flow in the boundary layer over the entire surface experiences the 
effect of a negative pressure gradient. 

Let us use integral relation (13.2.16) for a qualitative appraisal 
of the change in the shear stresses with the above distribution of 
the longitudinal pressure gradient. If the derivative dp 6 /dx < 0, 
the first term on the left-hand side is positive, while when dp 6 /dx > 
> 0, it is negative. This signifies that when the other conditions 
are equal, the shear stresses in the zone of a negative pressure gradient 
where the flow is accelerated are larger than in uniform flow. Converse
ly, on the part of the surface where the pressure grows and the 
flow is retarded, the shear stress diminishes. On this part, we can 
indicate a point on the surface where the shear stress is zero, and 
behind this point it becomes negative. 

Such a nature of the change in the shear stress is closely associated 
with the distribution of the velocity V x over the boundary layer 
cross section. If we consider a laminar boundary layer for which 
Tw = ftw (oVxfoy)w, in the zone with a negative pressure gradient, 
where Tw > 0, the derivative (oV xloy)w > 0. The corresponding 
velocity distribution is shown in Fig. 13.7 .2a, where the velocity 
V x near the wall coincides in direction with the free-stream ve
locity V 11 • 

At the point of the airfoil where Tw = 0 and, consequently, 
(oV xloy)w = 0, a tangent to the curve of velocity distribution 
in the boundary layer (Fig. 13.7.2b) coincides with a normal to the 
wall. After this point, the stress Tw is negative, and the derivative 
(oVxloy)w < 0. Such a nature of the flow in the boundary layer, as 
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(a) 

Fig. 13.7.2 
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Change in the velocity profile over a boundary layer cross section and the forma
tion of a vortex in its separation zone: 
1-strpamlinP; ~-vorto·x; 3-s~paration zone 

is shown in Fig. 13.7.2c, is due to the fact that the velocitie" of the· 
particles near the wall are directed oppositely to the free stream. 

The shear stress should not be determined in this zone because· 
its influence on the flow is small in comparison with the normal 
stress (pressure). This stress may be taken equal to zero. The· 
shear stresses on the parts of a curved surface with non-separated 
flow can be investigated with the use of the boundary layer integral 
relation together with relations establishing the velocity distribu
tion over a layer cross section and the law of the change in the shear 
stresses. 

Calculation of Laminar Boundary Layer 

Let us consider a method of calculating a laminar boundary 
layer on a curved surface of an airfoil in a compressible gas flow 
(see [21]). 

According to this method, the local friction factor is 

V
--, I I 

c = 2Tw =-2- ftoVt'l (1-V2)- 2(n+k-1) (2 ~)- _1_ 
r .. , PoV~ Vo Po 6 + 6 l'X 

(13.7.1) 
and the boundary layer thickness is 

(13.7.2) 

where the function 

<D (:\) = 367/630 + (71/7560) "A+ (1 '9072) 1..2 (13.7.3) 
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The reduced layer thickness is 

flo= V l.:v0V6! (1- V~) (13. 7.4) 

where the derivative V0 = dV 6/d~, and V 6 = V{j!V max· 
A significant element of the calculations is the determination 

of the parameter 
(13. 7 .5) 

taking account of the influence of a curved surface on viscous flow 
that is observed with a longitudinal velocity gradient (V0 =I= 0). 
'This parameter is found by solving the differential equation 

d'A!d'[ = M 1 ('A) N 1 (~ + M 2 ('A) N 2 (~ (13. 7 .6) 
in which 

M ('A)= f.(213-1.92f.-0.2f. 2
) • 

1 213-5.76A-A2 ' 

M ('A)= 7258-1336J.+37.92J.2 +fl.8f.3 

2 213-5.76f.-A2 

(13. 7. 7) 

N (~= 4VaV1 + v;;. N (~) Vo~~ +Vi 
1 1-F8 v.; ' 2 

= 1-V~ Vo 
(13. 7.8) 

In these expressions, we have introduced symbols for the relative 
coordinate '[ = ~IL and also for the first and second derivatives of 
the velocity in the form of v.; = dV6/d~ and v;; = d2 V6/d~2 • 

A boundary layer on a curved wall is computed as follows. First 
we find the theoretical or experimental velocity distribution at 
the edge of the boundary layer V 6 (x), and then calculate the deriv
atives v.;, V6, and the corresponding functions N 1 and N 2 [see 
{13.7.8)]. Next we determine the quantity 'A by numerical integra
tion of Eq. (13.7.6). This quantity must satisfy the boundary condi
tion according to which at the branching point of the flow that 
coincides with the stagnation point, i.e. at ~ = 0 (x = 0), the 
function 'A equals a finite value 'A 0 • According to A. Dorodnitsyn, 
A0 = 7.052. 

We shall apply the considered calculation procedure to both 
subsonic and supersonic flow over airfoils with a blunted leading 
edge. For a supersonic flow, we must replace the stagnation pressure 
and density Po and p0 in formulas (13.3.4) and (1'3.3.6) with the 
corresponding values p~ and p~ calculated for conditions of flow 
behind the straight part of a curved shock wave detached from the 
airfoil. 

For supersonic flow over a sharp-nosed airfoil, we calculate the 
values of p~ and p~ for the number Moo > 1 and the shock angle 88 

at the leading edge. We determine the initial value 'A = 'A 0 (at ~ = 0) 
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from the condition that at the sharp edge of an airfoil, like on a plate, 
the thickness of the boundary layer is zero. According to this value, 
/.. 0 also equals zero. 

The corresponding values for the parameters of a boundary layer 
in an incompressible fluid can be found by assuming in the obtained 
relations that 1 - V6 = 1 - vg!V~ax = 1 [this follows from the 
formula 1 - V& = {1 + [(k- 1)/2] Mg}-1 , in which one must 
assume that for an incompressible fluid the Mach number M 6 = Ol. 

By (13.7.1), the friction factor is 

Cf x= 2T"2- = V2 -. /f!oV,5 (2 + ')..6) _1_ (13.7.9) 
' Po V,S o V Po yX 

The thickness of the boundary layer by formula (13. 7 .2), in which 
V 6 = 0, equals the value 6 = 1lo· We fmd this value from (13.7.5) 
in the form 

(13.7.10) 

The quantity 'A in formulas (13.7 .9) and (13.7 .10) is determined 
by solving differential equation ( 13.7. 6) in which instead of (13. 7 .8) 
one should assume that 

(13.7.11) 

The method of refPrence paramPters can be used for airfoils wi lh 
a small curvature of their contours. The characteristics of an incom
pressible boundary layer are converted by this method to the rele
vant values with account of compressibility and high temperatures. 

As a particular case, the above relations for the boundary layer 
on a curved surface can yield the corresponding relations for a flat 
plate in either a compressible or an incompressible flow if we assume 
in these relations that the longitudinal velocity gradient is zero. 

Influence of Boundary Layer Separation 
on the Aerodynamic Characteristics 

Separation of the boundary layer is a typical phenomenon attend
ing flow. In separation, the pressure on the surface of a craft is 
redistributed, which leads to a change in the aerodynamic drag 
and lift force. In the range of transonic velocities, separation hinders 
controllability because the non-stationary aerodynamic loads grow. 
At high supersonic velocities, it leads to large heat fluxes on indi
vidual parts of a surface in the flow. 

At the same time, separation of the flow may be useful when 
employing some kinds of craft or their elements. For example, a thin 
airfoil suitable for high-speed flight can be adapted for low veloci
ties by artificially causing separation at a certain place on its upper 
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side and ensuring subsequent attachment. As a result, we obtain 
the effect of a thickened airfoil that is better for low-speed flight. 

Owing to flow separation, various aerodynamic characteristics 
of spacecraft descending to the Earth can be improved. Some parts 
of such craft are in conditions of high temperatures. By using sepa
ration, one can sometimes reduce the heating and thereby ensure 
allowable conditions of heat transfer. 

Flow separation is the subject of intensive aerodynamic investi
gations. The classical concept of such separation is associated with 
viscosity, therefore it is often considered as a problem of boundary 
layer separation. 

An essential condition for flow separation is a positive pressure 
gradient. No separation occurs if such a gradient is absent. For 
example, a flow does not separate from a flat plate characterized 
by a constant pressure in all the cross sections of the boundary 
layer and, consequently, by the equality to zero of the longitudinal 
pressure gradient. In a flow over a smooth curved surface (for example, 
a wing airfoil or a body of revolution with a curved generatrix), 
however, this gradient is other than zero. This results in a change 
in the local shear stress, boundary layer thickness, and in the veloci
ty distribution over its cross section in comparison with flow over 
a flat plate. 

We have already indicated (Fig. 13.7.2) that in the tail part of 
a body the velocities of the particles near the wall are directed 
oppositely to the free stream. This phenomenon is explained by 
the action of viscosity leading to a decrease in the kinetic energy 
of the fluid particles. In the tail part of the airfoil, the store of this 
energy may be insufficient for overcoming the positive pressure 
gradient. Consequently, the fluid near the surface first experiences 
stagnation, and then changes the direction of its flow. The formation 
of this counterflow results in forcing away of the streamlines and, 
therefore, in separation of the boundary layer from the surface. 
The value of Tw = 0 corresponds to the separation point. 

Separation of the boundary layer from a surface leads to a substan
tial change in the nature of the flow and appreciably affects the 
aerodynamic characteristics of craft. 

A boundary layer after a separation point is characterized by the 
presence of two opposite flows, namely, an external one in the 
direction of the free flow, and an internal one in the opposite direc
tion. The boundary layer, as it were, rolls up, forming a vortex 
(Fig. 13.7.2). The formation and carrying off of vortices are attended 
by the accumulation of the stagnated fluid and the formation of 
a stagnation zone. 

Owing to the vortices, the velocity of the particles is higher in 
the afterbody in this zone than in flow without separation, while 
the pressure is lower (Fig. 13.7 .3). Therefore, an additional draK 
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Fig. 13.7.3 
Airfoil pressure distribution in an incompressible flow (llf"" = 0): 
/-without separation; 2-with separation 

X 

due to pressure redistribution develops. It is called the suction or 
vortex drag. The increase in the drag can be explained by the fact 
that an additional part of the kinetic energy of the flow over the 
body is spent on the formation of vortices and separation of the 
flow. 

The position of the separation point and, consequently, the size 
of the region determining the magnitude of the ad<litional drag 
dep~nd on the pressure gradient. For surfaces in the form of airfoils 
or elongated bodies of revolution with a small curvature and at 
small angles of attack, the positive pressure gradient is not large, 
separation does not virtually occur, and the vortex drag is negligibly 
small. With an increase in the angle of attack and in the surface 
curyature, the pressure gradient dp 6/dx grows, and separation occurs. 
The larger the derivative dp 6/dx. the closer is the separation point 
to the vertex of the surface in the flow. 

All these phenomena are observed both with laminar and with 
turbulent boundary layers. For turbulent flow, however, we can 
note some features of the separating flow. A section of such a turbu
lent flow forms, as is known, when the Reynolds number becomes 
larger than its critical value. The velocities are distributed more 
uniformly over the cross section of a turbulent bo11ndary layer, 
hence the particles near the surface have a higher velocity and, 
consequently, an increased kinetic energy. This is why they resist 
more strongly the retarding action o£ the pressure increasing along 
the flow, thus facilitating a less intense lowering of the sl1ear stress, 
and move farther than in a laminar layer along the surface to the 
separation point, where Tw = 0. 

Hence, a transition throngh the critical Reynolds number is 
attended by a downstream displacement of the separation point. As 
a result, the width and strength of the vortex region behind the 
body diminish, and the drag due to the pressure (the vortex drag) 
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sharply drops. Notwithstanding a certain increase in the drag due 
to turbulent friction, the total drag is lower than in a laminar bound
ary layer. This phenomenon of drag reduction in bluff bodies 
(bodies, the flow over which is attended by intensive separation, 
while their drag is mainly due to pressure forces and to a lesser 
extent to friction) upon the development of a turbulent boundary 
layer occurs in the critical region of the Reynolds numbers. Upon 
a further (supercritical) increase in the Reynolds numbers, the drag 
grows somewhat because the separation point is displaced upstream. 

We must note that the indicated effect is observed only for bluff 
bodies such as, particularly, a cylinder and a sphere. For streamlined 
bodies, for example, wing airfoils, and aircraft fuselages, narrowing 
of the separation zone in the afterbody and a certain reduction 
in the pressure drag are overbalanced by an increase in the friction 
drag because of the formation of a turbulent boundary layer in this 
part of the body. 

Let us see how compressibility affects the position of the separa
tion point and the drag. It was found that for a flat plate the bound
ary layer thickness increases and the shear stress diminishes with 
an increase in the Mach number. This also holds for curved surfaces 
[see (13.7.1) and (13.7.2)]. It thus follows that with an increase 
in the number Moo the separation point is displaced counter to the 
flow, i.e. toward the nose of the body in the flow. As a result, the 
separation zone broadens, while the pressure drag and total drag 
increase. 

It follows that the calculation of a flow and the determination of 
the aerodynamic drag are associated with finding the separation 
point of the boundary layer from the surface. An approximate value 
of the coordinate of a laminar boundary layer separation point in 
a subsonic flow can be determined using Dorodnitsyn 's method 
described above. For this purpose, Eq. (13.7.1) should be used. 
Assuming that cr,x = 0 in it, we find the value of the parameter 
'A = -12, according to which we find the position of the separation 
point for the given body shape by solving Eq. (13. 7 .5). 

Dorodnitsyn 's method, and also the other methods described 
above, are based on the~solution of differential equations for a bound
ary layer at whose lower edge the fluid parameters are determined 
from the equations of an inviscid flow over the given surface without 
separation. In other words, these methods take no account of how 
the separated boundary layer affects the free flow. The data on sepa
ration obtained by these methods are satisfactory for streamlined 
bodies in which the free stream separated together with the boundary 
layer moves away from the surface insignificantly and therefore 
differs only slightly from an inviscid flow without separation. But 
with sufficiently intensive separation in bluff bodies when the exter
nal flow moves away from the wall considerably, this difference is 
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'I 

Fig. 13.7.4 
Models of separated flows: 
a-sl'paration due to a stPp; b-separation due to d wedgp; 1- plate; 2 -boundary 
layer; J-main sJJock; 4-zone of serarction and inver'e flo": ,5-shock; 6-step; 7-
compr~ssion wa-ves; 8-inclinPd plane (wedge) 

quite signif1cant, and such a flow has a large influence on the bound
ary layer and the place of its separation. 

The separation of the boundary layer caused by the positive pres
snre gradient that forms in the tail part of a cmved surface and is 
not associated with protrusions or roughness can be obseryed in both 
a compressible and incompressible flows. In a compressible flow, 
specif1e processes may occur that give rise Lo the same separation 
effect that we have considered. We know that in a compressible 
flow at numbers Moo larger than the critical ones, local shocks are 
formed in the distmbed flow. The increased pressure behind such 
shocks propagates not only downstream, but also upstream thrm1gh 
the subsonic part of the boundary layer adjoining the wall. In addi
tion, thickening of the boundary layer ahead of a shock leads to 
forcing of the streamlines away from the surface of the body in the 
supersonic part of the boundary layer and in tlte external flow. 
This leads to the fact that a supersonic flow over this part experiences 
additional turning, which causes the formation of an oblique shock 
(a /..-shaped shock). 

The action of a shock on the boundary layer causes the pressure 
to grow, which results in separation of the layer. The inerease in 
the drag at above-critical Mach numbers is due not only to the 
losses in the local shocks, but also to separation of the boundary 
layer caused by the shocks. The separation effect increases at sup0rson
ic flow velocities if the boundary layer experiences a shock. Such 
a shock produces a considerable increase in the pressure in the bound
ary layer, as a result of which the layer becomes thicker and then 
detaches. 

The separation of a flow with the formation of a shock may occur 
if a plate has discontinuities. Figure 13.7 .4 shows schematically 
such separation caused by a step and an inclined plane. The shock 
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is due to the deflection of the flow near the place of separation through 
a certain angle because of the formation of a stagnation zone ahead 
of the step or inclined plane. The additional pressure gradient 
developing at the wall facilitates the forward displacement of the 
separation point. 

Investigations show that all these phenomena occur the most 
intensely when in laminar flow. Turbulence weakens the interaction 
between the shocks and the boundary layer because thickening of 
the layer, and also the role of the pressure gradient in its formation, 
are much less noticeable in a turbulent flow than in a laminar one. 
Owing to the smaller forcing away of the streamlines in a turbulent 
flow, as shown by experiments, no additional oblique shock is formed 
ahead of a normal shock. The separation of a three-dimensional 
flow also occurs without a reverse flow, and in shear flows. It occurs 
at the point where the three-dimensional streamlines tangent to the 
wall meet. 

Boundary Layer Control (BLC) 

The favoured ways of flow control include boundary-layer bleed 
and blowing. This prevents flow separation that may occur when 
the angle of attack of a lifting or stabilizing surface grows to above
critical values. As a result, the lift force grows. This is attended by 
an increase in the critical angles of attack and in the maximum values 
of the lift coefficients. 

The physical effect produced by bleed and blowing is the same 
and consists in an increase in the kinetic energy of the particles 
in the boundary layer, owing to which their stagnation diminishes. 
In bleed, this effect is mainly achieved because of an increase in the 
velocity, and in blowing, because of the increase in the mass of 
the air flowing through the boundary layer. 

Bleed is performed by vacuum pumps, and blowing, by pressure 
pumps through a profiled slot, a system of openings, or permeable 
surfaces (discrete and distributed bleed or blowing, respectively). 

The location of the openings or slots when bleed is used coincides 
with the assumed location of separation, while with blowing, the 
slots or openings are upstream. 

Boundary-layer bleed and blowing can be used to reduce the 
aerodynamic drag. For this purpose, the slots or openings should 
be located in the tail part of the body where prevention of separation 
is achieved that lowers the suction effect behind the tail and, conse
quently, reduces the pressure drag. 

Experimental investigations show that boundary-layer blowing 
is the best for improving the aerodynamic characteristics of a wing 
(increasing cYa· maJ· Blowing is usually performed at the leading 
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edge of the wing, and also near controls (ailerons, elevons, flaps, 
etc.). 

Bleed is an important means for stabilizing a laminar boundary 
layer (laminarization) that lowers the friction drag, and also heat 
transfer. From a physical viewpoint, the stabilization effect is 
explained by the fact that bleed eliminates the sources of fluctuation 
characteristic of a turbulent boundary layer, and thus ensures 
a higher stability of a laminar boundary layer. 

One must remember that bleed may never be used for stabilizing 
a laminar boundary layer. Moreover, it leads to the opposite effect, 
i.e. to the diminishing of its stability because it promotes the deYel
opment of the velocity pulsations forming in the boundary layer. 

The slots or openings through which bleed is performed must be 
located at the point of loss of stability, the distance to which from 
the leading edge can be calculated according to the value of the 
critical Reynolds number. One must bear in mind that laminariza
tion presumes the elimination of the disturbing factors (roughness, 
local separations of the boundary layer, wall vibrations) that help 
to retain a turbulent flow. 

Measurements show that the friction drag is lower on a cooled 
surface than on a hot wall. This indicates that upon cooling, the 
transition of a laminar boundary layer to a turbulent one occurs 
at a greater distance from the leading edge of the wall. 

Hence, cooling increases the stability of the boundary layer. 
The physical effect of stabilization of the boundary layer by cooling 

is explained by the action of the lowered temperatures on the viscos
ity and density of the gas flowing over the body. When a gas is 
cooled, its dynamic viscosity diminishes and density grows. This 
eliminates the causes of the instability of a laminar boundary layer 
in a gas, and as a result it withstands the action of disturbances 
causing turbulent fluctuations more successfully. 

The removal of heat, due to which the temperature at the edge 
of the layer becomes lower than at the wall, is performed by a variety 
of technical means depending on the design of the craft and its 
application. 

The aerodynamic efficiency of a craft and characteristics of its 
stability and controllability are improved by the use of auxiliary 
surfaces on individual elements. They include aerodynamic fpnces 
that are small steps on the upper surface of the wing parallel to the 
longitudinal axis of the craft. Their purpose is to prevent the flow 
of the boundary layer along the wing span and reduce the separation 
of the flow from its tips. This purpose is served by wing-tip plates 
installed, as their name implies, at these tips. Like fences, they 
improve the slip, and it manifests itself in the smaller action of the 
tip vortices on the wing. The result is lowering of the induced drag 
and an increase in the aerodynamic efficiency. 

20-05:i 
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(a) 

Fig. 13.7.5 
Shock ahead of a blunt body: 
a-curved detached shock; b-attached shock ahead or a centerbody; 1-wedge or cy
linder; 2-nose shock; 3-shock; 4-centerbodyl 5-maln attached shock; 6-separa
tion zone 

Fig. 13.7.6 
Flow over a blunt body with 
gas injection: 
1-body; 2-oriftce for injection; 
3-position or shock without Injec
tion; 4-shock with inJection 

The drag and heat transfer at high supersonic velocities are low
ered by a centerbody ahead of a blunt body. 

Let us consider this phenomenon. A detached, almost normal 
shock ahead of a blunt body (Fig. 13.7.5a) can change its shape if 
we install a center body ahead of the body (Fig. 13. 7.5b). The flow 
can separate at the centerbody and form a wedge-shaped or cone
shaped flow region depending on whether the body is flat or cylin
drical. Such a separating flow causes the shape of the nose shock to 
change from an almost normal to an oblique one, and this leads 
to a reduction in the drag and heat transfer at the stagnation point 
of the blunt surface. But high local heat fluxes may arise in the 
region between the shock and the end piece, which lowers the effec
tiveness of the centerbody somewhat. 

Experimental investigations reveal that an effect similar to the 
use of a centerbody can be achieved by a gas jet blown out through 
a small orifice on the nose wall toward the oncoming flow, or by 
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using a system of minute orifices (a porous wall) through which the 
gas is injected into the flow. In both cases, the introduction of an 
additional mass of gas causes the flow to separate from the blunt 
body and form, as it were, a new immersed body (pseudobody) with 
a smaller blunting and a larger length. As a result, the nose shock, 
while retaining its curved shape, moves away from the nose and 
reduces its strength. This leads to a more favourable redistribution 
of the pressures and velocities on the blunt nose and, therefore, to 
lowering of the drag and heat transfer. Such a flow model is shown 
in Fig. 13. 7.6, which depicts a blunt wall with one orifice. 

13.8. Mixed Boundary Layer. 
Critical Reynolds Number 

To calculate a boundary layer, we have to analyse its nature on 
a surface in a flow. Observations show that the nature of a boundary 
layer depends appreciably on the flow conditions determined by the 
Reynolds number. Consider a surface in the form of a flat plate 
(Fig. 13.8.1). On its front part at comparatively low Reynolds 
numbers Re = V 6xp 0 /fA. 6 a laminar boundary layer forms. Next 
comes a zone of transition of the laminar layer into a turbulent 
one, followed on the tail parts by a fully developed turbulent flow 
which large numbers Re correspond to. Such a boundary layer on 
a surface in a flow is called mixed (or laminar-turbulent). 

It should be noted that both a laminar and turbulent boundary 
layers are possible at any Reynolds numbers. Actually, a flow that 
is stable in the given conditions sets in in the boundary layer. At 
small numbers Re, the laminar flow is stable. At large numbers, 
a laminar boundary layer is not stable. By using artificial proce
dures, for example by ensuring the even supply of a fluid to a smooth 
plate, one can also create a laminar boundary layer at large Reynolds 
numbers. 

Such a flow is not stable, however, and upon any, even small, 
disturbance, it transforms into a stable turbulent one. This also 
relates to the instability of a turbulent boundary layer that may 
appear on the nose of a plate (where the Reynolds numbers are low) 
if initial disturbances are present. But no matter how great these 
disturbances are, at the leading edge they attenuate if the local 
number R e = V oXP 0 /f-1. o does not exceed a certain limiting value of 
the Reynolds number. The number R e separating the zone of a stable 
laminar flow from the other parts of a surface on which there are 
zones of transition and a stable turbulent flow is called the critical 
Reynolds number Re~r = V 11x~rPlllfA. 11 • Sometimes this number, 
based on the distance x~r to the origin of the transition zone, is 
called the first or minimum critir:al number. The second critical 
20* 
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Fig. 13.8.1 
Mixed boundary layer on a flat 
plate: 
I-laminar boundary layer; 2-
transition zone; 3-turlmlent 
boundary layer 

Fig. 13.8.2 
Distribution of the local friction 
factor on a plate and the values 
of the critical Reynolds num
bers: 
1-laminar boundary layer; :!
transition zone; 3- turbulent 
boundary layer 
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Reynolds number Re~r = V 6x~rP<'/fA.o separates the transition zone 
from that of developed turbulence and is based on the coordinate 
x~r of the end of the transition zone. In the transition zone, the flow 
is of an intermittent nature: the laminar and turbulent flows replace 
each other irregularly. The physical properties of such a flow are 
characterized by the intermittence factor. The latter takes into 
account the fraction of the time interval during which turbulence 
exists in a definite flow cross section. 

Investigations usually yield the range of Reynolds numbers limit 
ed by their first and second critical values and thus determining 
the transition zone length. Approximate values of these numbers 
ean be found from the graph in Fig. 13.8.2 obtained according to 
experimental results for a plate in an incompressible flow with a low 
initial turbulence. 

The first critical Reynolds number is determined from the mini
mum value of the friction factor corresponding to the end of the 
zone with a laminar boundary layer and equals Re~r ~ 3 X 106

• 

The point of minimum cr,x is followed by a sharp, almost stepwise 
growth in the local friction factor that reaches a peak value corre-



Fig. 13.8.3 
Transition of a laminar bound
ary layer to a turbulent one: 
I-laminar boundary layer; ?-fic
titious part of turbulent boundary 
layer; .J-turbulent boundary layer 
bel1ind the transition point; 4-
turbulent boundary layer originat
ing at point 0 
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sponding to the limit of the transition zone and the second critical 
Reynolds number of Re~r :::::::: 4 X 109 • To the right of this edge, the 
turbulent boundary layer is stable. 

In approximate practical calculations, we may proceed from the 
fact that the laminar boundary layer is separated from the turbulent 
one by an infinitely small transition zone, i.e. by a point. The coor
dinate Xcr of this transition point T (Fig. 13.8.3) is determined from 
the critical Reynolds number found as the arithmetic mean of the 
first and second critical numbers. 

Experimental data should be used when finding the value of the 
number Recr· Such an experimental critical Reynolds number 
allows us to make quantitative estimates, and also to analyse quali
tatively the phenomenon of stabilization of the laminar boundary 
layer, the process of its transition to a turbulent layer, and the 
mechanism of flow formation in this layer. Particularly, it has been 
established that a laminar and transition zones do not affect the 
mechanism of development of the turbulent boundary layer behind 
the transition point. Therefore, to calculate the boundary layer 
behind the transition point, we may use the conventional relations 
obtained by assuming that the flow in this layer is fully turbulent. 

The location of the transition point (or zone) on a surface in a flow 
depends on many factors, mainly on the intensity of turbulence of 
the external flow, the surface state, the wall temperature, the number 
M 6 at the boundary layer edge, the configuration of the surface, and 
on the longitudinal pressure gradient. 

How the intensity of turbulence of an external incompressible 
flow affects the number Recr is shown in Fig. 13.8.4. An increase 
in the intensity of turbulence results in additional disturbances in 
the boundary layer leading to early turbulization and, consequently, 
to diminishing of the critical Reynolds number. 

The highest value of this number found for a sphere in free flight 
when the initial turbulence is taken equal to zero is determined by 
the number Recr = 4. X 105. Wind tunnel tests with an initial 
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Fig. 13.8.4 
Influence of the intensity of turbulence in an incompressible fluid on the critical 
Reynolds number for flow over a plate 

Fig. 13.8.5 
Influence of plate surface rough
ness on the critical Reynolds 
number 
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flow turbulence of 6% yielded a Reynolds number only one-fourth 
of this value (Recr ~ 105). Similar measurements for a plate yield 
a six-fold to eight-fold reduction of this number (from 2.8 X 106 to 
5 X 105). 

Qualitatively, the same effect of lowering the stability of a lami
nar boundary layer is provided by roughuess on the surface, which 
should also be considered as a source of disturbances. If the state 
of a surface is characterized by a relative roughness of t1 = M6* 
(where t1 is the height of the roughness asperities, and 6* is the 
displacement thickness), then the influence of this state on the 
critical Reynolds number for an incompressible fluid can be depicted 
by the curve shown in Fig. 13.8.5. A glance at this figure reveals 
that a small roughness does not virtually affect the transition of 
the laminar boundary layer to a turbulent one. According to experi
mental data, at low velocities with a single cylindrical or two-dimen
sional roughness (for example, in the form of a round thin wire fixed 
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across the flow), the height of an element of this roughness at which 
it still fails to affect the transition can be determined from the re
lation V* ~/v 6 = 7, where ~1 is the height of a roughness element, 
and V* = V Twlp 6 is the friction velocity determined from the 
shear stress on the wall at the location of this element. 

The height of a roughness element at which the transition of the 
laminar boundary layer to a turbulent one occurs directly near this 
element is determined from the relation V* ~ 2/v 6 = 15 or 20. 
The heights ~1 and ~ 2 • known as critical ones, correspond to rough
nesses with virtually any flat dome-shaped elements or cavities, 
these values being smaller for pointed elements. A further increase 
in the height ~ 2 causes upstream displacement of the transition 
point until the distance from it to the leading edge reaches a mini
mum value (a minimum critical Reynolds number Recr = V 6xcrlv 6 
corresponds to this distance). Such a height is effective. Its value 
is determined for supersonic velocities from the condition 

X~ =a ( 1 + k-;
1 Ms) Re;i 14 (13.8.1) 

in which Rex6 = V 6x6 /v 6 , where x6 is the distance to a roughness 
element, and a = 32.8 and 43.2 for a cone and plate, respectively. 

A minimum critical Reynolds number Recr corresponds to the 
effective roughness height. It is determined by the empirical relation 

Recr- Rex6 = 5.5 X 104 MA (13.8.1') 

Given the value of Recr• we can use this relation to evaluate 
the quantity Rex6 determining the distance from the leading edge 
to a roughness element (vortex generator), and formula (13.8.1) 
to find the corresponding value of the height of this element. Esti
mates show that the intensity of roughness action lowers with in
creasing M 6 (i.e. with increasing compressibility). 

A boundary layer in a compressible fluid is thus less sensitive to 
roughness than in an incompressible flow. In accordance with exper
imental data, a turbulent boundary layer is insensitive to rough
ness if the height of a roughness element is smaller than the thickness 
of the laminar sublayer. The thickness for a flat surface can be ap
proximated by the relation t1 = 100v 6 /V 6 • 

Let us see how the wall temperature affects the stability of a lami
nar boundary layer. It has been established that surface cooling 
stabilizes a boundary layer and increases the critical Reynolds numbers. 
The explanation is that cooling lowers the temperature and increases 
the density of the gas at the wall, as a result of which the kinetic 
energy of the flow grows. Particles with a high energy are influenced 
to a smaller extent by disturbances. It was noted that at very high 
flow velocities the Reynolds number has a substantial significance 
as a stability criterion in comparison with parameters such as the 
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Fig. 13.8.6 
Experimental curve of the num· 
her Recr versus the dimension
less temperature and the 
number Moo 
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dimensionless wall temperature T wl T 6 (T wl T"' or T wl Tr) and the 
number M 6 . Experimental dependences of the critical Reynolds 
number on the temperature of a plate surface are shown in Fig. 13.8.6. 
These results can be used to find the dependence of the quantity 
Recri(Re0 r)'fw=I [where (Re0 r)fw=l is the critical Reynolds num
ber at T w = TwiT r = 1] on the parameter (Tw - 1)/ MA containing 
the dimensionless temperature T w and the number M 6 • 

Hence, the above data also allow us to see how the number M 6 
at the edge of a laminar boundary layer affects its stability. It is 
not difficult to see that when M 6 increases, the critical Reynolds 
number decreases because an increase in M 0 is attended by elevation 
of the recovery temperature, and this leads to lowering of the density 
and kinetic energy of the gas at the wall. 

Gas particles with a lower kinetic energy are naturally affected 
substantially by disturbances, which causes earlier turbulization 
of the boundary layer. 

Let us see how the stability of a laminar boundary layer is affect
ed by the intensity of turbulence of the external flow and by the 
wall roughness at various numbers M 6 • Observations reveal that 
this influence diminishes with a growth in M 0 , and at M 6 exceeding 
four the critical Reynolds number does not virtually depend on the 
intensity of turbulence and roughness. 

As for the physical mechanism of this phenomenon, we know that 
a growth in the number M 6 is attended by an increase in the bound
ary layer thickness, and, therefore, a larger mass of the gas is 
involved in the viscous flow. This is exactly why such a thickened 
laminar boundary layer experiences a smaller disturbance on the 
part of the external flow turbulence and of roughness. This must 
not make us conclude that the number M 6 has a stabilizing influence. 
In the given case, we observe a smaller role of factors such as turbu-



Fig. 13.8.7 
Critical Reynolds number for a 
cone 
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lence and roughness in the changing of the critical Reynolds number. 
But at the same time, the influence of this number diminishes with 
a growth in M 6 . 

The critical Reynolds number based on the local parameters at 
the edge of a layer depends on the shape of the surface in the flow. 
Let us consider, for example, the flow over a cone. At the same value 
of the number M 6 and the wall temperature, the thickness of the 
boundary layer on a cone is smaller than that on a plate at the 
corresponding point. In such a thinner layer of a viscous fluid, the 
tendency of lateral movements of the particles weakens, and the 
critical value of the Reynolds number grows. Experimental data 
on the change in this number depending on the number M 6 and the 
dimensionless temperature T w = T wl T r are given in Fig. 13.8. 7. 
An analysis of these data reveals that the qualitative nature of 
the influence of the number M 6 and the surface temperature on the 
boundary layer stability is the same as for a plate. At the same 
time, we can note a feature of the flow according to which at M 0 
exceeding four the critical Reynolds numbers for a conical surface 
virtually remain constant and correspond to the given value of the 
dimensionless temperature T w· Calculations show that the values 
of the critical Reynolds number are approximately inversely pro
portional to the dimensionless wall temperatures T w = TwiT r 
determined with the aid of expression (13.5.12) for T r· 

When investigating the stability of a laminar boundary layer 
on a curved surface, one must also take into consideration the 
longitudinal pressure gradient in addition to the above factors. 
If the gradient is positive, the gas particles move with deceleration, 
therefore their kinetic energy diminishes. This gives rise to a lower 
resistance to disturbance, which leads to more intensive lateral 
mixing and, consequently, to lowering of the critical Reynolds 
number. 
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Fig. 13.8.8 
Influence of the longitudinal 
pressure gradient on the critical 
Reynolds number for a flow 
over an airfoil 
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The acceleration of particles produced by a negative pressure 
gradient facilitates the "spreading" of the laminar motion, character
ized by a larger Reynolds number. Figure 13.8.8 shows a curve 
plotted as a result of the experimental investigation of subsonic 
flow over an airfoil and allowing us to determine the influence of 
the longitudinal pressure gradient on the critical Reynolds number. 
The following empirical formula corresponds to this curve: 

(13.8.2) 

where 'A = -18x dp 6/dx is a parameter calculated from the pres

sure gradient dpr/dx, p0 = 2p 6/(p6 V5) is the dimensionless value 
of the pressure in the boundary layer, and (Recrh and (Recr)o are 
the critical Reynolds numbers corresponding to 'A =fo. 0 (the pressure 
gradient is other than zero) and 'A = 0 (the pressure gradient equals 
zero), respectively. 

Experiments show that the transition point for wing airfoils 
coincides approximately with the coordinate of the point of mini
mum pressure. This coordinate, in turn, is very close to the place 
of the maximum airfoil thickness. This is why laminar-flow airfoils 
(with a great length of the laminar boundary layer) have the parts 
of the maximum thickne3s displaced toward the trailing edge. 
Experimental data reveal that the point of the minimum pressure 
may be removed from the leading edge over a distance from 60 to 
65% of the airfoil chord. The drag of such an airfoil due to laminar 
friction can be lowered from one-and-a-half to two times in com
parison with that of a conventional airfoil. 

After determining the critical Reynolds number with account 
taken of the above factors, we can compute the parameters of a 
mixed boundary layer, evaluating them separately for the parts with 
a laminar and turbulent flows. Let us consider, for example, how 
such a boundary layer is calculated on a flat plate (see Fig. 13.8.3). 
On the part of the plate from the leading edge to point T (the length 



Ch. 13. Friction 315 

of this part is Xcr = xT), the viscous flow parameters (the layer thick
ness and friction factor) are calculated according to the usual rela
tions for a laminar boundary layer. But for calculating the turbu
lent flow that arises after point T, we cannot use the relation given 
above for a turbulent boundary layer because this layer originates 
not from a zero thickness, but from a finite one. Experiments verified 
that these relations may be used with an adequate approximation if 
the coordinate x is measured from the conditional onset of the tur
bulent boundary layer shown by point 0' in Fig. 13.8.3. 

To find this point, we can use one of the following schemes. In 
accordance with the first scheme, it is assumed that the distance 
0' T = !:!..x equal to the length of a conditional plate with a turbulent 
boundary layer must be such as to ensure a thickness of the turbu
lent boundary layer 6trb at the transition point equal to the thickness 
of a laminar boundary layer 6 lam on the length Xcr = xT. For an 
incompressible fluid, this leads to the condition 

A 1xT (Recr);; 12 = A2 !:!..x (Ret.xt115 (13.8.3) 

where by (13.3.19') and (13.4.58) A1 = 4.64 and A 2 = 0.37; 

(Recr)xT = V I)XT!'VI), Ret,.,_ = VI) 11x/vl) (13.8.4) 

the critical number (Recr)xT being considered as a known quantity 
ranging from 1 X 106 to 5 X 106 • Knowing this quantity, we can 
find !:!..x from (13.8.3). 

To take account of the influence of compressibility and high 
temperatures, we shall use the reference parameters. For this pur
pose, we shall write the expressions for the Reynolds numbers as 
follows: 

(Recr)xT = V 6xT/v*, Refix = V 6 !:!..x!v* (13.8.5) 
In the case being considered, the critical number (Recr)xT should 

be found with account taken of the wall temperature and the num
ber M 6 • By inserting the values (13.8.5) into (13.8.3), we can cal
culate the length 11x, which is already determined with a view to 
high flow velocities. 

In accordance with the second scheme, it is assumed that not the 
layer thicknesses, but the momentum thicknesses 6* * at the transi
tion point are the same for the laminar and turbulent boundary 
layers, i.e. 

(13.8.6) 

For an incompressible fluid, we find the momentum thickness by 
.Eq. (13.2.19) in which we assume that p = p 6 : 

0 

6**= i ~ (1-~) dy J v{j v{j 
0 
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By introducing for the integral the designation 
1 

B=) ~= ( 1- ~:) d ( +) =const 
0 

we obtain 
6** = 6B 

(13.8. 7) 

(13.8.8) 

Introducing this value into (13.8.6) and taking into consideration 
expression (13.8.3) for the thicknesses, we find 

(13.8.9) 

where B1 is evaluated from (13.8.7) with the substitution of VxiV 6 
by Eq. (13.3.15) in which we assume that f]IY] 6 = y/6, while B 2 

is found from the same equation (13.8.7) with the substitution of 
VxiV 6 in accordance with (13.4.54). The value of !:!..x found from 
(13.8.9) is larger than that obtained from (13.8.3). The mean value 
of !:!..x found by these formulas is expected to be closer to the actual 
one. 

The results of calculating the coordinate of point 0' can be used 
for finding the thicknesses, the distribution of the local friction 
factors and also of the average values of these factors for a mixed 
boundary layer. 

The average friction factor for a plate of length L is 

(cx.rhc=(cx.t.ram)lc 7 + (c~.r.trb)!c ~ - (c~.r.trb)!c ~x (13.8.10) 

where (cx,r.ram) 1c is the average factor of laminar friction on part OT 
(see Fig. 13.8.3) calculated from the critical Reynolds number: 
(c~.t.trb) 1c and (c;,t, trb)!c are the average factors of turbulent fric
tion on parts x' = L - xT + !:!..x and dx, respectively. The factor 
(c~.r.trbhc has been found for a Reynolds number based on the 
length x', and the factor (c~. r. trb) rc, for the number R e based on 
the length dx. 

The friction factor can be approximated proceeding from the 
assumption that the turbulent layer originates directly at a point 
on the leading edge (see Fig. 13.8.3). In this case, the quantity !:!..x 
should be taken equal to the length of the laminar part, i.e. !:!..x = XT. 
With this condition, formula (13.8.10) can be written in the form 

Cx,t = Cx.t.lamXT/ L + c~.f.trb- c~.r.trbXT/L ( 13.8.11) 

Here the length of the transition part XT is considered to be a preset 
quantity determined from the known critical Reynolds number. 

Formula (13.8.11) can be used when calculating the friction 
factor for bodies of revolution. Here XT should be replaced with 
the part S ram of the side surface area, and L with the side surface 



Ch. 13. Friction 317 

Fig. 13.8.9 
Shape of au equivalent cone: 
1-given body or revolution; 2-equi\·alent cone; 3-Jaminar boundary layer; 4-tur
q11lent boundary layer 

area Sslde· If we relate the factor Cx,t to the characteristic area 
Smid· we have 

Cx,t = Cx,t,lamSlarn!Sillld + c~.t,trb Sslde/Smld 

-c~,f,trb Slam/Smld (13.8.12) 

For subsonic flow, the critical Reynolds number Recr used to 
calculate the length XT can be found for a body of revolution in the 
same way as for a plate. Here we must have in view that for a body 
the actual values of this number are larger. 

For supersonic flow, the number Recr• like the component fric
tion factors in (13.8.12), can be found by replacing the given curved 
body of revolution with an equivalent cone whose semiapex angle 
~~q is calculated from the condition that nr~idxb = Sside· This 
yields ~~q = r~id/xb = Sside/(nxJ~) (Fig. 13.8.9). Therefore 

V-3 ( ) Slam 
Cx,f = Cx,t,lam pJ -"--

•>mid 

+ 1 17 [ ( , } S side ( " · Slam J ( 13 8 13) . Cx,f,trb pi -S-- - Cx,f,trh)pJ -S-- · · 
mid mid 

The friction factors on the right-hand side are determined for 
a flat plate according to the relevant gas parameters on the equiva
lent cone. 



14 
Heat Transfer 

14.1. Aerodynamic Heating 

Heat Balance Equation 

In a flight in the atmosphere, the heat from the surroundings 
transfers to a craft when the temperature of the gas in close prox
imity to its surface becomes higher than that of the body. Regions 
with a high temperature form because of stagnation of the flow in 
shock waves and in the boundary layer that causes the static enthal
py of the air to grow. 

The calculation of heat transfer consists in determining the specific 
heat flow (the heat flux per unit area or the heat transfer rate) equal 
to the amount of heat transferred to a unit surface area in unit time, 
and also the heat flux to the entire surface. Such calculations allow 
us to properly choose the cooling system or other means ensuring 
protection of the surface against overheating, and also to determine 
the spots where excessive thermal stresses develop and destruction 
of the surface is possible. 

Let us consider the heat balance equation, which in the general 
form determines the resultant specific heat flow to a wall. The mag
nitude of the specific heat flow qw equals the difference between the 
heat fluxes supplied to a wall qsup and rejected from it qrei, i.e. 

qw = qsup - qrej (14.1.1) 

The heat flux supplied to a wall is due to heat transfer by conduc
tion and diffusion in the gas (the aerodynamiclheat flux) qc = qh + 
+ qd, by radiation by the gas qrad• and also solar q8 and terrestrial 
qter radiation, and to the heat transfer from the equipment qeq.tr: 

qsup = qc + qrad + qs + qter + q eq. tr (14.1.2) 
The rejected flow consists of the heat qem emitted by the heated 

surface, the heat qab absorbed by the wall material andJ dissipated 
into the surroundings upon ablation, the heat qc1 removed by various 
cooling means, and the heat qeq. b spent on heating the equipment. 
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Consequently, 
(14.1.3) 

The components q eq. tr> qeq. h, and qc1 may play a major role 
in the heat balance. The problems associated with the permissible 
values of q eq. tr and q eq. h and with the required values of qc1 are pri
marily of a design and technological nature and are solved in each 
specific case with a view to the features of the craft. We shall consid
er here only the processes of the natural heat supply and rejection 
of heat associated with heating of the gas, emission from the wall, 
and also with solar and terrestrial radiation. 

Heat Transfer from a Heated Gas 

Molecular H~at Conduction. When studying phenomena associat
ed with the high-speed flow over bodies, the non-uniform heating 
of the gas that causes three-dimensional distribution of both the 
temperatures and the composition of the gas should be considered. 
The temperature gradients produce a heat flux due to molecular 
heat conduction. This flux is determined by Fourier's law 

qh = -'"Aw (oT/oy)w (14.1.4) 

where '"Aw and (oT/oy)w are the heat conductivity and the tempera
ture gradient, respectively, for the heated gas at the wall. The 
minus sign on the right-hand side has been taken with a view to the 
fact that the quantity qh is positive, while the temperature gradient 
(oT/oy)w is negative because the temperature lowers in the direc
tion of heat propagation. 

Heat Flux by Diffusion. A feature of heat transfer in a boundary 
layer at very high flow velocities is that the atomsfand ions pro
duced by dissociation and ionization participate in the transfer of 
heat, diffusing into regions with a lower concentration of atoms and 
ions. Diffusion attended by the recombination of atoms and ions 
leads to the liberation of additional heat 

(14.1.5) 

where Qi.d is the diffusion mass flux [see (3.2.1)], and ii is the enthal
PY of the i-th component of the mixture determined by the formula 

T 

T 

i; = ( ~- Cp dT) i + (ichem)i 
0 

(14.1.6) 

in which ( .\ cr, dT)
1 

is the enthalpy of the i-th component of the 
0 

gas, and (iche:nL is the chemical energy of its formation. 
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For a model of the air, which is a reacting atomic-molecular 
mixture (the subscript "A" is used on the atomic component, and 
"M" on the molecular one), we have 

qd = QA,diA + QM.diM (14.1.5') 
T T 

iA=) Cp,A dT+ichem• iM= I Cp,M dT (14.1.6') 
u 0 

In addition, we can consider that the mass transfer in the given 
direction y is 

Q A.d = -QM.d = -pD A,M acA/ay; D A.M = DM.A = jj 
(14.1.7) 

where D A.M = DM,A = D is the diffusivity of the atomic (molecu
lar) component into the molecular (atomic) one, and cA is the mass 
concentration of the atoms. 

To a first approximation, we can evidently proceed from the 
indicated binary structure of dissociated air because the transport 
coefficients characterizing the viscosity, heat conduction, and 
diffusion, and also the relative atomic masses of oxygen and nitrogen 
are close to each other. We also assume that the nitrogen oxide 
concentration is low, and its influence on the transfer of energy may 
be disregarded. Ionization may also be left out of consideration 
because it only begins to be significant at Moo exceeding 20 or 25. 

Inserting (14.1.7) into (14.1.5') and considering the conditions 
at the wall, we obtain 

qct = -pwD (acA/ay)w (iA -iM) (14.1.8) 

The enthalpies of the atomic iA and molecular iM components 
determine the enthalpy i of the mixture: 

i = iACA + iM (1 - CA) (14.1.9) 

By (14.1.6), the difference 
T 

iA- iM = ~ (cp,A -cp,M} dT + icheru 

0 

(14.1.10) 

In real cases, the second term on the right-hand side of Eq. (14.1.10) 
is considerably larger than the first one, and, therefore, we can 
assume that iA - iM ~ icbem· 

In addition to mass transfer due to a non-uniform concentration, 
diffusion mass fluxes form that are produced by gradients of the 
temperature (thermal diffusion) and pressure (pressure diffusion). 
These two components of the diffusion flux do not have a significant 
value, and for this reason they are left out of account when studying 
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heat conduction in a gas flow. The gas components diffusing because 
of the concentration gradient when transferring enthalpy are sources 
of an energy flow that in some conditions can exceed the heat flux 
due to conduction. 

Resultant Specific Heat Flow. The magnitude of the resultant 
specific heat flow is determined by heat transfer due to conventional 
molecular heat conduction and the release of heat as a result of the 
recombination of the atoms participating in diffusion. Hence the 
resultant specific heat flow to a wall by (14.1.4) and (14.1.8) is 

qc=qh + qd=-Aw (fJT/oy)w-PwD (iA- iM)w (fJcA!fJy)w (14.1.11) 

The derivative (fJT/oy)w can be determined as follow:-;. \\'e differ
entiate (14.1.9) with respect to y: 

fJi ac;., . . at,_ at"r -=->-(tA-tM)+- CA ; (1 C) ay ay dy .. ifY - A (14.1.9') 

We use formula (14.1.6), transforming it to the differential form 
dii = cp,i dT and taking into account that d(icllem)t = 0 because 
for each component the enthalpy of its formation (ichem) 1 = const. 
From the obtained expression for di 1, we find that di\ = cp,A dT 
and dir;r = cp,M dT. Hence (14.1.9') can be transformed as follows: 

a i ac A (. . ) aT [ ( 1 ) l 
fJy = f!y lA-ll\1 -·;·--ay c 1,,ACA--·Cp,M -cA 

where cp,A cA + cp,l\I (1 - cA) = (cp)a,· is the average specific heat 
of the mixture. 

From the expression for fJi/fJy, we find the deriYativo 

(!!._) =-
1-(!!!-) --1

- (~) (iA-i~I)w 
(}y w (cp)w dy w (cp)w !Jy w ' 

where [(cp)avlw has been designated by (cp)w· 
Let us introduce the expression obtained for (oT/Dy)w into (14.1.11): 

or 

21-055 

'Aw ( at) {r 1 (acAffJY)w (iA -iMk J 
qc = - (c 1,)w ay w L (ai;auh 

Heat conduction (1) 
+--- _____,._ 

+ Le (8cAf8Y)w (iA -- iMh- } 
(8if8Y)w 

Diffusion (2) 
__,._ 

( 14.1.12) 

(14.1.12') 



322 Pt. II. Methods of Aerodynamic Calculations 

In Eq. (14.1.12'), we used the dimensionles~ number 

Le = Pw (cp)w DI'Aw (14.1.13) 

called the Lewis number, which is one of the important criteria of 
heat transfer by diffusion. The physical meaning of this criterion 
consists in that it determines the ratio of the intensity of heat trans
fer in mass transfer by diffusion to that of heat transfer by conduc
tion. In the general case, Le > 1, hence heat conduction is less 
intensive than the transfer of heat by diffusion. Let us write the
number Le (14.1.13) in the form 

L ~ ftw (cp)w PwD 
e~ --

'Aw [tw 

The first multiplier on the right-hand side of this expression is 
the Prandtl number Pr = ~Lw (cp)wi'Aw, while the second one is 
a dimensionless number that can be considered as a characteristic 
of the heat transfer by diffusion. A number that is the reciprocal 
of this quantity is introduced in the theory of heat transfer. It is 
known as the Schmidt number: 

(14.1.14) 

The physical meaning of the number Se consists in that it deter
mines the relation between the kinetic energy due to molecular 
transport and the energy transferred by diffusion. Like the Prandtl 
number, the Schmidt number for gases Sc < 1, and Se < Pr. 
The Schmidt and Lewis numbers are related as follows: 

Le =PriSe (14.1.13') 

Of practical importance are investigations of the numerical 
values of the above numbers. It was established theoretically that 
for a two-component atomic-molecular mixture the Schmidt number 
varies very slightly over a wider range of temperatures. For exam
ple, if at T = 252 K the value of Se = 0.495, then at T = 3360 K 
the number Se = 0.482. This is also characteristic of the change 
in the Prandtl number whose value is about 0. 71. If we assume that 
the Schmidt number equals a certain average value Sc = 0.49, 
then the Lewis number is 

Le = PriSe = pDcp/'A = 0.71/0.49 = 1.45 

According to available data, this number depends only slightly 
on the temperature up to values of T :::::::: 9000 K. 

Analysis o[ Heat Transfer Cases. Let us consider Eq. (14.1.12') 
and analyse various cases of heat transfer in a boundary layer. 
Inspection of (14.1.12') reveals that if the tern perature at the wall 
is below the dissociation limit, the concentration of atoms is zero. 
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hence, (ocA/oy)w = 0, and the heat flux is 

qc = qh = - [f..w/(cp)wl (fJi/oy)w (14.1.15) 

In the limiting case of thermodynamic equilibrimn being consid
ered, heat transfer is characterized by molecular heat conduction. 
It consists in the transfer of the kinetic energy of the translational 
motion of the molecules, and also in their vibrational and rotational 
energy. 

The real flow in a dissociated boundary layer is characterized 
by a concentration gradient of the atoms and molecules and by 
a non-equilibrium nature of the chemical reactions. In this case, 
the heat transfer mechanism in the boundary layer may differ 
appreciably from the process of purely molecular heat conduction. 
In addition to molecular heat transfer, heat is transferred O\ving 
to the chemical energy released upon recombination. This process 
is characterized by the following limiting cases. 

In the (rst limiting case. when Le = 1, the heat flux, as can be 
seen from (14.1.1~'), exactly equals (14.1.15). Here a feature of the 
heat tram:fer consists in that the amount of heat absorbed in disso
ciation [the first term in (14.1.1~')1 exactly equals the heat flux due 
to diffusion [the second term in (14.1.12')]. Evidently, the case 
being considered is characterized by an infinitely high rate of recom
bination. therefore thrrmodynamic eqnilibrium is established at 
eyery point of the boundary layer. Accordingly, the diffusion heat 
transfer in Lhe layer is due to a profile of equilibrium concentrations. 

In practice, flow conditions close to such a hypothetic "equilibrium" 
boundary layer are formed when the rate of diffusion is negligibly 
.<:mall in comparison with the rate of dissociation and recombination 
(and for ionization. also of the electron reactions). 

In the second limiting case that occurs at very high flight speeds 
\vhen the gas in the boundary is strongly dissociate<[, the parameter 
(fJcA/oy)w (iA - ir:,r)wl(oiloy)w ~ 1. This can be proyecl by using 
(14.1.9'). According to our assumption, at very high speeds CA-+ 1, 
consequently 

{)i {)cA . . ) , rJi \ 
i)y -+ ----:5!! (lA -- L:>l T (I~ 

Here the derivative 

Bearing in mind that in real cases the heat of formation ichem ::;?> 
T 

>> \ cp,A dT and is a constant quantity, we can assume that 
.! 
0 

21* 
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ai"\ loy ;::::; 0. lienee, for the conditions at the wall, (Di/fJy)w-+ 
-+ (fJc/'jfJy)w· (iA - iM)w· Accordingly, 

(14.1.15') 

In the limiting case being considered, all the heat is thus trans
ferred owing to diffusion. This heat transfer is characterized by very 
low rates of recombinations. As a result, although diffusion of the 
atoms does occur, no energy is released in the boundary layer. 
In practice, this may occur in a flow if the reaction time is large in 
comparison with the characteristic time of particle motion. Such 
flows are called frozen. In a frozen flow, the atoms formed 11pon 
dissociation diffuse toward the cold ,,;all, where they then combine. 
The released energy depends on the catalytic properties of the wall, 
which manifest themselves in different Yalues of the rate of the 
recombination catalytic reaction. 

All the actual heat transfer processes are assumed to be bet\veen 
the two limiting cases indicated above. 

Newton's Formula. The total heat flux from a heated gas to a wall 
q0 = qh + qct determined by Eq. (14.1.11) can be represented as 
heat transfN b'· convection, i.e. heat transfer between a solid wall 
and a gas flow'ing over it. The magnitude of such a heat flux in 
practical calculation is usually expressed with the aid of Newton's 
formula 

(14.1.16) 

where T is the representative temperature of the flow over the 
surface, T w is the wall temperature, and aw [W/(m2K)l is the heat
transfer coefficient numerically equal to the amount of heat trans
ferred to (or rejected by) a 1mit surface area in unit time at a tem
perature difference between the wall and the gas of one kelvin. 

When choosing the temperature Tin (14.1.16), we proceed from 
the following. It is general knowledge that if a wall is thermally 
insulated, the temperature of the gas reaches its maximum value 
at the surface and equals the recovery temperature T r· It is justi
fiable from a physical viewpoint to consider this temperature to be 
the most important factor for heat transfer from a heated gas to 
a surface depending on what the temperature of this surface is. 
It. is important to note here that for the given conditions, the quan
tity T r is a weak function of the flow parameters. The tern perature T 
in (14.1.16) is taken as just this temperature, which makes it pos
sible to avoid ambiguity in the concept of the temperature of the 
flow over a body. Accordingly, we shall write Newton's formula as 

qc = aw (Tr- T w) (14.1.16') 

Such a notion of the specific heat flow has an important feature 
consisting in that the heat-transfer coefficient aw is a weak function 
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of the temperature difference, and in practical calculations the 
influence of this difference may be disregarded. But it is had in view 
here that the heat-transfer coefficient depends on a number of fac
tors such as the gas velocity, the shape, dimensions, position (angle 
of attack) of the body in the flow, the structure of the boundary 
layer (laminar or turbulent), and on the physical properties of the 
fluid (heat conductivity, viscosity, specific heat, etc.). 

Heat-transfer equation (14.1.16') may be used for flow velocities 
when chemical reactions are absent in the boundary layer. At very 
high velocities, chemical processes are of a major importance, there
fore when calculating heat transfer one must take into consideration 
the change in the enthalpy in accordance with the formula 

qc = [aw/(cp)wl (ir- iw) (14.1.17) 

'vhere (cp)w is the average specif1c heat for the conditions in the gas 
at the wall, while ir and iw are the recovery enthalpy and enthalpy 
of the gas at the wall surface, respectively. 

Calculations reveal that the ratio awl (cv)w in (H.1.17) varies 
slightly upon dissociation (up to 10 or 15% }, and in a first approxi
mation it is chosen from the solutions for the boundary layer without 
chemical reactions. The enthalpies ir and iw are calculated with ac
count taken of dissociation. It follows from calculations by fornlU
la (14.1.17) that notwithstanding the small change in aw/(cp)w, 
the heat fluxes may differ appreciably from the valnes calculated 
by (14.1.16') without considering dissociation. 

It is convenient to use dimensionless criteria instead of the di
mensional heat-transfer coefficient. These criteria include the Stanton 
number 

( 14.1.18) 
and the Nusselt number 

Nu = awli'Aw (14.1.19) 

where l is an arbitrary linear dimension, and Aw is the thermal con
ductivity of the gas at the wall. 

The relation between these two numbers is established by the 
obvious expression 

Nu .·~ St Re Pr (14.1.20) 
where Re = V 0p 6 li[! 0 and Pr = (cp)w[1 6/'Aw. 

The determination of the heat-transfer coefficient aw or the di
mensionless criteria of heat transfer is the basic task of the theory :of 
aerodynamic heat transfer. \\' e shall note that since additional terms 
affecting the heat nux have been separated in formulas (14.1.18) 
and (14.1.19), the numbers Stand Nu depend on the flow conditions 
to a smaller extent than aw = p 6 V 0 (cp)w St and aw = ('Am 'l} Nu. 
In a general case, the values of St and Nu, in tmn, are functions of 
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the dimensionless criteria Re, Pr, Sc = flt,/(p 0D), and M 0 = V 0 /a 6 
determining the flow conditions and depend on the nature of the 
boundary layer and the wall temperature. 

Radiant Heat Flux. The high elevation of the temperature behind 
a shock wave or in a boundary layer increases the degree of disso
ciation, and, consequently, the amount of atomic oxygen and ni
trogen in the air grows. The result is more intensive proceeding of 
reactions with the formation of nitrogen oxide and an increase in its 
concentration. 

A growth in the pressure leads to a higher rate of recombination by 
the reaction A + A =<± A 2 and to an increase in the concentration of 
the nitrogen oxide NO forming by the equation 0 2 + N 2 +± 2NO. 
Unlike nitrogen and oxygen, nitrogen oxide is optically opaque, i.e. 
it can absorb and emit radiant energy. Air containing even a small 
fraction of nitrogen oxide has this property of opaqueness. This is 
why air heated to very high temperatures becomes a source of a ra
diant heat flux. 

The optical properties of air are characterized by the parameter e 
that is the radiation capacity of unit length of the emitting layer and 
has the dimension 1/l. For an emitting layer of thickness s0 , a dimen
sionless Gharacteristic of radiation capacity is the quantity ss0 called 
the effective emissivity of a gas. 

According to the Stefan-Boltzmann law, the heat emitted by a 
blackbody qract = aT4 , where a is the Stefan-Boltzmann constant, 
or the radiation coefficient of a blackbody [a = 5.6 X 10-s W/(m2

• 

· K4)l, and T is the temperature of the radiating gas. A function 
f(ss0 ) depending on the effective emissivity is introduced into this 
formula to take transparency into consideration. It is called the emit
tance of a gas. Hence, the relation for determining the radiant heat 
flux to a wall has the form 

qract = f(ss 0 )/aT4 (14.1.21) 

Formula (14.1.21) relates to the case when the wall emits no heat 
and its temperature T = T w < 3000 K. 

Figure 14.1.1 presents a curve characterizing the change in the 
function /( ss0 ) depending on the effective emissi Yi ty of air. This 
curve can be approximated by the equation 

f = 1 - exp (-es0 ) (14.1.22) 

by which the error is not over 20%. 
A glance at Fig. 14.1.2 giving the results of experimental inves

tigations reveals that the parameter e (cm- 1
) depends on the tem

perature and density of the air. vVithin the temperature range of 
8000 K ::( T ::( 16 000 K, the family of curves is well approximated 
by the formula 

e = 0.138 (p/poo,E)L28 (T/104)6.54 ( 14.1.23) 



Fig. t4.t.t 
Function characterizing the 
emittance (absorptance) of a 
l'adiating gas 

Fig. t4.t.2 
Experimental data on the emis
sivity of a gas (f, cm-1) 

log 0 

-2 

-5 

-8 

Ch. 14. Heef Transler 327 

tc-1 

lcz 
~ ........... "'"!":---r=~-d-~=-::::~===--' 

where Poo,E is the density of the atmospheric air at the Earth's sur
face. 

The maximum radiant heat fluxes form at the stagnation point and 
in its vicinity. Their values can be calculated by (14.1.21) provided 
that the separation of the wave s0 is determined with a view to the 
spatial configuration of the nose, while the density and temperature 
equal their corresponding values at the stagnation point (p = p~ 

and T = T~). We can also use the following experimental relation 
for a spherical nose (see [1]): 

qrr!.d = 8.9 X 107Rn (V oo/104) 8•5 (poo,fifPoo,E)1
•6 

(14.1.21') 

where qrad is the heat flux, W/(m2 ·s); Rn is the radius of the nose, 
m; V oo is the velocity, m/s; Poo,H and Poo,ter are the density of the 
atmosphere at the altitude Hand at the Earth's surface, respectively. 

By substituting for the radius Rn its equivalent value (see Sec.10.4), 
we can calculate the value of qrad at the centre of a flat nose to a first 
approximation. 
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Fig. 14.1.3 
Aerodynamic and radiant heat 
fluxes at a stagnation point: 
t- flight time; H- altitude 

Figure 14.1.3 shows how the radiant heat flux changes along a 
flight path in certain flight conditions. It can be noted that the heat 
flux qrad takes on large values at low altitudes. Its value corresponds 
to the maximum of the aerodynamic heat flow qc and is about one
third of this maximum value. 

Solar and Terrestrial Radiations. 
Radiant flux from a wall Surface 

The radiant heat flux from the Sun is 

(14.1.24) 

where ljJ is the angle between the direction of the Sun's rays and a 
normal to the surface of the body, and q is the irradiance power of 
the Sun, depending mainly on the flight altitude and the meteorolog
ical conditions. For temperate geographical conditions, the values 
ofq for the Sun at its zenith and without account taken of the absorp
tion of its rays by the atmosphere are given in Fig. 14.1.4. Data on 
the coefficient ~s taking account of the absorptivity of a material 
are given in Table 14.1.1. 

In flights at low altitudes (His about 10 to 15 km), the irradiance q 
diminishes because of cloudiness. For example, at an average cloud
iness, the actual value of q is 0.5 to 0.7 of the values corresponding 
to the data in Fig. 14.1.4 and 0.1 to 0.2 for an overcast sky. In night 
conditions, the irradiance is nil. 

Formula (14.1.24) may be applied to the part of a craft's surface 
facing the Sun. But the parts of this surface in the shade also absorb 
heat because of diffuse solar radiation. The magnitude of this heat 
flux is about one-third to one-fourth of that on the bright side. 

The specific heat flow due to terrestrial radiation is very small. 
It can be considered in the form of the sum qtrr = qter, p + qter. ro 



Fig. 14.1.4 
Irradiance of the Sun depending 
on the altitude H IJ 
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where qtPr, p is the radiant flux from the Earth. and q1er. r is the 
energy of the solar rays reflected from the Earth's sltl'face and clouds. 
Investigations show that for conditions of flight at an altitude of 
500 km. 

qter,p = 0.00/ (1 + 2 COS((') ~ter (14.1.25)· 

where q> is the angle between a normal to the surface and the ''body
Earth" line. 

Table 14.1.1 

Al 
Fe 
Ni 
Alloys: 

Materials 

of duralumin type 
alloyed steels 

Insulating materials: 
plexiglass (a transparent ther

moplastic) 
glass 

Painted surfaces: 
dark 
light 

Kind of radiation 

terrestrial 13ter 

0.04-0.10 
0.06-0.74 
0.04-0.39 

0.04-0.55 
0.12-0.62 

0.89 
0.85 

0.80-0.99 
0.80-0.90 

solar 138 

0.10-0.49 
0.45 
0.40 

0.53 
0.60 

0.97 
0.14-0.18 

1\'ote. The data on the coefficients 13ter and 135 are given for a wall temperature 
ranging from 200 to 600 °C. 
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'Fig. 14.1.5 
lrradiance of the Earth depend
ling on the altitude 
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According to experimental data, the maximum value of the ter
restrial radiant flux is 

(14.1.26) 

where qter is the Earth's irradiance power. 
The values of ~er and ~ter are given in Fig. 14.1.5 and Table 14.1.1, 

!respectively. 
Data on the specific heat flow qter, r are also experimental and 

have been obtained for a body at an altitude of 500 km on the "Earth
:Sun" line. According to these data, 

qter, r = 0.016 (1 + 2 COS cp) ~ter (14.1.27) 

By the Stefan-Boltzmann law, the heat flux emitted from a unit 
()f wall surface is 

qem = eaT!,.., (14.1.28) 

where e is the emittance of the surface depending on the material, 
roughness of the surface, and its temperature. 

The emittance shows how many times the radiation coefficient 
of a surface is less than that of a blackbody. The value of e grows 
with an increase in the surface roughness. If the height of the asper
ities is several times larger than the wavelength 'A of the radiation 
with the maximum intensity, the value of er for a rough surface can 
be expressed in terms of the emittance of a smooth surface e as fol
lows: 

Br= e[1 +2.8(1-e)2 ] (14.1.29) 

The waYelength 'A (~tm) depends ou the temperature and is 

'A = 2898/T (14.1.30) 
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14.2. Relation 
Between Skin Friction 
and Heat Transfer 

The problem of aerodynamic heat transfer consists in determining 
the heat-transfer coefficient aw in (14.1.16) and (14.1.16'), or the 
corresponding dimensionless criteria St or Nu. These calculations in 
the general case are associated with the solution of a system of differ
ential equations of the boundary layer including the equations of 
motion, energy,continuity. and diffusion. As a result of this solution, 
we fmd a relation between the heat-transfer and skin friction parameters. 
With certain simplifying assnmptions, snch a relation has the form 
of elementary expressions allowing ns to directly determine aw, 
St or Nu from the friction factor at the relevant point on the surface. 

To obtain these expressions, we shall use Eq. (14.1.8) for the lami
nar flow of a gas, and also the equation of energy in the form it is 
used in the boundary layer theory. First, using the general form of 
energy equation (3.2.14), we shall write it in a form such that con
tains the numbers Le, Sc, and Pr introduced above. It is convenient 
to use the obtained energy equation for analysing various heat
transfer phenomena and processes. Next this equation is transformed 
-with respect to the conditions of a Yiscons ilow in a thin boundary 
layer, and we thu . .., fiud an energy equation for the boundary layer 
in a· simplified form. Bearing in mind the expression i = 2J i;c1 for the 

enthalpy of a mixture, we can find the differential 

l . '\' . d '\' l' 
G ~ =.:.... l; C; + .;_ C; C l; 

·where di 1 = cp,i dT. Taking into acconnt the formula (cp)av 
= 2j cp,;c 1 for the aYerage specif1c heat of a mixture, we find 

di =I i; dc 1 + (cp)a,- clT 
i 

Going over to the temperature gradient, we have 

grad T = -
1
- grad i --

1
- L i; grad c1 (Cp)av (Cp):n . 

Inserting this value into (3.2.14) and introducing for the local val
ues of the Prandtl number Pr = [L (cp):w.'A and Schmidt number 
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Sc = [.tl(pD), we obtain the energy equation 

.!!.!_ = _1_ . .!!.£. + v [ ( av x )2 + ( avy )z + __!_ (div V)2 4~:2] 
dt p dt ax ay 3 + z 

+ -
1
- div [-( 'A) grad i] 
P Cp av 

+ ~ i; div[:O ( 1- ;; ) grade;]++ (14.2.1) 

where instead of the ratio Sc/Pr we can introduce 1/Le, i.e. the recip
rocal of the Lewis number. 

The energy equation in the form of (14.2.1) expressed in terms of 
the enthalpy is the fundamental one in the dynamics of dissociating 
gases. In the most general case, the number Sc < Pr (Le > 1). 
The physical meaning of this consists in that diffusion proceeds more 
intensely than heat conduction, and, consequently, the chemical 
energy does not transform entirely into heat. In a particular case, 
when Pr = Sc, Eq. (14.2.1) becomes 

.!!.!_= _1_. !!:.E._-'+- v [ ( iiVx )2 + ( av!, )2 + __!_ (div V)2 +4e2J 
dt p dt ' ax ay 3 z 

+-
1
- div [-( 'A) grad i] +~ 
P Cp av P 

(14.2.1') 

Equation (14.2.1') in form is an equation of energy for flows in 
which chemical reactions are absent. At Sc = Pr, the intensity of 
heat transfer by heat conduction and diffusion is the same. This cor
responds to the fact that part of the chemical energy at the edge of 
the boundary layer exceeding the chemical energy at the wall tem
perature completely transforms into heat. 

We shall assume for our further investigation that radiation is 
not taken into consideration, i.e. that e = 0 in Eq. (14.2.1'). To 
transform this equation for the flow conditions in the boundary layer, 
we shall determine the order of magnitude of its terms [see (13.1.3),. 
(13.1.4), etc.]. 

Unlike the equation of motion, the energy equation includes terms 
containing the enthalpy i. It is therefore good to additionally con
sider the estimation of the order of these terms. For this end, we shall 
use the formula for the stagnation enthalpy in the form 

i0 = i + V~/2 (14.2.2} 

In a particular case, when Pr = 1, the quantity i 0 = const. But 
for real flow conditions, this enthalpy is a variable quantity because 
of the thermodynamically irreversible processes caused by chemical 
reactions and the dissociation of the gas in the boundary layer, i.e. 
i0 =I= I 0 (where I 0 is the enthalpy of stagnation in isentropic flow). 
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The order of the~e quanlities is the same (i 0 '""l 0 =c= const), howevc>r. 
With tlti" in view, '"o fmd that ai/ax '""a1·;,'ax atul ()i/Jy '""iH'~'oy. 
whence the order of lite derivatin:- i~ Di a.c ~ ITL and di/ay ~ 
'"" r~:o. These dala are used \\'hen dPLt'rmining tiH' order of the sum
mand on the righl-hancl side of Ecr. (14.2.1') containing the enthalpy 
i. Upon estimating tlte order of mag·uiluclt> of ;111 the terms on tl!e 
right-hand side of (11±.2.1') [except for the hrst term (1/p) dp'dt] 

and taking into account that the ordt>r of the number Pr = ~t (cJl)a,' 
I 'A~ 1, wr ~hall giYe the results of this c',;timalion directly lliHll'r 

each ~mnmand of the equalion written in the expanded form 

..'!.2_ = _1 • ~ __:_ _11:_ { ( ov") z ~- ( w y ) 2 
dt i' dt · p Dx u11 

1~--------
(ft/PlV8: L2 

2 [ , D v,. ) z , Dr,. D F If , ( rl\-" ) "J + 3 l i)x 12 ~' Dy -·- ----;-;y-
1 I 

(~l/p)\'6/ £2 

+ (D:~xr-;- 2 ()~~", &:: J (;~!!)'} 
I I i I I I 

(14.2.3) 

Considering the right-hand side of Eq. (14.2.3), we can conclude 

that the terms .1:!:_ ( avx )2 
and - 1

-. _!___ (-.L. ~) have a larger order 
p ay p CI!J Pr uy 

than the remaining ones. By retaining the terms with a larg-er 
order, we obtain the energy equation 

di __ 1 dp f.t ( av"" )2. 1 a ( ~L ai ) Tt-p•dt+p ay '(J'ay Pr 'ay (14.2.4) 

Let us perform a substitution in (14.2.4) in accordance with (13.1.8): 

!!..E..=dpo=V dpo=-oV [v av,._J__V aV:x- __ 1_,3.._( av")] 
dt dt X dx I X X ax ' y au p ay ~ ay 

we obtain 

di v,. aF;, r,, av~ v a ( av.) 
-= --· ·----· ·-· ...L--2:.,- ~t --' 
dt 2 ax 2 ay I P ay ay 

+_11:_ (av")z _1 ,.!_(__t:_·~) 
p iJy + p ay Pr ay 
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The first two terms on the right-hand side of tlie equation can 
. 1 dV~ 

be wntten as -- -c 

2 dt ' 
and the third and fourth ones, as 

1 a ( ft av; ) . -.- -·-- . W1th 
p ay 2 ay this in view, we have 

(14.2.5) 

Taking into account expression (14.2.2) for the enthalpy i0 and 
expanding the total derivative of the left-hand side of (14.2.5), we 
obtain 

(14.2.5') 

Let liS consider a flow characterized by the quantity \vith Pr = 1. 
For such a f1ow, the energy equation has the form 

v (1; 0 __:_ v .!!..!:J_ = _!_ ( u .!!..!:J_) p X ax ' p y ay ay 1 ay (14.2.6) 

If the flow being considered passes over a flat plate for which 
dp 6/dx = 0, the equation of motion for the boundary layer by (13.1.8) 
is 

V DVx , V av,. _ _!!__ (u ol'x) 
P x ax --r P Y ay - ay • ay (14.2. 7) 

We can see that the equations of energy ('14.2.6) and motion (14.2.7) 
are similar. If we go over to the variables 

8 = (io- iw)l(io.fl- iw), Vx = Vx!V6 (14.2.8) 
where 

i 0 , 6 = i 6 + VA/2 (14.2.9) 

then Eqs. (14.2.6) and (14.2. 7) become identical becallse e and v X 

satisfy the same boundary conditions: at the wall 8 and Vx equal 
zero because V x = 0 and i 0 = iw, while at the edge of the boundary 
layer, where Vx = V 6 and i 0 = i 0 , 6 , they equal unity. Therefore, 
according to the theorem of the uniqueness of a solution, the func-
tions V X and e Should COincide, i.e. 

(i0 - iw)/(i 0,6- iw) = VxfVfJ (14.2.10) 

Hence, the condition adopted above (Pr = 1) and other assump
tions determine the similarity of the velocity and enthalpy profiles 
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in a boundary layer. If the velocity profile is known, the shear stress is 

T = [1 ( oVx) __ ~twV,~ ( 8i 0 ) -~ [twl-b (cph- (.!!__) 
w w oy w- io, 1S- iw oy w- io,,'i- i"- oy w 

Multiplying the numerator and denominator of the right-hand side 

of the equation by "Aw and assuming that qw - qc = "Aw (8T/r7y)w•· 

we find 

Introducing the valne of qc from (14.1.17) and replacing Tw with, 

Cf.x Po V6/2, we obtain 

Since Pr = 1, the recovery coefficient r = 1 aud 

ir = ifl + rV~/2 = i6--'- F~/2 = i 0, 0 ; 

(ir - iw)f(i 0 ,,, - iw) = 1 

Hence, we obtain a relation bet\\'een the heat-transfer coefficient 

and friction factor in the follmving form: 

(14.2.11) 

Expression (14.2.11) yields a formula for the local :\usselt number 

Nuw = Nux = axxi'Aw = (cr,x/2) Rex 

where Rex = p6 V 0X/~tw· 
From (3.1.20) for Pr = 1, we find 

Stw = Stx = 1Vu)Rex = cr,xi2 

(14.2.12) 

(14.2.13) 

The relation between the friction and heat-transfer parameters is 

approximate because actually the numbers Pr and Sc differ from 

unity. The influence of these parameters can be taken into consid

eration if we write the expressions for the Nusselt and Stanton num

bers as 
Nux = (cr.x/2) Rex!t(Pr, Sc) 

Stx = (cr,x/2) / 2 (Pr,Sc) 

(14.2.14) 

(14.:2.15) 

where / 1 and / 2 are functions of the numbers Pr and Sc. From a phys

ical viewpoint, when we take into account thP influence of these 

numbers differing from unity we consider that part of the chemical 

aud kinetic energy transforms into heat. ThP ;,pecific form of the 

functions / 1 and j 2 is determined by solving thf' boundary layer equa

tions provided that Pr =1= 1 and Sc =1= 1 (Le =1= 1). 
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Investigations show that if we adopt the condition Le = 1, then 
[ 1 = Pr11

3
• while by (14.1.20) we also have / 2 = Pr-213 • Acconlingly, 

the local Stan ton number is 

St = (c /2) Pr-213 x f,x (14.2.16) 

We fmd the expression for the Nnsselt number from (14.1.20). 
We can go oyer from the local .l\'"usselt or Stanton number to the cor
responding average values over the length of the plate by excluding 
the subscript x. We can assume here that the local and average Prandtl 
nu rnbers are identical. 

Formula (H.2.16) is of a major practical significance and reflects 
the Reynolds analogy, according to which the criterion of heat trans
fer depends mainly on the same parameter the friction factor de
pends on, namely, Rex. The quantity f 2 = Pr-213 in (14.2.16) is 
accordingly called the Reynolds analogy factor. 

Im·estigations renal that formula (14.2.15) is also suitable for 
a tmbulent boundary layer, lmt proYided that the friction factor 
cr,x and the parameter f 2 are evaluated by the corresponding relations 
-for a tmbulent boundary layer. Particularly, 

f 2 = [1 + 2.135Re;o.t (Pr- 1)]-1 (14.2.17) 

When calculating the a\'erage value of the Stanton number over 
the length of a plate, the parameter 

/ 2 = [1 + 2.2Re (Pr- 1)]-1 (14.2.18) 

\Yhere Re = V 6p 6Lhtw. Calculations show here that as for a laminar 
boundary layer, the quantity f 2 in the absence of diffusion in a tur
bulent boundary layer can be taken equal to Pr-213 in a first approx
imation. 

The influence of physicochemical transformations on the heat trans
fer in a boundary layer at high temperatures can be taken into ac
count by using the reference parameters. Particularly, by using the 
Reynolds analogy, in accordance with (14.2.16) we obtain the fol
lowing expression for the reference value of the Stanton number: 

~t~ = (cf.x/2) (Pr*)-213 ' (14.2.19) 

where ci.x = (cf.x)com is the friction factor. For a laminar boundary 
layer, we find this factor from formula (13.6.15), and for a turbulent 
one, from relation (13.6.22). The reference Prandtl number is calcu
lated from the reference parameters: Pr* = C~ft */A,*. 

Hence, the heat flux to a wall is 

(14.2.20) 

where the reference heat-transfer coefficient is 

a~ = c;q~/(ir - iw) = St~c;p 6 V 6 (14.2.21) 
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It follows from formula (14.2.16) or (14.2.19) that the dimension
less heat-transfer variable changes along a plate in the same way 
as the local friction factor. Formula (14.2.20) reveals that the spe
cifi.c heat flow varies similarly. Its average value along the length of 
a plate qav is evidently determined as the average integral value of 
the local heat fluxes. Calculating according to the reference parame
ters [see (1.42.20)], we obtain 

L 1 

q~v = + ~ q~ dx = PoV ll ~ St~ (ir- iw) dx (14.2.22) 
0 0 

where x = x/ L. 
Assuming that iw is constant along the plate and replacing St~ 

by formula (14.2.19), we find 
1 

q~v=0.5p6Vo(Pr*)- 213 (ir-iw) ~ c"f.xdx 
0 

The integral on the right-hand side of the equation determines the 
average friction factor ci:.r = (cx,r)com along the length of the plate 
computed by formula ( 13.6.15) for a laminar and by (13.6.22) for a 
turbulent boundary layer. Consequently, the average heat flux is 

(14.2.23) 

Introducing the concept of the average value of the Stanton number 

St~v = (c~.r/2) (Pr*)-213 

we obtain 
(14.2.24) 

(14.2.25) 

The parameters of heat transfer for a plate can be used to calculate 
the relevant parameters for a cone in a supersonic flow. They are 
found by formulas (13.6.34), (13.6.35), (13.6.52), and (13.6.53) relat
ing the friction coefficients (local and average) on a plate and a cone. 
By multiplying the left-hand and right-hand sides of these formulas 
by (Pr*)-213 , we have: 

for the local friction factor 

(cl.x.cl2) (Pr*)- 213 = A (cr,x,pl/2) (Pr*)-213 

for the average value of this factor 

(c~.r.c/2) (Pr*)-213 = B (c~.r.p 1 /2) (Pr*)-213 

where for a laminar boundary layer the coefficients A = V3, B 
= 2!V3 and for a turbulent one they are A = 1.176, B = 1.045. 

According to (14.2.19) and (14.2.24), the left-hand sides of these 
equations determine, respectively, the local and average Stanton 
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numbers on a cone, and the right-hand ones, on a plate. Hence, 

St~.c = ASt~•Pl (14.2.26) 

(14.2.27) 

By formulas (14.2.26) and (14.2.27), the Stanton number on a cone 
is calculated according to its value found for a plate from the para
meters of the boundary layer on a conical surface. Introducing into 
the right-hand sides of these formulas the values St~.pJ = St~ and 
St~v.pl = St~v calculated by (14.2.19) and (14.2.24), respectively, 
we obtain 

St~.c = (Ac; .x.p1/2) (Pr* )-213 

St: v,c = (Bc~.r.p 1 /2) (Pr* )-213 

(14.2.28) 

(14.2.29) 

The total amount of heat transferred by a gas to a wall in unit time 
for a cone with a side surface area of Sside = nr m!dxc (where r m!d 

and Xc are the radius of the base and the length of the generatrix 
of the cone, respectively) by (14.2.25) and (14.2.28) is 

(14.2.30) 

The formulas for the heat-transfer parameters point to the direct 
dependence of heating on the skin friction on the surface in the flow. 
The shear stress and, therefore, heat transfer are considerably higher for 
a turbulent boundary layer. Consequently, to reduce the transfer of 
heat from a heated gas to the surface in the flow, one must ensure 
laminarization of the boundary layer, which reduces the friction 
losses. 

14.3. Heat Transfer 
in a Laminar Boundary Layer 
on a Curved Surface 

Arbitrary Surface Shepe 

Let us consider the calculation of heat transfer on a curved surface 
with a laminar boundary layer in which equilibrium dissociation may 
occur. If we accordingly assume that the number Le = 1, which 
in a first approximation is justified for hypersonic flows, then this 
calculation, based on the use of formula (14.1.15), reduces to solving 
a system of equations for a laminar boundary layer including the 



Ch. 14. Heat Transfer 339 

equations of continuity (2.4.48'), motion (13.1.8), and energy (14.2.5'): 
l a (pV xr~l +a (pV yrT,) = O 

ax !Jy 

( V avx ·+ V av.") = _ dpo + ..!!_ ( al'x) 
p X ax y ay dX !Jy f1 !Jy 

(v aio v iiio) -- a ( [.t aio) 
x(h+ Yay ~ 7fY Jir'7fii 

(14.3.1) 

+ ~ [.J::_ ( 1 __ 1 ) aVi] 
!Jy 2 Pr ay 

Here the continnity equation differs from (2.4.48') in that the 
radial coordinate r of a point of the boundary layer has been replaced 
with the coordinate r 0 of a point of the contour in the corresponding 
boundary layer cross section. In this equation, the value e = 0 cor
responds to a wing airfoil, and e = 1, to a body of revolution. In 
the energy equation, as previously, the number Pr = (cp)av!-1/A. 

The energy equation in system (14.3.1) was obtained from the gen
eral equation (3. 2.14) under the assumption that Sc = Pr (Le = 1 ). 
But there the condition may be fulfilled in accordance with which grad 
ci =1= 1. It would therefore seem necessary to add to system (14.3.1) 
diffusion equation (3.2.4) relating the concentration ci and the rate 
of formation of each component of the gas mixture. But upon thermo
dynamic eqnilibrium, the concentration of each component is uniquely 
determined by the local values of the pressure and temperature, 
while the rate of formation of the components Wchem.i is sufficiently 
high to compensate their entrainment because of convection and 
diffusion. This is why diffusion equation (3.2.4) in the case of equi
librium heat transfer being considered will be superfluous. 

The system of equations (14.3.1) is solved with the following boun
dary conditions: 

at the wall (at y = 0) 

(14.3.2) 
at the edge of the layer (at y -+ oo) 

Vx= V 0 , Vy=O, i0 =i0 , 0 , p=p 0 , i= i 0 , T= T 6 

(14.3.3) 

The following relations also exist for the coefficients !-1 and A.: 

1-1 = 1-1 (p, T), A. = A. (p, T) (14.3.4) 

Let us transform Eqs. (14.3.1) by introducing new independent 
variables and the functions being sought. According to data in [22], 
we shall introduce variables whose form is close to that of the Do-

22* 
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rodnitsyn variables [see (13.3.2)]: 
y X 

Vor~ ) - ) 2e 
f] (x, y) = --- p dy, x (x) = PoVof.toro dx 

(2x)1/2 o o 
(14.3.5) 

Using these expressions for the variables, we find the derivatives: 

(14.3.6) 

To go over from the coordinates x and y to the coordinates ; and 
f], we must use differentiation operators: 

(14.3. 7) 

-a a al'J a ax a a'YJ 2e a 
-a =-a ·-a +---;;;;·-a =-a ·-a-+ PoVof.toro ----= (14.3.8) 

X 'YJ X ax X 1'J X ax 
We shall further introduce the stream function 1jJ which is deter

mined by relations (2.5.1). Substituting r0 for r in them, we obtain 

o1jl/oy = pVxrg, o1jl/ox = -pVyrg (14.3.9) 

If we introduce the values (14.3.9) into the continuity equation of 
the system (14.3.1), this equation transforms into an identity: 
o21jl/ox ay - o21jl/oy ax = 0. Hence, the introduced stream func
tion 1jJ satisfies the continuity equation. 

Let us see how the other two equations in the system (14.3.1) are 
transformed with the aid of the stream function. Using (14.3.7), 
we have 

al\1 a'ljl a'YJ al\1 pVor~ 
--ay = 811 . 7iY = ""8il" (2-;;jl f2 

whence with a view to the first of relations (14.3.9), the derivative 

~= (2;)1/2 Vx 
a11 v6 

Integrating yields the stream function: 
'1 

1jJ = \ (2:;) 1/2 V X dfj 
J Vo 
0 

( 14. 3.10) 

By (14.3.5), the expression (2;)112 does not depend on fl· Therefore, 
excluding the constant quantity, we obtain 

(14.3.11) 
where 

T] 

f (fJ) = .\ ~; df] (14.3.12) 
0 
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In accordance with this expression, 

V xiV o = oj/(}YJ = j' (14.3.13) 

Let us use relations (14.3.7) and (14.3.8), expressions (14.3.9) 
and (14.3.11) for the stream function, and also Eqs. (14.3.12) and 
(14.3.13) to find the operator that will help us transform the left
hand side of the motion and energy equations of the system (14.3.1): 

V a V a .-e ( al\7 D a~' a ) 
P xax+P yay= 1 o Ty'Tx-ax'Ty 

Here we determine the derivatives o1.p/o11 and a1p/ox by differen
tiating (14.3.11): 

(14.3.14) 

After inserting these quantities into the expression for the ope--rator, and also replacing the derivatives Otl!oy anrl ox/ox with their 
values from (14.3.6), we obtain 

a a 
pVx ax+ pVy ay 

2 2e ( f) f a f f) f) f f) ) 
= PPoV t'l[tt'lro 811' i/i - 2X' · ar] ~ a;' · ar] ('14.3.15) 

The right-hand sides of the motion and energy equations (14.3.1) 
include expressions of the form · 

a ( h a ) oy ay (14.3.16) 

where h (x, y) is a function of the coordinates x and y. In the new 

variables Y] and x, operator (14.3.16) acquires the form 

or with a view to the value (14.3.6) for the derivative OY]/(}y, 

(14.3.17) 
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Let us use operators (14.3.15) and (14.3.17) to transform the equa
tion of motion: 

V2 .ze (of 8Vx I 8Vx of 8Vx) 
PPo 6f.-tlllo -·-=-~·--~·--orr ax 2x orr OX orr 

d V 2 2e 
P11 P 11ro a ( av x ) =·-ax+ £; . 8rJ P~L8fl 

Here the derivative dp 6 /dx can be found by the equation 

dp6 av0 a"; 
--= -poVo·--

dx a"; dx 

or with a view to the value (14.3.6), for J;/dx, 

dpo 2 2 dV o 
- = - p0V6 [-t6r2e--,::;-
dx o dx 

(14.3.18) 

Taking this into account and substituting in accordance with 
(14.3.13), we have 

v x = v o ofloYJ (14.3.13') 

we obtain 

Since the derivative 

__!_ ( V !1_) = dV o • .!.1_ --1- V _!:1_ 
- 6 f)n - f)ro ' 11 -ox ., dx ., ox orr 

we obtain a transformed equation of motion: 

2;; (.!.1... ~- !.L. a2t ) =I a2t 
orr - - orr2 a'12 OX orr ax 

(14.3.19) 

where 
(14.3.20) 

Now with the aid of the same operators (14.3.15) and (14.3.17), 
and also of expression (14.3.13'), we can write the energy equation 



Ch. 14. Heat Transfer 343 

as follows: 

V 2 2e ( 8/ 8i0 f 8i 0 of 8i 0 ') PPo ofloro -·-=----;:;:::-·-,-----;;:;-·-,-
8'1 ax 2x dfj ax iill 

pV~r~e . _a_ (_ff_. ~) 
2-;: or1 Pr oy 

+ rT'~r~e !!__ [ ( 1 __ 1_) _!!1._. fi2f J 
2; Of] Pfl Pr r)ll OYJ2 

For further transformations, let us introduce the dimensionless 
variable 

(14.3.21) 

that determines the ratio of the stagnation enthalpy at a point of 
.a boundary layer cross section i 0 = i + Vi,/2 to its value i 0 , 6 = 
= i 0 + Vg/2 at the border of the layer. Hence, having in view that 

{)io _ i !..JL .!!..!.!_ _ {) (Ki 0 .~) !!.!_ +~ g {)io.b 
---afj' - o,l\ a ' ax = io.6 ~ ~ 

'l ax {)x ax 
we have 

2;: ( ~. ~ _ !!_. !.!._) =f.!..!!_ -t __!!._ ( Pft • ..!!..!!_) 
oq 8-; a-; ar1 a'l a'l Pr a'l 

+ v~ !!__ [u ( 1 __ 1_) .!1_. a
2t J _ 2;" . aio.o . .!.1_ 

i0 , 0 OT) P. Pr {)'l {JYJ 2 i 0 , 0 {)-; iiI] 1 
(14.3.22) 

The functions /(11) and g(ll), which are solutions of the system 
of equations (14.3.19) and (14.3.22), must satisfy the following boun
dary conditions: 

at the wall when ll = 0 (y = 0) 

f (0) = (fJj/(}f])11=o == 0, g (0) = gw (14.3.23) 

at the edge of the layer at ll -+ oo (y -+ oo) 

f (oo) = 0, (fJj/fJ11hJ-+oo = 1, g (oo) = 1, ((}g/(}f]),1-+oo = 0 

(14.3.24) 

The above system of equations (14.3.19) and (14.3.22) can be seen 
to include complicated non-linear partial differential equations. 
Although in this form they are simpler than the initial equations 
(14.3.1), their solution nevertheless involves great difficulties. But in 
the above form, the system of equations is very convenient because 
it allows one to find a large class of problems that are of a conside
rable practical interest, for which under certain assumptions this 
system can be reduced to a system of "similar" ordinary differential 
equations. 
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The solutions of such a system, called similar, have the property 
that the required functions f and g will depend only on the single va
riable f]. This property allows us to simplify Eqs. (14.3.19) and (14.3.22) 

because their left-hand sides equal zero since dg!d"X = df!d7c = 0. 
As a result of simplification, the equations acquire the form 

If"+ ~: . a~ a ( ~- f'2) + (W /")' = o 
dx 

(14.3.25) 

fg'+( Pft g')'+ ~26 [-( 1 __ 1 f'r)]'- ~;;g. dio.o f'=O 
Pr 1 • P!-1 Pr 1 6 -O,u o, dx 

(14.3.26) 

wher.e the primes signify differentiation wiLh respecL Lo Lhe variable fl· 
This system has similar solutions if the following conditions are ful
filled: 

- - 2 x dV0 x di 0 o Vii 
(a) V · ~ = const, -.- · ----;::;---= const, -.-= const; 

6 dx · lo,6 dx lo,6 

(b) the ratio p 6/p, the number Pr, and the quantity P!-1 are func
tions of f] or are constants; 

(c) the function g is uniform everywhere at the wall, i.e. g (0) = 
= gw = const, which corresponds to a constant surface temperature. 

Except for particular cases (a uniform external flow over a plate, 
wedge or cone attended by an attached shock wave), all these con
ditions of similarity are never fulfilled simultaneously even if a 
constant surface temperature is r:etained. The density ratio p 6/p, the 
Prandtl number, and the quantity P!-1 = p[t/(p 0[t 6) are functions not 
only of the enthalpy ratio i/i 6 , but also of the enthalpy i 6 and pres
sure p 6 because they affect the dissociation of the gas. We can note 
another particular case of flow for which the solution will be a sim
ilar one, namely, the flow over a small part of a blunted surface 
near the stagnation point where the enthalpy i 6 and pressure p 0 
remain almost unchanged. 

Is it possible to obtain a similar solution that would relate to 
the major part of a curved surface? Such a solution can be obtained 
in the following two cases that are of a practical interest: (1) upon a 
slight change in the external flow parameters; and (2) upon strong 
cooling of the surface in the flow, i.e. when gw = iwli0, 6 <<1. 

In the first case, the velocity gradient 

~ = 2;; . dV ~ = 2d ln V 6 

V 6 dx d ln;; 
(14.3.27) 

and the quantity VA!i0 , 6 are assumed to be constant along the entire 

surface. We simultaneously assume that di 0 , 6 /d';i = 0, which cor-
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responds to the condition of total energy conservation in the external 
flow (i0, 6 = i 6 + VA/2 = const). In addition,P,u and the nnmher 
Pr are considered to be constant, while the density ratio p 6/p = 
= TIT 6 = iii 6 is considered only as a function of 11. 

The second case is characterized by the fact tl1at the wall tempe 
rature is very low, i.e. T wiT 6 << 1, and, consequently, Pwlp 6 » 1. 
The density at the wall increases with a diminishing wall tempera
ture not only because of the removal of heat (with the use of special 
cooling means for this purpose), but also because of the increase in 
the degree of dissociation upon hypersonic flow. 

Since the longitudinal pressure gradient depends on the density 
p 6 on the edge (dp 6ldx = -p 6 V 6 dV 6ldx) and is constant for a given 
layer cross section, then at Pw » p 6 , the velocity profile at the wall 
is much less sensitive to the pressure gradient than with a low tem
perature difference across the boundary layer. The explanation is 
that a greatly compressed gas is not so liable to a change in the nature, 
of the flow upon a pressure drop. Therefore, in Eq. (14.:3.25), we can 
disregard the term including the pressure gradient ~ (14.3.27), and 
write this equation as 

if" + (pftfT = o (1~.3.28) 

A comparison of Eqs. (14.3.25) and (1!±.3.26) reveals that the velo
city gradient affects the distribution of the stagnation enthalpies 
to a still lesser extent. Indeed, examining (14.3.25), we can establish 
that the function f determined from this eqnation depends (even 
though only slightly) on the gradient ~that is present in the equation 
in the explicit form. At the same time, the function g = i 0lio,il 
is found from Eq. (14.3.26), where the quantity ~ is absent in the· 
explicit form. The dependence of g on the gradient manifests itself 
in terms of a slight dependence of the function f on ~· Hence, the 
system of equations (14.3.25) and (14.3.26}, simplified in accordance 
with the condition Pwip 6 » 1, is more preferable for calculating the 
heat-transfer parameters determined by the derivative g' than for 
calculating the friction parameters (the function f'). 

Equation (14.3.26) can be simplified bearing in mind that the 

total enthalpy of the free flow is constant (di 0 , 6/dx = 0). The value 
of V6/i 0 , 6 on blunted bodies varies from zero at the stagnation point 
where V 6 = 0 to the value V&/(i 6 + VM2) ~ 2 (on flow sections 
where the velocities V 6 are such that i 6 « V6.'2). Taking this into 
account and noting that Pr ~ 0.7-1, we conclude that the third term 
in (14.3.26) is numerically small. 

Discarding the third and fourth terms in this equation, \Ve obtain 

fg' + ( ~~~ g' )' =~ 0 (14.3.29} 
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The function Pft can be estimated with the aid of the equations 
•of state p = R 0 pT/m and p = p 6 = R 0 pr,T(j/m 6 (where R 0 is the 
.universal gas constant): 

Pft = p~~6 = ~6 
• ~~ • ( :o r = ( z; ) t-n :::

6 
(14.3.30) 

Replacing T and m here with their reference values T* and m*, 
-we have 

- _ (I.l...)1-n~ 
p[t- T* mo (14.3.31) 

Let us see how the heat flux depends on the quantity pft. Using the 
Fourier law, and also expression (14.3.6) for the derivative oyt!oy, 
·we fmd 

Av.· ( 8i ) Aw ( 8io ) ( 8'Y] ) 
qx = (cp)w 7ijj w = (cp)w all w 8iJ w 

Awl?' (0) PwV6r~io,o 

(cp)w (2~)1f2 
(14.3.32) 

-where by (14.3.5) 

(14.3.33) 

We can see that in expression (14.3.33) determining the specific 
heat flow, the quantity pft = (pft)w has the power 1/2. This dimin
ishes the total error introduced by an approximate choice of this 
·quantity. 

Investigations show that at T wl T 6 ~ 1 and n = 0. 75 or 0.8, 
the quantity Pft is close to unity. Therefore, we can assume in our 
-calculations that pf!';::::: 1, i.e. consider that 

(14.3. 34) 

Hence, we obtain a system of equations of the boundary layer: 

tr + r' = o 
Pr fg' + g" = 0 

(14.3.35) 

(14.3.36) 

These equations reflect local similarity, when if Pr = const, the 
·dimensionless velocity V xiV 6 and the enthalpy i0 /i 0 , 6 are the same 
at points of different flows where the parameter yt is the same, it being 
.a similarity criterion. 



Ch. 14. Heat Transfer 34 7 

By integrating the system of ordinary differential equations 
(14.3.35) and (14.3.36) at the above boundary conditions, we can 
find similar solutions for the functions f(ll) and g(ll), and also, par
ticularly, for the derivative g'(ll). Double integration of (14.3.36) 
yields 

11 11 

g (l'J)- g (0) = g' (0) ~ exp ( - ~ Prfdtl) d11 (14.3.37) 
0 0 

Numerical caleulations show that for 11 -+ oo the value of the integ
ral is approximated by (0.5Pr113

)-
1

. Therefore, noting that g (11) = 
= i 0 /i 0 , 6 -+ qw at l'] -+ 0, we find 

g' (0) = -. 1- (~) = -.1- ( ..0.__) = 0.5Pr 113 [1- g (O)J (14.3.38) 
! 0 , 0 81'] w 10 .6 81] w 

where g (0) = gw = iwli0 , 0 and Pr = (cp)wflwl"-w· 
Introducing the value obtained for g' (0) into (14.:3.32), and also 

taking into account that g (0) = gw = iwlio. 6 , we obtain 

= O 5 AwPwV6r~Pr
1 /3 (. . ) 1x · ~ lo,o-lw 

(cp)"· (2x) 1 / 2 

We insert into this equation the value of Aw/(c1,)w = fLwiPr, 
then replace Pwflw with p 0 fL 6 and i 0,6 with the recovery enthalpy i r 
{bearing in mind the use of this enthalpy in Eq. (14.1.15) for the heat 
flux]: 

P V re 
qx = 0.5Pr-2!3 6~ 6 o (ir- iw) (14.3.39) 

(2x) 1 / 2 

Investigations reveal that in such a form this equation allows ns 
to determine the heat transfer in a first approximation when cooling 
does not ensure a sufficiently low wall temperature. 

By using an equation of state, in (14.3.39) it is convenient to go 
over to the dimensionless parameter 

Introducing the notation 

w 6 = ~,L 6m 6/T 6 , w~ = fl~m0 /T~ 

we can write this dimensionless parameter in the form 

Pof.to =.B.....~ 
P~f.t~ p~ wiJ 

(14.3.40) 

(14.3.41) 

(14.3.42) 

Here the paramelers p~. p~. fl~· and m 0 [see (14.3.40)] relate to the 
edge of the boundary layer at the stagnation point of the blunted 
surface. Inserting the value of p 6 from (14.3.42) into (14.3.39) and 
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taking relation (14.3.5) into account, we find 

qx = 0.5Pr- 213V Pofto V ooF (x) (ir- iw) 

where the function 

(14.3.43) 

F (x) = y2 . _EQ_ -~ __!::i, re ( r ..!!2._ Vo ~ r2Bdx) -1/2 
2 p~ (J)~ v 00 ° J p~ v 00 (J)~ 0 

0 
(14.3.44) 

The quantity w 6/ w~ at n = 0. 75 to 0.8 is only slightly greater 
than unity. 

If we take into consideration that the ratio w 6/ w~ enters expression 
(14.3.44) for the heat transfer to the power 1/2, then the error as a 
result of the substitution w 6/w~ = 1 will be only several per cent. 
Accordingly, we shall write function (14.3.44) in the form 

- X 

F (x) = V2 
• .£4--~ r~ ( I 4 ~ r~8dx) -t;z (14.3.44') 

2 Po V"" .1 Po V"" 
0 

Hence, to determine the specific heat flow at a point on a surface 
of a given shape, we must know the distribution of the velocity and 
pressure over its entire part between the stagnation point and the
point being considered. Particularly, to calculate heat transfer on 
the surface near the stagnation point, we can assume that 

P61P~ :::::::: 1 and r0 :::::::: x (14.3.45) 

and also consider in accordance with Eq. (10.4. 74) with V o sub
stituted for V~:, that 

(14.3.46) 

where the velocity gradient r is found with the aid of one of the ex
pressions (10.4.72) or (10.4.78). With a view to (14.3.45) and (14.3.46), 
the function 

- ~ X ,....,_, 

F= V2 -~xe ( \' ~ x2edx)-1!2 
2 Voo ~ Voo 

0 
Integration yields 

F=F0 = V(J::/Voo) (e+ 1) (14.3.47) 

Inserting this value into (14.3.43) and introducing the symbol 
qx = q0 for the heat flux at the stagnation point, we find 

q0 = 0.5Pr- 213 j;/ PoftoX (e+ 1) (ir- iw) (14.3.48) 

It is convenient to evaluate the heat transfer qx at an arbitrary point 
of the surface with the aid of a dimensionless variable determined 
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from (14.3.43) and (14.3.48) in the form 

qxlq0 = 1/ VcXJ/[3: (e + 1)] F (x) (14.3.49) 

Hence, the heat flux at an arbitrary point of a curved surface de
pends directly on its value at the stagnation point. It is very im
portant to determine the value of q0 because it corresponds to the 
point on the surface in the flow with the highest thermal factor. The 
nature of the change in the specific heat flow along the trajectory is 
shown in Fig. 14.1.3 (q0 = qc)· \Ve can note that its maximum value 
is reached at a relatively low altitude (H :::::::: 15 km). 

Processing of the results of numerical calculations and also of 
experimental data for hypersonic velocities allows us to obtain an 
approximate formula for the heat-transfer rate (W/m2

) at the stag
nation point (see [1]): 

qo = qo, Sph = (1.3 X 108/V Rn) V Poo, Hfpoo, ter (V oo/Vo)
3

'
25 (1- iw/ir) 

(14.3.48') 
where V 0 = 7.93 X 103 m/s is the orbital velocity. 

The recovery enthalpy can be taken equal to the :;tagnation enthal
py. A glance at the above relation reveals that heat transfer varies 
inversely proportional to the radius of the spherical surface (qo,sph ~ 

_..., 1/lf Rn, where Rn is expressed in metres). Accordingly, the in
tlow of heat to the stagnation point can be reduced by increasing 
this radius. The smallest value of q0 is achieved at the centre of a flat 
nose. At this point, the local velocity gradient whose value deter
mines the specific heat flow is not large. By experimental data, for a 
flat nose 

qo,n = (0.55 + 0.05) qo, sph (14.3.48") 

The value of q0 ,n can also be found approximately from (14.3.48') 
according to the value of the equivalent radius R~q (see Sec. 10.4.). 

Hemisphere 

Let us consider the use of Eq. (14.3.49) for calculating the heat 
flux on a hemispherical surface. Assuming in formula (14.3.44) that 

s._ = 1, dx = Rn dqJ, r 0 = Rn sin qJ (14.3.50) 

and also taking into account that by (10.4. 74') and (10.4. 76) on the 
major part of a spherical nose 

(14.3.51) 

(14.3.52) 
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we find 

yz ( cos 2 <p + pPooo' sin2 <p) 1R~ <p sin <p 
F ( cp) = -2- . -:<P::---'----..!:..!!.-_ _..:... _____ _ 

[ ) ( cos2 <p + ~b sin 2 <p) ~R~ V oo<p sin 2 <p d<p r/2 

0 

Let us introduce this expression into formula (14.3.49) in 
which we assume that e = 1: 

<p sin <p ( cos2 <p + Poe; sin2 <p) 
qx 1 Po 
%=2. <p 

[ J ( cos2 <p + :: sin2 <p ) <p sin2 <p d<p r12 

0 

Introducing the notation 

we obtain 

D ( cp) = 4 I ( cos2 cp + :: sin2 cp} cp sinz cpdcp ( 14.3.53) 
0 

!b..=cpsi.ucp(cos2 cp+ P";' sinzcp) [D(cp)tl/2 
qo Po 

(14.3.54) 

By formula (14.3.54), as by other similar relations, the distribu
tion of the heat fluxes should be calculated for flow conditions at high 
supersonic velocities. In these conditions, the inequality poolp~ < 
< 0.03 or 0.04 must be satisfied. Approximately the same results are 
obtained if we use the empirical relation 

(14.3.54') 

The change in the quantity qxfq0 is shown in Fig. 14.3.1. The data 
in this figure were obtained for the condition that at every point of 
the spherical surface the wall temperature is constant and suffi
ciently low (TwiT 6 ~ 1). These data correspond to theoretical and 
experimental results according to which heat transfer reaches a max
imum at the stagnation point and monotonically decreases on the 
remote parts of a hemisphere because of lowering of the pressure and 
density. 

We can use the known distribution of the specific heat flows to 
find their total value for a part or the total surface of a hemisphere 
(Fig. 14.3.1): 

<P 

Q = l qxdS = 2nR";q0 \ (qx/q0) sin cp dcp 
<S> (, 
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Fig. 14.3.1 
Change in the ratio of the speci
fie heat flows for a sphere and 
a flat nose (a laminar bounda
ry layer) 

1.5 

!.D 

\':J P, deg 

For a part of the surface, the angle q> < rr/'2, while for the entire· 
hemisphere we must assume that q> = n/2. Introducing the value of 
q)q0 from (14.3.54'), we can obtain a simple relation for calculating 
the total heat transfer on a spherical snrface. For fP =1= n/2, its mag
nitude Q = Q 0q, where Q 0 = 2nR~q0 is the heat flux calculated for 
a hemisphere from the specific heat flow at the stagnation point; 

<p. 

the coefficient q = 0.2 .\ (1 + 4 cos2 ~:p) sin q> dq>. This coefficient 
0 

varies within the limits from 0 to 1. 

Blunt-Nosed Cone 

Let us consider the calculation of the heat flux on the surface of 
a cone-sphere (Fig. 14.3.2). We shall assume that on the conical sur
face the inviscid parameters of the gas are constant and equal the 
corresponding values at the tip of a spherical nose. Particularly, the 
velocity 

(14.3.55) 

where ~c is the semiapex angle. 
The pressure ratio is 

Po _ 2 + poo · 2 - • 2 A Poe 2 A (•1!. 3 56) -, -cos lf!c -,- sm lf!c - Slll 1-'c +-,-cos 1-'c 1. • 
Po Po Po 

For one of the geometric parameters, namely, the polar coordinate 
of arbitrary point A on the surface of the cone (Fig. 14.3.2), \ve have 

r0 = Xc cos lf!c = Xc sin ~c (11±.3.57} 
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"Fig. 14.3.2 
Cone-sphere 

where Xc is the distance along the surface measured from the ima
ginary apex of a sharp-nosed cone to the point being considered: 

Xc = X - Rn{j!c + Rn tan {j!c 

or, taking into account that qJc = n/2 - ~c· 

Xc = X - Rn (n/2 - ~c) + Rn cot ~c 

(14.3.58) 

(14.3.58') 

Let us find the values of the function F (x). Evidently, the integral 
in (14.3.44') between the limits 0 and x (where x is the curvilinear 
coordinate of point A) is found as the sum of two integrals: one be
tween the limits 0 and X = R 11 qJc = Rn (n/2 - ~c) (or 0 and {j!c for 
angles), and the other between the limits cpcRn and x. One integral 
obviously corresponds to the value of the heat flux at the end of the 
spherical part (or, which is the same, at the origin of the conical 
surface). The distribution of the heat flux on this part is the same 
as the distribution obtained above for a hemisphere. With this in 
view, we find the function F (x) (14.3.44') in the following form: 

F ( ) _ VZ ( . 2 + Poo · 2 ) 1R 
X - - 2 - COS {j!c Po Slll {j!c ""' n{j!c 

q>c 

xcos {j!cXcV~ 112 j [ J ( cos2 
qJ + ~7 sin2 qJ) ~R~qJ sin2 

qJ dqJ 

0 

:X: 

l ( 2 • Poo . 2 ) ;;-oR •2 ] 
112 14 3 59) + J cos qJc --r·--;;;;- Slll qJc ""' 11(jlcl odx ( . . 

Rn'Pc 

The integral calculated for the straight generatrix of the cone 
with a view to (14.3.58), can be written as 
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XC 

= ( cos2 cpc + PP: sin2 cpc) :;:_Rncpc cos2 cpc ~ x~dxc 
Rntan q>c 

_ 1 ( 2 + Poo ' 2 ) ;;'R 2 ( 3 R3 3 ) - 3 COS cpc /][Sin CPc "" nCPc cos cp 0 Xc- n tan cpc 

(14.3 .60) 
Let us introduce the notation 

G (-) _ 4 ( 2 Poo · 2 ) (-:J 3 ) 2 Xc - 3 COS cpc + p~ Sill cpc Xc- Laq cpc cpc cos cp 0 (14.3.61) 

where Xc = Xc!Rn, with acconnt of whiclt, introducing (14.3.59) 
into (14.3.49) at e = 1, we obtain the relation 

.J.:5_= (cos2 Cflc+ P~ sin 2 cpc) X0 (jlcCoscpcf11D(cpc)+G(x0 ) 
qo Po 

(14.3.62) 

Here the function D (cpc) is determined by (14 .. 3.53) for cp = cp0 • 

Equation (14.3.62) is suitable only for a conical surface, i.e. for 
values of Xc = Xcl Rn ~ tan cpc. 

At the point where the spherical nose joins the cone, i.e. at xc = 
= tan cpc, expression (14.3.62) conforms with Eq. (14.3.54). For the 
parts of the conical surface far from this point (-;;c » 1), we have 

q,. - ;-- / 4 - 3 2 -{:3 .. /% (14 3 63) --+ Xc(jlc COS cpc V 3 Xc {jlc CO'l {jlc = - 2- V -=- · • 
qo Xc 

In deriving formula (14.3.63), it was assumed that the influence of 
blunting is small for a very long cone, and the latter may be con
sidered conditionally as a sharp-nosed one for which the pressure on 
the nose p 0 = p 6 and, therefore, Pfllp~ = cos 2 cpc + (poo/p0) sin2 cpc::::::: 
::::::: 1. Replacing in accordance with this condition p0 with p 6 = Pc 
and [1~ with ftfl = ftc and assuming that e = 1, we obtain from 
(14.3.48) that 

qo = cV2!2) Pr- 213 v Pcftc3: (ir- iw) 

Consequently, at remote parts of such an "equivalent" sharp-nosed 
conical surface, the heat flux is 

qc = 0.61Pr-Z/3 V Pcftctcpc/Xc (ir- iw) (14.3.64) 

where Pc and ~c are the density and dynamic viscosity on the sharp
nosed cone. 

The distribution of the heat fluxes calculated by (14.3.54), (14.3.62), 
and (14.3.63) is shown in Fig. 14.3.3. Inspection of the figure reveals 

23-05G 
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Fig. 14.3.3 · 
Distribution of the heat flux along the surface of a blunt-nosed cone in a super
sonic flow (for a laminar boundary layer): 
dash-and-dot line-by (14.3.54); solid line-by (14.3.62l; dash line-by (14.3.63) 

that at angles ~c equal to 30 and 40°, the heat flux is distributed on 
a blunted and equivalent cones virtually identically, while on the 
surface of slender blunted bodies, the heat fluxes are smaller than 
on the surface of the corresponding "equivalent" cones. 

We can go over from an equivalent cone to an ordinary sharp-
nosed one if in formula (14.3.64), in which Xc = Xc!Rn, we substi-

tute the velocity Vc on the conical surface for XqJcRn = (oV 6 /ox)x_. 0x= 
= V 6 • Accordingly, for an ordinary sharp-nosed cone, we have 

qx=qc=0.61Pr 213 V Pcf.l.cVc/Xc(ir- iw) (14.3.65) 
XC 

The total heat flux on a cone is Qc = 2Jt 1 qcr dx. After_introducing 
0 

qc from (14.3.65), assuming that x 0 = x, we obtain 

Qc = 0 .81Pr- 213 ScV Pcf.l.c V c/Xc (ir- iw) (14. 3 .66} 

where Sc = nx6 sin ~c is the side surface area of a cone with a gene
ratrix length of Xc and a semiapex angle of ~c· 

Flat Nose 

Investigations reveal that the heat fluxes to a flat surface are smal
ler than to a spherical one. This is explained not only by the smaller 
surface area of the nose, but also by the more intensive stagnation 
of the flow on it, which, particularly, results in an appreciable drop 

in the velocity and its gradient X on the edge of the boundary layer. 
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If the distribution of the flow parameters is klwwn, the change in 
the ratio qxlq0 can be determined approximately with the aid of 
formula (14.3.49) in which we must assnme that r0 = x. Figure 14.3.1 
shows the res11lts of calculating this change for several values of the 
quantity poo/p~ which different free-stream velocities correspond to. 
At very large Moo (the density ratio for the stagnation point is poo/p~= 
= 0.05), the specific heat flows grow in value nearer to the sharp edge 
of the nosE'. This is explained by the influence of the pressure and 
density, which at this spot decrease slightly, while still remaining 
quite large in magnitude. 

A drop in the flow velocity is attended by a change in the nature 
of specific heat flow distribution (the curves corresponding to the 
values of poo/p~ = 0.15, 0.25 and 0.35). Up to a value of x = x!Rn < 
< 1, the ratio qxlq0 increases, reaches its maximum value at a defi-
nite value of x depending on the number Moo, and then decreases. 
The explanation of the decrease is that near a sharp edge at compa
ratively slow flow velocities the drop in the pressure may have a 
decisive influence, and, notwithstanding the growth in the velocity, 
the heat flux after reaching a maximum value begins to diminish. 

Calculation of Heat Transfer 
in a Turbulent Boundary Layer 

We have treated a number of problems associated with the deter
mination of heat transfer in a laminar boundary layer on a curved 
Sllrface. 

The solution of these problems is very import ant for practical 
purposes because in real conditions the front part of a surface is 
always surrounded by a laminar boundary layer. In addition, heat 
transfer is the most intensive near the nose. At the peripheral parts 
of a blunt-nosed body, the boundary layer is turbulent, therefore it 
becomes necessary to estimate the corresponding magnitude of heat 
transfer. To do this, we can use a system of equations similar to• 
what we used when studying a laminar boundary layer and that takes. 
into consideration the features of a turbulent flow. 

The magnitude of heat transfer can be estimated by formula (14.2.16): 
in which for a cooled surface we take the friction factor the same as. 
for an incompressible fluid. If a wall is cooled only slightly, we find 
this coefficient from the reference parameters. 

Figure 14.3.4 shows experimental results obtained on a hemisphere· 
cylinder (see [23]). It can be seen that within the interval of values 
of Rex from 4 X 105 to 6 X 105 , the laminar flow (region I) trans
forms into a turbulent one (region II). Heat transfer increases here· 
almost five times. 

Modern rocket and aeronautical engineering places heavy demands 
on the accuracy of calculating skin friction and heat transfer. This 

23* 
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fig. t4.3.4 
Curves characterizing heat tranb
fer on a hemisphere cylinder: 
Rex=p 11V 11 xf!L0; Nufl'r= 
=qxxf[ILi\ (ir-iw)]; Pr=0.72 

Nu/Pr 

II 
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can be achieved by improving the methods of solving boundary layer 
equations. Lately, the method of direct solution of these equations 
for a specific problem has come into favour. This relates especially 
to a turbulent boundary layer in which the flow is quite intricate and 
has therefore been studied to a smaller extent. The method of direct 
solution of boundary layer equations is attracting greater and greater 
attention of investigators because of the increasing possibilities of 
using high-speed computers. This is why the technique of complicat
ed calculations] of the boundary layer parameters for both a laminar 
and especially a turbulent layer is finding constantly growing use 
in engineering. 

14.4. Diffusion Heat Transfer 

To estimate diffusion heat transfer quantitatively, it is necessary 
in the general case to solve a system of boundary layer equations 
including motion and energy ones (14.3.1) and diffusion equation 
(3.2.4). Under the assumptions made in Sec. 14.3, the motion and 

energy equations in the variables fJ and'; (14.3.5) have the form of 
(14.3.35) and (14.3.36). Let us consider the diffusion equation for the 
flow conditions in a "frozen" boundary layer. We noted that such 
a flow is characterized by low rates of recombination which may be 
disregarded in comparison with the rate of diffusion across the stream
lines. The concentration of atoms in such a frozen boundary layer 
is determined by the diffusion of the substance to a wall, which is 
just where recombination occurs. In this case, the concentration is 
not an equilibrium one determined by the local temperature and 
pressure values. The concentration and temperature distributions 
do not virtually depend on each other. 
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Assuming in Eq. (3.2.4) that (Wchem) 1 = 0 and relating this equa
tion to the conditions of flow in the boundary layer by substituting 
the derivative a/ay for a/or, and also assuming that r = r0 and Vr = 
= Vy, we obtain 

a (PVxr 0c;) +a (pVyr0 c;) = _ a (Q;r0 ) 

ax ay ay 

Expanding the derivative on the left-hand side and replacing Q1 
in accordance with (14.1.7), we have 

[ a(pVxro) + a(pVyro)Jc·_j_ r (v ac; +V ac; )=_!___( Dr ac;) 
ax ay l I p 0 X ax Y ay ay p 0 ay 

In accordance with continuity equation (2.4.48), lhe binomial in 
brackets equals zero. Also bearing in mind that r0 for a given boun
dary layer cross section is constant, we find 

( V ~+V .!!!..!._)=.!.__( D~) p X ax y ay ay p ay (14.4.1) 

For an atomic component, Eq. (14.4.1) becomes 

( V . ac A + V ac A ) =_a ( D ac A ) 
p ~. ax Y ay ay p ay (14. 4.2) 

For a molecular component, the diffusion equation has the same 
form as (14.4.2) with eM substituted for cA, which follows from the 
condition that cA = 1 - c111 • 

We transform Eq. (14.4.2) to the variables f] and x with a view to 
the values of the operators (14.3.15) and (14.3.17): 

PPoVgf.tor2e (!..L. acA __ !_, acA _ _!!.1__, acA) 
o a'l ax 2; a'YJ a; a'YJ 

p V~ r~e a ( - ac A ) 
= ·- pzD-2; a'YJ a'YJ 

Assuming that the concentration and velocity profile are only a 
function of f] (we are considering a similar solution), we obtain 

f acA a ( ZD acA ) -0 
Pof.to a-il + 811 P arj --

Let us introduce the dimensionless dependent variable 

Z (f]) = CA/CA,O (14.4.3) 

Transforming the diffusion equation to this variable with the ~ 
sumption thatp[.t = p 6 f1 6 , and thattheSchmidtnumberSc =fl/(pD) 
is constant and equal to its value at the wall, we have 

Sc fz' + z" = 0 (14.4.4) 

where a prime signifies differentiation with respect to fl· 
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Equation (14.4.4) is the same in form as (14.3.36) provided that 
'Sc is substituted for Pr. The boundary conditions for the function z 
for which Eq. (14.4.4) is solved are similar to those for the function g 
[see (14.3.23) and (14.3.24)], i.e. at 'I'} = 0 (y = 0) the quantity 
z (O) = Zw = CA,wlcA,d, at 'I'}~ oo (y ~ oo) the function z (oo)-+ 1, 
while the derivative az/afJ ~ 0. 

Double integration of (14.4.4) leads to an equation similar to 
. ( 14.3.37): 

T) T) 

z ('I'J) -z (0) = z' (0) )" exp (-) Scf d'l'} )a'I'J (14.4.5) 
0 0 

Taking into account this analogy, we determine the integral for 
'1')-+00 

T) 11 

~ exp ( - ~ Scf d'l'}) d'l'} = (0.5Sc1!3 ti 
0 0 

Since at 11 -+ oo the function z (YJ} -+ 1, we find 

z' (0) = 0.5Sc113 [ 1 - z (0)] (14.4.6) 

We can simultaneously find the derivative z' (0) --= (oz/orJ)w using 
. the relation from chemical kinetics for determjning the amount of 

a substance evolved at a wall as a result of a catalytic reaction, 

(14.4. 7) 

where kw is the rate constant of the catalytic reaction. 
This amount of substance equals the diffusion mass flux (in mag

nitude): 
- ( fJcA ) - ( fJz ) Ow= PwD {j'if w =pwD ay w CA, ll 

Consequently, 

(_!.!...) = ~ . cA,w = k~ Z (O) 
fJy w D cA,il D 

or in the variables 'I'} and ;;, by (14.3.5) 

z' (0) = (~) = ( ~z) ( ~Y) = (2;)
112 

• k"~ z (0) (14.4.8) 
U'I'J w uy w uf] w or~ PwD 

We solve the system of equations (14.4.6) and (14.4.8) for z (0) 
and z' (0): 

[ 
(2,:;)1,2 kw J -1 

z (0) = z = . + 1 
w Vor~ 0.5Sc 113 PwD 

(14.4.9) 

z' (0) = 0.5Sclf3 t + ~. 0.5Sc PwD 
[ 

F 0 re 1/3 - ]-! 
. (2x)l/2 kw 

(14.4.10) 
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The magnitude of the specific heat flow released upon recombina
tion at a wall can be obtained from (14.1.8). Determining the mag
nitude of the heat flux, we find its local value: 

qd,x = PwD (fJcA/fJf!)w (fJr]/fJy)w(iA - iM) 

or, having in Yiew that ( fJc A/fJr]) w = c A,oz' (0) and taking into ac
count the value given in (14.3.6) for (fJ¥1/fJy)w, we obtain the relation 

qd,x = 0.5Sc 113 Dp~V6r~ (2~)-l/Z 

[ 

Tr6re 0 5Sc1f3 p _Jj J -1 
X 1+ ~ 0 

• • k " CA,6(iA-iM) 
(2x)1/2 "-

(14.4.11) 

Examination of the obtained expressions reveals that in the limit
ing case corresponding to an infinitely high rate of recombination (the 
wall is catalytic, the rate constant of the catalytic reaction kw -+ oo) 
the quantity z (0) = 0 and, consequently, the concentration at the 
wall is zero. By (14.4.11), at such an infinitely rapid catalysis, the 
heat flux is 

(14.4.12) 

Hence, in the limiting case being considered, tue atoms reach the 
wall even at a zero concentration at the surface. Here the maximum 
heat is released due to the recombination of these atoms into mole
cules. In the other limiting case of an infinitely slow catalytic reac
tion (a non-catalytic wall, kw -+ 0), the concentration at the wall 
remains the same as at the outer edge, i.e. z (0) = 1. Now the flow 
of atoms because of diffusion is zero, and, consequently, no additional 
heat is released, i.e. qd,x = 0. The same result follows from (14.4.11) 
if we assume that the catalytic reaction rate constant kw -+ 0. 

Let us perform some transformations in Eq. (14.4.11). 
Assuming that Pwflw = P11!--lo and introducing the ratio P6!-1o/(p 0 ~to) 

according to formula (14.3.42), in which we set w 6 / w0 = 1, we have 

il 5Sc 113 p2 DV6re . w u 

(2;)1/2 
(14.4.13) 

or by formula (14.3.44) for the function F (x), the expression 

A = 0. 5Sc- 2/3 V p~f1~V"' F ( x) ( 14.4.13') 

in which Sc = flwl(pwD). 
With a view to (14.4.13') and taking into account that 

(14.4.14) 
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and also introducing the dissociation enthalpy 

id=CA,t'lichem (14.4.15) 

we obtain the following expression instead of (14.4.11): 

qd,x = 0. 5Sc- Z/3 V p~[t~V oo F (x) ictcp ( 14.4.16) 

where the catalytic coefficient 

(14.4.17) 

This coefficient takes into consideration the influence of the finite 
rate of recombination because its expression contains the parameter 
kw. It is evident that at kw -+ oo the value of cp -+ 1 (infinitely rapid 
catalysis), while at kw-+ 0, the value of cp-+ 0 (a non-catalytic wall). 

For the flow conditions near the stagnation point, we obtain from 
(14.4.13') with a view to (14.3.47) that 

A= A0 = 0. 5Sc- 2/3 V p~f1~1 (e + 1) (14.4.18) 

and from (14.4.17) 

cp = cp0 = [ 1 + 0.5Sc- 213 V p~f1~1 (e + 1)/(pwkw)l-
1 

(14.4.19) 

Accordingly, the heat flux at the stagnation point is 

(14.4.20) 

Rete e = 1 for bodies of revolution, and e = 0 for an airfoil. 
We find the resultant specific heat flow to the wall by adding the 

heat flux due to diffusion qd, x to that due to molecular heat conduc
tion qh, x· The magnitude of this heat flux in a general form is deter
mined by Eq. (14.1.12), which we shall write as 

- .,.. + _ -~ (_!.!:__) [1- (fJcAffJy)w (iA-iM)w J 
qc- qh,x qd,x- (cp)w fJy w (fJi/fJy)w 

I (qc)Le=l I 
D ( fJcA ) (' . ) - Pw ----r;y w ~A - ~ M w 

/ qc = qd,x I 
Using (14.1.8) and (14.1.13), we obtain 

_ ( ) [1 _ (fJcAffJy)w (iA- iM)w + qd, x J 
qc- qc Le=i (fJi/fJy)w (qc)Le=i 

(14.4.21) 

where (qc)Lt=l is the specific heat flow corresponding to the value 

Le = PwD (cp)wi'Aw = 1 
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With a view to (14.3.43) and (14.4.16), we have 

= ( ) _ [1 _ (fJcAffJY)w (iA- iM)w + (__!!!____) -2/3 ~] 
qc qc Le-I (fJijfJy)w Pr ir- iw 

Let us estimate the values of the derivatives (fJcA/oy)w and (oiloy)w" 
assuming that at the cold wall the concentration cA,w = 0: 

( 
fJcA ) ,._, ~ (..!!!___) = (~) ,._, io. 0-iw = ir-iw 
fJy w 6 ' fJy w f)y w 6 6 

where {i is the boundary layer thickness, and i0 , 6 = i + V~/2. 
With a view to this estimate of the derivatives and to the expres

sions Le = PriSe and cA,O (iA- iM) = ict, we find 

[ 

. l 
qc = (fJc)Le=l 1 + (q>Le 2

13 -1) ir:..:\. J (14.4.22} 

We find the heat flux (qc)Le=l for an arbitrary point on a surface· 
from (14.3.43), and for the stagnation point from (14.3.48). We deter
mine the coefficients q> from (14.4.17) and (14.4.19), respectively. The 
value of ict can be computed by the formula 

ict = ia - ia=o (14.4.23) 

in which the enthalpy ia is determined with account taken of dis
sociation at the corresponding temperature T, \Vhile the enthalpy 
ia=o is determined for the same temperature T, with no account taken 
of dissociation. It can be found by the formula ia=o = Cp, 00 (TIT oo)rp T. 
The number Le is determined for the conditions at the stagnation 
point and is assumed to be constant for the entire surface. From 
(14.4.22), we obtain relations corresponding to the two limiting cases 
of heat transfer. In the first of them, when the wall in the flow is 
non-catalytic (kw-+ 0, q>-+ 0), diffusion heat transfer is absent, and 
the heat flux to the surface occurring only as a result of heat conduc
tion is 

qc(kw...,O) = (qc)Le=l ( 1- t ict. ) (14.4.24) 
r-t,v 

In the second case, when the wall is catalytic and recombination 
at it proceeds at an infinite rate (kw-+ oo, q>-+ 1), the total heat. 
flux is 

qc(kw~oo)=(qc)Le=t[1+(Le21 3 -·1). id. J (14.4.25) 
tr-!d 

The ratio of the heat flux qc (14.4.22) released at a finite rate of 
recombination to the heat flux qc (kw-oo> with infinitely rapid ca
talysis is 

q= 
qc _1+(cpLe 213 -1)'Tct 

qc(kw ... oo) 1+(Le2f3 -1) ~ 
(14.4.26) 



.362 Pt. II. Methods of Aerodynamic Calculetions 

'Fig. 14.4.1 
Heat transfer vs. flight speed V = 
.. and rate constant kw of the cata
lytic reaction: 
I - non-catalytic wall (glass): II -
intermediate surface (oxidPS); II I -
catalysts (metals) 

The results of calculating the quantity q for the stagnation point 
depending on the free-stream velocity V oo and the rate constant of 
the catalytic reaction kw are shown in Fig. 14.4.1. These results indi
cate the need of taking into consideration the finite rate of recombi
nation and the possibility of lowering heat transfer by using an outer 
skin made from a non-catalytic material. With such a skin, the low 
rates of recombination featuring the air change insignificantly. This 
results in greater heat absorption because of dissociation and, con
.sequently, in diminishing of the heat flux to the wall. 

The limiting value of the non-equilibrium heat flux corresponds to 
a zero catalytic coefficient. 

With this in view and by (14.4.26), we have 

:14.4.26') 

The change in heat transfer because of diffusion is taken into con
sideration to a certain extent by formula (14.3.48'). It gives the re
sultant specific heat flow determined not only by the heat conduction, 
but also by the diffusion transfer of heat due to recombination of the 
.atoms at the catalytic wall. If a surface in a flow is not catalytic (for 
example, the surface of a non-metallic outer skin) the heat flux ob
tained by formula (14.3.48') is somewhat understated. The inaccuracy 
.of the formula grows with increasing altitude, when the deviation 
·Of the gas state from equilibrium becomes greater. 

The ;present section deals with heat transfer in the two limiting 
cases of equilibrium and frozen flows in the boundary layer. But a 
heat transfer mechanism characterized in that the concentration of 
each chemical component in the boundary layer is determined from 
Eq. (3.2.4) by a finite rate of chemical reactions Wchem. 1 is the most 
general one. After acquaintance with the above information on heat 
transfer in the limiting cases, one can study by onesdf its mechanism 
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in the more general case when Wehem.l =I= 0. One should use the 
.system (3.2.4), (3.2.14) and (13.1.8) for this purpose. Some ways and 
results of solving this system are treated in [22. 24. 2:Jl. 

14.5. Determination 
of Wall Temperature 

Equilibrium Emission Temperature 

In steady motion of a craft, the heat conditions on its surface are 
characterized by equality of the heat fluxes directed toward the sur
face and away from it. Here the equation of the heat balance (14.1.1) 
has the form q 511 p - qrem = 0, or with a Yiew to expressions (14.1.2} 
for the supplied qsup and (14.1.3) for the remo\·ed qrem heat flnws, 

qc + grad + qs + qter -f- qeq.tr = qem -T- qab + qcl + q eq. h 

(14.5.1) 

The wall temperalure determined from the condition of eq1tality 
of the heat fluxes (14.5.1) and corresponding to sleady flow is called 
the equilibrium temperature. 

Let us assume that heat transfer is characterized only by the sup
ply of a convective heat flux to a wall (qsup = qc) and the removal of 
heat energy from it by emission (qrpm = qem). Now (14.5.1) with 
a ,·iew to (14.1.17) £or qc and (14.1.28) for qem becomes 

(14.5.2) 

The wall temperature determined by Eq. (14.5.2} is called the 
equilibrium ~mission temperature and is designated T w = T e· 
l t differs from the recovery temperature T r which, as is known, is the 
temperature of the gas at a wall in the absence of heat transfer, i.e. 
on a thermally insulated surface. 

The temperature T e is an upper limit for an emitting surface that 
is reached when a heated wall completely emits the energy it has 
received. This temperature with very high heat fluxes is not real 
because it is so high that it cannot be reached before the skin mate
rial is destroyed (by melting, sublimation, burning). Sometimes, 
however, the equilibrium emission temperature may be real, for 
example, on the surface of a gliding craft. In gliding, the kinetic 
energy transforms into heat energy gradually, and the intensity of 
the heat flow by convection may be comparatively small. Therefore, 
tl1e possibility of emission of all the absorbed energy at the equilib
rium temperature allowable for a craft is quite real. 

In Eq. (14.5.2), we may assume that the Stefan-Boltzmann con
stant a and the emittance e are known and constant quantities. The 
heat-transfer coefficient Gtw, the average specific heat at the wall (cp)w, 
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and also the enthalpies ir and iw for a dissociating gas are functions 
of the required temperature T w = T e• and also of the given pres
sure p 0 . Hence, the total number of required variables will be five. 
Consequently, Eq. (14.5.2) must be supplemented with four inde
pendent equations for determining aw, (cp)w, ir, and iw. 

For a laminar boundary layer, by (14.1.17) and (14.4.22) we can 
write the equation for aw as 

CXw = (cp)wqc = (cp)~,· (qc)Le=l [1 + (ff!Le213 -1) . irt. J (14.5.3) 
lr-lw lr-lw lr-tw 

We shall write the equations for (cp)w and iw in a general form: 

(cp)w = /1 (Po• T w) (14.5.4) 
iw = /2 (p 0 , T w) (14.5.5) 

where / 1 and f 2 are calculated with the aid of tables or graphs of 
the thermodynamic functions for air at high temperatures. 

The recovery enthalpy is 

ir = i 0 + rf1/2 (14.5.6) 
where the recovery factor r = f 3 (p 0 , T w) is found as a function f 3 
of the pressure Po and of T w by formulas (13.5.20) and (13.5.21). 

Solution of the system (14.5.2)-(14.5.6) allows us to find the equi
librium emission temperature of a wall in a flow with a laminar boun
dary layer in a dissociating gas. By using the equation for turbulent 
heat transfer instead of (14.5.3), we can find the temperature T w = T e 
for a turbulent boundary layer. Such an equation was obtained on 
a previous page for flow over a flat plate. 

The system of equations (14.5.2)-(14.5.6) is solved by the method 
of successive approximations. The flight speed V oo (or number Moo) 
and the altitude Hare given; they are used to calculate the parameters 
of "in viscid" flow over the surface (the pressure p 0 , density p II• tem
perature T r, etc.). 

To find the temperature T w = T e for a point on this surface, we 
determine the enthalpy ir (14.5.6) for it as a first approximation, 
using r = r 1am = 0.84 (a laminar boundary layer) or r = rtrb = 
= 0.89 (a turbulent layer) by (13.5.22) and then find the correspond
ing value of T r as a function of ir and p 6 • Next several values of 
the temperature T w < T r and the corresponding values of iw < ir 
are preset. For each of these values of T w (iw), we calculate ax and 
(cp)w in a first approximation and determine the difference of the 
heat fluxes: 

(14.5. 7) 

The data obtained are used to compile a table or plot a curve of 
qw versus T w· By setting qw = 0 and interpolating the tabulated 
data or using a graph, we determine the temperature T w = Te. 
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We use this value of the wall tern perature to refine the factor r and 
the enthalpy in determine in the next approximation the heat-trans
fer coefficient ax and the specific heat (cp)w, and then repeat the 
calculations using Eq. (14.5. 7) until a value of T w = T e is obtained 
with the given degree of approximation. When solving this problem, 
we fmd the enthalpy id in (14.5.3) by formula (14.4.23). 

The temperature T w = T e can be estimated in this way with the 
assumption that the numbers Pr, Sc, and Le are chosen equal to cer
tain fixed values, particularly Pr = 0.64, Sc = 0.49, and Le = 
= 1.45. 

The temperature T w = T e is calculated in a simpler way for a 
plate and a cone, the flow over which is characterized by constant val
ues of the inviscid gas parameters on their surface. The equilibrium 
emission temperature can be computed by the method of reference 
enthalpy (temperature). These calculations can also be performed 
with account taken of a mixed boundary layer on the surface in the 
flow, using the appropriate relations for the skin friction and heat
transfer parameters. 

The equilibrium emission temperature in the vicinity of the stag
nation point of a sphere is calculated with the assumption that the 
boundary layer is laminar. This can be done by solving a system of 
equations found for the conditions where the local velocity V 6 = 0. 
Such a system has the form 

Ti, =[Ad( ea)] (ir- iw) [ 1 -T- (q>Le 213 -1) 1:] 1 

id =" (ir- iwt1 (ia- ia=o) 

If!= (1 + Az1Pwt 1 

Pw = p~mwf(gRoT w) 

mw = f1 (p~, T w) 

iw=fz(P~, Tw) 

ia = fa(p~, T w) 

ia=O =Cp,oo (TwiT oo)<P T w 

(14.5.8) 

where the coefficients A 1 =0.5Pr- 213V 2p~f1~~ and A2 = 

=0.5Sc-2!3k-:: v 2p~f1~~-
The values of p~, p~. [1~, ir = i 0 , and 'A are calculated by solving 

the problem on the free flow in the vicinity of the stagnation point. 
When solving the system of 'equations (14.5.8), we take a temper

ature T w < T~ as a first approximation. We use this temperature 
and the pressure p~ to find the initial values of iw and mw, next we 

determine id, Pw• q> and the corresponding temperature T w· We per-
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Fig. 14.5.1 
Distribution oi the equilibrium 
emission temperature over the 
surface of an airfoil in a super
sonic flow: 
I - laminar layer: II - turbulent 
layer; III- transition r•gion 

form the subsequent approximations in a similar way and terminate 
them when we reach the preset accuracy of temperature calculations. 

For moderate flow velocities, when we may take no account of dis
sociation and consider that the thermodynamic and kinetic charac
teristics of the air are constant, the calculation of the temperature 
T w = T e is simplified. In this case, the corresponding system of 
equations becomes 

axi (T r - T w) = saT:.,, ax = h (T w) (14.5.9) 

where h is the heat-transfer coefficient that is a function of the tem
perature T w· 

The results of calculating the equilibrium emission temperature 
with the aid of system (14.5.9) for a parabolic airfoil in a supersonic 
flow are shown in Fig_ 14.5.1. The calculations were performed em
ploying relations for ax found for a flat plate. Local parameters of 
inviscid flow over the airfoil were used in these relations: the in
fluence of the longitudinal pressure gradient was not taken into con
sideration, and the fixed values of r 1am = 0.84 and rtrb = 0.89 cor
responding to the number Pr = 0.71 were adopted. 

When plotting a graph similar to that shown in Fig. 14.5.1 one 
should take into account the transition region in which the heat i1uxes 
change smoothly along a curve. The latter should have no discon
tinuities because in real conditions longitudinal heat fluxes form 
that equalize tho tern perature. 

Equations (14.5.9) to a first approximation can be used for cal
culating the equilibrium emission temperature at high velocities .. 
Here attention must be given to the influence of compressibility, 
dissociation, or variation of the specific heats by introducing the 
reference parameters in the equations, namely, 

a~ ( T r - T w) = w Tt,, a~ = h * ( T w) (14.5.10) 
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where T r is determined with a view to dissociation from the reference 
enthalpy (13.5.23), and a~ from expression (14.2.21). 

When calculating heat transfer on a plate and cone, we find the 
Stanton number St~ in the expression for a~ from expressions
(14.2.19) or (14.2.26) relating the skin friction and heat-transfer
parameters. 

An analysis of the equations for the equilibrium emission tem-
perature and the results of calculations allow us to conclude that 
the main way of lowering the temperature is to reduce the ratio, 
axfs. We can do this, first, by reducing the heat-transfer coefficient 
ax thereby ensuring laminarization of the boundary layer. The 
vallte of ax also diminishes when a craft rises to a high altitude 
because here heating decreases owing to the drop in the air density. 
Second, we can increase the emittance of the surface in lhe flfnv. 
For this purpose, a special coating is applied that can increase tl1e 
value of e to 0. 7 or 0.8 and thus increase cooling by emission. A growth 
of the emittance to a value close to unity is also observed when 
a 'metal wall is thin and becomes heated to high temperatures. 

Equilibrium Temperature 
When Additional Heat Sources 
or Sinks are Present 

The eqnilibrium temperature when other kinds of heat transfer
are present in addition to convective and radiation heat flows is 
calculated similarly to the determination of the equilibrium emis
sion temperature. Equation (14.5.1) should be used for these calcu
lations. With a view to the values for qc = ax (T r - Tw) and 
qem = eaT~-. we shall write it in the form 

ax (T; - T w) ~= wT't. 

where the reduced recovery temperature is 

r; = Tr [1 + 2:q 1/(axTr)l 

The sum of the specific heat flows is 

(1--±.5.11) 

(1--±.5.12) 

~ q, = qrad -T- qs + qter + qeq_tr- qab- qcl- q,,l lt ( 1--'!. 5.13) 

The components in (14.5.13) include the radiation flux qrad to the 
wall from the overheated gas and the heat flux qab dissipated upon 
the ablation of the skin material, which are found as a function of 
the wall temperature. The remaining components may be considered 
as preset quanti ties. 

Examination of (14.5.11) reveals that the task of determining 
T w = T e is solved in principle in the same way as when heat is 
removed only by emission. The only difference is that instead of 
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the recovery temperature T r we determine its reduced value r;. 
An analysis of relations (14.5.11)-(14.5.13) shows that by using 

artificial cooling qc 1 and ablation of the skin when the heat qab is 
carried off together with the particles of the destroyed skin, we 
can lower the wall temperature T w = T e· 

At moderate supersonic flow velocities, the radiation heat flux 
qrad and the heat qab absorbed in ablation may be disregarded. In 
this case, we have 

"2j q, = qs + qter + qeq.tr- qcl- qeq.h 
i 

(14.5.14) 

and the calculation of the temperature T w = T e is simplified because 
the components of heat transfer in (14.5.14) do not depend on 
:the wall temperature and are preset. 

At high altitudes (from 100 to 500 km, and sometimes more), the 
aerodynamic heat flux is insignificant in comparison with radiant 
energy. Disregarding the dissipation of heat along the surface, 
we may consider that the heat balance equation for a stationary 
process is 

(14.5.15) 

where qref is the solar energy reflected from the Earth. 
For high altitudes, the heat qter radiated by the Earth and also 

the energy qref may be ignored, and, consequently, q8 = qem· 
Introducing the values of q8 from (14.1.24) and qem from (14.1.28), 
we obtain 

q~s cos'¢ = eaTt, 
whence 

(14.5.16) 

The maximum temperature is reached at '¢ = 0. For practical 
purposes, in formula (14.5.16) we can use a constant value of q = 
= 1.39 X 103 W /m2. Assuming also that a = 5.67 X 10-s W/(m2K 4}, 

we obtain the following relations for the temperature: 

(14.5.17) 

By this formula, the highest equilibrium temperature at a point 
on a body in a flow is determined only by the properties of the wall 
material characterizing its absorptivity ~s and the emittance of 
the surface e. 



15 
Aerodynamics 
of Rarefied Gases 

15.1. Limits of Validity 
of the Continuum Flow Theory 

The experimental data on the ilow over bodies in a rarefted gas 
differ considerably from the values of the force and moment charac
teristics. and also of the skin-friction and heat-transfer parameters 
calculated by the gasdynamic relations for a continuum. This differ
ence is explained by the structme of these relations corresponding 
to the hypothesis of a continuum. This hypothesis is not valid for 
a rarefied atmosphere, and the kinelic theory must be used, which 
studies gas dynamics with the aid of moiPcular mechanics. The 
most important conclusions of this theory are based on the assump
tion of a discrete structure according to w·hich a iluid consists of 
colliding molecules tra veiling a large free path. \Ve shall not treat 
the kinetic theory of gases in detail, and shall consider only the 
information needed to understand physical phenomena, and also for 
aerodynamic calculations associated \Vith flights in a rarefied gas. 

Mean Free Path of Molecules 

Let us consider the limits of the validity of the theoretical rela
tions based on the assumption of a continuum. It should be noted here 
that the limits of validity are of a conditional nature because, for 
example, it is impossible to indicate exactly the altitude above 
which only the molecular theory has to be used. To establish these 
limits, we must determine the free path of the molecules. It is 
clear from physical considerations that when the free paLh is smaller, 
the gas is closer to a hypothetic continuum. The flow of such a gas is 
charactrrized by a large number of collisions between the molecules. 
The collisions determine the short relaxation time when in the dis
turbed flow, i.e. the time needed for equilibrium of the energy levels 
of the colliding molecules to set in. 

Statistical physics distinguishes a certain mean distance travelled 
by a molecule between collisions known as the mean free path. This 

24-055 
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length is 
l = ct (15.1.1) 

where cis the average velocity of the chaotic motion of the molecules 
[see (15.2.4)], t is the time between two collisions of a molecule 
determined from the expression t = 1/n in which n = N Ac is the num
ber of collisions per unit time (here N is the number of molecules 
in unit volume, and A is the cross-sectional area of a molecule). 

Hence, 
l = 1/(NA) (15.1.1') 

For example, for air in standard conditions, N = 2.69 X 1019 cm-3 

and A = 10-15 cm2 ; therefore, the free path is l = 4 x to-& em. 
It follows from (15.1.1') thatthemeanfree path grows with a decrea
sing density. Hence, this path grows with the altitude and may 
appreciably exceed the length of a craft. 

Formula (15.1.1 ') is not convenient for practical use because the 
cross-sectional area of a moleclue cannot be determined by direct 
measurement. One should use the relation for l that can be obtained 
from formula (1.1.8) of the kinetic theory of gases determining the 
dynamic viscosity. By inserting into (1.1.8) instead of c relation 
(15.2.8') for the mean velocity in terms of the speed of sound a, 
we find 

l = 1.255 vVk!a (15.1.2) 

where k is the adiabatic exponent and v is the kinematic viscosity. 

Conditions of Gas Flow 

The conditions of a gas flow depend on its rarefaction, by which 
is meant the ratio of the mean free path of the molecules to a charac
teristic length of the region of the flow being considered. 

A notion on these conditions and the parameters used to determine 
them can be obtained if we consider the flow between two plates 
at a small distance 6 apart. The space between the plates is filled 
with a gas, and one of the plates moves parallel to the other one 
at the speed V. When evaluating the gas rarefaction and the corre
sponding flow conditions, it is expedient to proceed from a compari
son of the mean free path l of the molecules and the spacing 6 of the 
plates, i.e. from the relation 

+ = 1. 255 V r;k • ~ = 1. 255 l/r k ! ( 15.1.3) 

where Re = V61v is the Reynolds number. 
The parameter l/6 is called the Knudsen number (Kn). If Kn = 

= l/6 ~ 0.01, the gas is considered to be a continuum. The disturb-



Ch. 15. Aerodynemics of Rarefied Gases 3 71 

ances caused by collisions with the wall in such a gas are transmitted 
almost instantaneously to all the molecules because of the smallness 
of the mean free path, hence the continunm hypothesis may be used 
in studying flows. If the mean free path is larger than the distance 
between the walls and the number Kn;;:? 10, the gas must be consid
ered highly rarefied, and the continuum hypothesis may not be 
applied. 

In such a gas, our conventional concept of the number Re as of the 
ratio of the inertial to viscous forces has no meaning because the 
collisions between the particles are rare and, consequently, viscosity 
does not practically manifest itself. This is why we must determine 
the impact action of the particles on a body instead of a continnous 
flow over it when defining the forces acting on it and the heat fluxes. 
The above two cases reflect two characteristic flow conditions. The 
first of them is continuum flow, and the second is free-molecule flow. 

It is customarily assumed that notwithstanding the high rare
faction and the negligibly small number of collisions, the number of 
molecules in an elementary volume of a free-molecule flow is still 
high enough to consider the properties of the gas to be macroscopic. 
For example, at an altitude excerding 150 km, the free path of 
the molecules is 3m, which points to the high rarefaction of the air. 
But the number of molecules per cubic c~::ntimetre remains quite 
large and is about 1.5 X 1012 • For such a rarefied gas, the pre:-snre 
and mass density may be calculated as the mean quantities in the 
given volume. The flow properties of such a gas are determined on the 
basis of the Maxwellian distribution of molecular velocities. Hence, 
by using this law, we can investigate the forces of interaction of the 
molecules with the surface of a moving body. 

Between the continuum flow and free-molecule flow, there are an 
intermediate flow (1~ Kn~ 10) and a slip flow (0.01~ Kn~ 1). 
The intermediate flow is characterized by the same significance of 
collisions of molecules with the wall and with one another. Such 
a flow appears in a flight at altitudes of about 100 km. In slip flow, 
which appears at altitudes under 100 km, collisions between the 
molecules are more important. But although the mean free path 
is small in comparison with the linear dimension 6, it cannot be 
disregarded. 

The difference in the flow conditions manifests itself in different 
velocity profiles between the parallel plat~::s. In a continuum flow, 
the gas particles after colliding with the moving :plate acquire 
the velocity V of the latter and the corr£:sponding momentum 
(Fig. 15.1.1a). The momentum transferred to neighbouring particles 
because of skin friction diminishes. As a result, their velocity also 
drops, reaching zero at the surface of the plate at rc~t. 

In a free-molecule flow (Fig. 15.1.1b), the particles dter collid
ing with the \vall do not change their mcmentvm owr the thick-

24.* 
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Fig. t5.1.1 
Influence of flow conditions on the change in the velocity of a gas near a wall: 
a-continuum flow; b-free-molecule flow; c-slip flow 

ness of the layer because upon rebounding they do not collide with 
other molecules. As a result, the transverse velocity gradient re
mains "zero". With diffusion interaction, the velocity of a molecule at 
the upper moving plate has the finite value V, while at the lower 
plate at rest it is zero. Hence, the average velocity of the molecules 
between the plates is V/2. 

This is why the concept of a boundary layer loses its meaning in 
a free-molecule flow over a body because the flow near the surface 
has the same velocity as at a certain distance from it (as we usually 
~onsider-at the edge of the bonndary layer). 

The velocity profile with slip flow (Fig. 15.1.1c) occupies an 
intermediate position. The moving plate, as in a continuum flow, 
transmits to the particles a momentum corresponding to the veloc
ity V. The particles rebounding from the plate, before reaching 
the opposite wall, collide with other particles and change their veloc
ity. The explanation is that the mean path of the molecules is 
comparable with the distance 6. This velocity changes continuously 
between the plates, while the shape of the velocity profile is the 
mean one between the profiles for a continuum and a free-molecule 
flows. On the lower plate, the molecules, as it were, slip relative to 
the surface at a certain velocity v; their velocity on the upper plate 
evidently equals the difference V - v. This explains the name 
"slip flow". In an external slip flow over a body, the gas at the sur
face does not adhere to it, but acquires a certain non-zero velocity 
that is lower than at the edge of the boundary layer. 

Hence, when slip is present, there is a velocity jump at the gas
solid interface. Near the wall, the transverse, velocity gradient is 
other than zero. This indicates that a boundary layer still exists in 
a slightly raref1ed gas in a slip flow. Consequently, the motion near 
the surface does not obey the Maxwellian velocity distribution, and 
the general equations for a viscous heat-conducting compressible gas 
should be used to determine this motion. They have to be used, 
however, with a view to the more general boundary conditions 
reflecting a possible velocity, temperature, and pressure jump at 
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Fig. 15.1.2 
Curves characterizing variouo 
flow conditions of a gas tC'5Re,~v~c. 

v~ 

the surface. The kind of flow is determined in accordance with 
formula (15.1.3) by the relation between the local numbers 1J:l and Re. 
If the distance between the plates is taken the same as the layer 
thickness in laminar flow, we can go over from the number Re = 
= V6/v to ReL = Re (L/6). Replacing the ratio o/ L by formula 
(13.3.19") in which we assume that x = 1 ('ve are considering the 
trailing edge of the plate) and inserting it into (15.1.3), we obtain 
a relation for the Knudsen number: 

Kn = l/6 = 0.264 Vk (M/V ReL) (15.1.4) 

This relation for various flows is shown graphically in Fig. 15.1.2, 
where the curves have been plotted without account taken of the 
effect of possible physicochemical transformations of the air on the 
mean free path of the molecnles. One must bear in mind here that 
dissociation is attended, as is knmvn, bv an increase in the number 
of particles, the result being a smaller ~ean free path. 

The curves shmvn in Fig. 15.1.2 relate to an undisturbed flow. 
Investigations sho\v, however, that they can be used to estimate the 
flow over a body if the local values of the numbers M and Re are 
used. It was found that far from the nose of a body of revolution 
where the influence of the nose shock is negligible. slip flow or free
molecule flow may arise even at low altitudes owing to overexpansion. 
At the same time, near the nose, the compression behind the shock 
wave may lead to the formation of a continuum even in high-altitude 
flights. This can be seen by using formula (15.1.4) and calculating 
the Knudsen number from the local gas parameters. \Vhen determin
ing this number, we must choose the characteristic length 6. Since 
the expected flow conditions are determined approximately, the 
boundary layer thickness evaluated by the formnla for a continuum 
is conditionally taken as 6. 
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1 5.2. Pressure 
and Skin Friction 
In a Free-Molecule Flow 
Molecule-Wall Interaction 

The investigation of the flow of a gas near a surface is associated 
with the solution of equations of motion for the boundary conditions 
imposed on this motion. Particularly, when studying a continuous 
flow over a surface, the condition of flow without separation as 
a form of interaction of this surface and the gas is the boundary 
condition. In free-molecule flow, the interaction is more involved. 

A number of hypothetic schemes of molecule-wall interaction 
have been advanced in the theory of free-molecule flow. Let us con
sider schemes of the limiLing kind of interaction-specular and 
diffuse reflection. We shall also treat an intermediate scheme, assum
ing that interaction which is a combination of the two indicated 
limiting kinds of reflection is closer to reality. 

Specular Reflection. Specular molecular reflection is realized if the 
surface is very smooth and is inclined at a small angle of attack. 
The particles approaching the wall, after a collision with it, are 
reflected at an angle equal to the angle of attack (Fig. 15.2.1a). 
Hence, in the given scheme, the molecules behave like perfectly 
elastic spheres. In specular reflection, the magnitudes of the velocity 
components do not change; the tangential component to the surface 
retains its sign, while the normal component reverses it. With such 
perfect interaction of the particles with the wall, friction forces are 
absent. Investigations reveal that even thoroughly polished surfaces 
are not smooth enough to completely realize specular reflection. In 
practice, only an insignificant part of the molecnles-a few per cent
are reflected in this way. 

Diffuse Reflection. In diffuse reflection (Fig. 15.2.1b), it is as
sumed that the surface is rough. The height of the asperities and the 

{a1 y 

Fig. 15.2.1 
Interaction of molecules with a wall: 
a-specular reflection; b-dlffuse reflection 
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width of the valleys should be comparable with the size of the 
molecules. As a result of collisions, the molecules get into a valley or 
between asperities and are almost completely absorbed by the wall, 
transmitting their momentum and energy to it. Next, after a short 
time, they are reflected from it in any arbitrary direction at a certain 
velocity. all directions being equally probable. The absence of 
a predominating direction of motion of diffuse reflected molecules 
leads to their producing no shear stress. Since a real surface always 
differs from a perfectly smooth one. the major part of the molecules 
interact by diffnse reflection. 

Mass Transfer 

Let us consider some features of a free-molecule flow over a 
body [261. We shall assume that diffuse reflection of the molecules 
occurs, the tern peratnre of the reflected particles being equal to the 
value T r differing in the general case from the wall temperature T w 

and the initial gas temperature T 1. 

Let us consider the expression for mass transfer. The components 
of the velocity of a moleCille are 

u = u' +- [", Z' = u' -t- Y. w = w' + lV 

The first terms in these expressions are the components of the 
velocity V oo of the bulk (or ordered) motion of tlte gas relative to the 
wall determined from the expression 

v~ = u':!. --r- v' 2 + w' 2 

The second terms are the components of the velocity c of the 
thermal motion (the velocity of a molecule relative to the bnlk 
motion of the gas). The sq11are of this velocity is 

(15.2.1) 

We shall assume that the y-axis. which the component v corre
sponds to, is normal to the surface at the given point. 

Let ns determine the transfer of molecules to the surface of a body 
that depends on the number of incident molecules contained in a unit 
volume. If the molecules travel at a velocity whose components in 
magnitude are within the intervals u, u + du; v, v + dv, and w, w + 
+ dw, the number of these molecules equals the product ntf du dv dw 
in which n 1 is the number of incident molecules in unit volume (here 
and below the subscript "i" relates to the particles of the undisturbed 
flow whose parameters are T ""' Poo· Poo· etc.), and f is a function of 
the velocity distribution of the molecnles called the Max\\ellian 
distribution. 



376 Pl. II. Methods of Aerodynamic Calculations 

In the kinetic theory, the distribution function is determined by 
the exponential relation 

(15.2.2) 

in which the quantity em is related to the mean velocity of random mo
tion c by the expression 

(15.2.3) 

and is called the most pl"obable velocity of a molecule. According 
to the kinetic theory of gases, the mean velocity of the random 
motion of molecules is - v-c=2 2RT!n (15.2.4) 

The function f relates only to the disordered part of motion of the 
molecules. It depends on the velocity of thermal motion c and, as 
can be seen from (15.2.3), on the mean velocity c determining the 
internal energy of a unit mass of the gas equal to c2/2. In the general 
case, the values of c and c depend on the coordinates and time. But 
if \Ve consider the equilibrium velocity distribution (which is of 
major practical importance) when as a result of collisions in each 
given volume element T = dx dy dz the number of molecules whose 
velocities belong to the velocity space element du dv dw correspond
ing to this volume 1: does not change, then the distribution function 
f will not depend on the time t. Such a gas state is defined as local 
Maxwellian equilibrium. 

Let us consider the concept of the mean square velocity c2 of 
random motion determined from the condition 

c2/3 = []z = vz = wz (15.2.5) 

where U, V, and W are the mean values of the velocity components 
in random motion. By the kinetic theory of gases, 

(15.2.6) 

Hence with a view to formulas (15.2.3) and (15.2.4) for c, we find 

Vcz =0.5cV3n!2=cm V312 (15.2.7) 
i.e. 

Vcz = 1.086c = 1. 225cm (15.2.8) 

We shall also note the relation existing between c, V C2, and 
the speed of sound a· 

a=VkRT=cVnk!8=Vcz Vk/3 (15.2.8') 
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Fig. 1 S.2.2 
Dependence of the distribution 
function on the parameter 

c!V~ 

Hence it follows that the mean molecular velocities have the same 
order as the speed of sound. 

The distribution function j can be determined \Vith the aid of the 
graph shown in Fig. 15.2.2 and giving the dependence of the quantity 

B = (nc~)312 (c2/C2) j on the parameter c!Vc2 • Also shown in the· 

figure are the relative quantities cm!Vc2 and -;:/VC2. 
Of the number of incident molecules contained in nnit volnme, 

the fraction that collides with a unit surface area per second is 
n 1vj du dv dw. Consequently, in this case we consider the molecules 
that intersect the surface and occupy the separated volume with 
a unit base area and a height equal to the vertical velocity compo
nent v. This velocity is within the limits of oo > u > 0. Particles 
with a velocity component v < 0 do not reach the separated area. 
\Ve can find the total number of molecules "V 1 colliding with a unit 
surface area per second by integration over all the possible veloci
ties - oo < u < oo, 0 < u < oo, and - oo < w < oo, i.e. 

00 00 00 

N 1 = J du .\' v dv j nd dw 
ll 

(15.2.9), 

or with a view to expressions (15.2.2) for j and (15.~.1) for c2
, 

00 00 

N1 = n1 (:rtcin,i)- 312 j exp ( - ~ H~) du .\ v exp 
-oo 0 

00 ( -+ H:) dv I exp ( - ~ Hn dw (15.2. 9) 
-oo 

where 

' cm,i H 
V=V + yz 2• 

HjV2 = Vlcm.i. 
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With a view to (15.2.10), we can write the first integral in (15.2.9') 
{the third integral will be similar to it) as follows: 

00 00 

.\ exp (- ~ Hn du = Cm,1 .\ exp (- ~ Hn d (H)V2) 
-oo -00 

The integral on the right-hand side of this expression is the well 
known Euler-Poisson integral 

oc 00 

J exp ( -+ H:) d (HI/V2)= 2 I exp (- ~ Hn 
-oo 

x a (HJV2) = Vn (15.2.11) 
Consequently, 
00 00 

) exp (- ~ Hn du= I exp (- ~ H:) dw=Cm,i Vn (15.2.11') 
-00 

The second integral in (15.2.9') can be written as 
oc 00 

J v exp ( - ~ H;) dv = Cm,i J ( v' + ~22 Cm,i ) 

0 -v'fcm,l 

00 

X exp ( - + Hn d ( ;; ) = c~,i -~ (x + y) e-Y' dy (15.2.12) 
-X 

where we have introduced the notation 

X=V'/cm,i• y=H 2/V2 
Integration of (15.2.12) yields 

oo\' 1 c2 . - -
. vexp ( - 2 Hn dv=~ e-x'+c~,ix 

00 t e-Y' dy 
0 -X 

(15.2.13) 

(15.2.12') 

We shall write the integral on the right-hand side of (15.2.12') in 
!the form 

-
oo -X oo 

) e-Y'dy=- I e-Y' dy+ I' e-Y'dy 
. J J -x o o 

The second integral of the last expression by (15.2.11) is 
00 

.\ e-Y' dy = v n/2 (15.2.14) 
0 
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To determine the first integral of the same expression, we shall 
introduce a new Yariable y = - z with account of which 

- --x x - I e-Y' dy == .\ e-z' dz 
0 0 

The integral on the right-hand side of this expression can be 
calculated with the aid of the special fnnction 

-
X 

- 2 I' erf X=--- e-z' dz 
l/:n: . 

IJ 

( 15. 2.15) 

that is the probability integral. Its values are tabulated. 
With account taken of (15.2.14) and (15.2.15). relation (15.2.12') 

becomes 
00

\ ( 1 ) cin i - - v- -. vexp -yH:. dv=-2'-[e-x'+x n(1+erfx)] (15.2.16) 
0 

With a Yiew to (15.2.11') and (15.2.16), we obtain the following 
relation for the total number of molecules JY 1 instead of (15.2.9): 

t·/,='l[Cm.I re-X>+xlln(1+erfx)J (15.2.17) 
2 l/ rr 

Since by (15.2.7) we haYe 

Cm,i =V2RT, (15.2.18) 
then 

,r RT· - - - -
N 1 =n1 J' 2rr' [e-""+xVn(l+erfx)] (15.2.17') 

The product RT 1 in formula (13.2.18) is related to the speed of 
sound by the expression 

(15.2.19) 

A glance at (15.2.17') reveals that the number of incident mole
cules is determined by the parameter x corresponding to the point 
of the surface being considered. If we express em.! in terms of the 
speed of sound, then x = (v'/a 1)Vk12. In addition, taking into con
sideration that ~ is the angle bet\veen the direction of the vector 
V"" and a tangent to the surface at the given point (Fig. 15.2.3), 
we find 

- v /k -
x =sin~ a~ 1 2 = Xoo sin~; - - F oo Vr k - M 1 /r k 

Xoo - a
1 

2 - cc V 2 

(15.2.20) 
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Fig. 1S.2.3 
Free-molecule flow over a flat 
surface: 
1-upper surface; 2-low8r ~urface 

Formula (15.2.17') was obtained for the conditions on a surface 
which the limits 0 < v < oo in the second definite integral of 
(15.2.9') correspond to. The equation of mass transfer is different for 
the upper side of a surface, because in the integral in accordance 
with Fig. 15.2.3 the limits are -oo < v < 0. Hence, for the upper 
surface, we have 

3 00 

2 -- \' ( 1 2) N1 =- n1 (ncm,i) 2 exp - 2 H
1 

-oo 

0 00 

X du ~ v exp ( --{- H:} dv ~ exp (- ~ Hi) dw (15.2.21) 
-00 -oo 

Here the first and third integrals are determined by the value of 
(15.2.11'). By analogy with (15.2.12), we shall write the second 
integral in the form 

0 -x 

~ v exp ( --{- H:) dv=c~.1 ~ (x+ y) e-Y' dy 
-co -00 

--x 

= -0.5c2 ·e-X'+c2 ·X I' e-Y'dy ID,l ID,l J 
-oo 

The integral on the right-hand side of this expression is 

Conseguently, 
0 

-x -x 0 _ 

) e-Y•dy= J e-Y'dy+ ~ e-Y'dy= ~:n (1-erfx) 
-oo 0 -oo 

~ v exp (-+ H:) dv = 0.5c~.de-X'-xV n (1- erf x)] 
-oo 
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fig. 15.2.4 
Free-molecule flow over a 
curved surface: 
1-front 'ide; 2-llacl;: side 

Taking into account the obtained values of the integrals in ( 15.2.21), 
by analogy with (15.2.17') we find a relation for the number of 
incident molecules on the upper area: 

.. /RT - -v- -N1=n1 V 2n1[e-x•_x Jt (1-erfx)] (15.2.22) 

When considering a free-molecule flow over a curved surface 
(Fig. 15.2.4), we may use formula (15.2.17') to calculate the number 
of molecules incident on the front side of this surface, and formula 
(15.2.22), on the back side. Formulas (15.2.17') and (15.2.22) can be 
simplified for high velocities, taking advantage of the fact that already 
for x> 2 the quantity exp (-x2

} is at least by a factor of 102 small
er than unity, while the probability integral erf x differs only slight-
ly from unity. For example, at x = 2, the quantity exp (-x2

) = 

= 0.018, and erf x = 0.995. The value 

M"" = (x/sin ~) V2!k 

corresponds to each value of x. Particularly, for x = 2, sin ~ = 
= 0.2, and k = 1.4, the number Moo= 12. At ~ '= 90°, the small-
est of the possible numbers Moo for x = 2 drops to 2.4. Consequent
ly, formula (15.2.17') can be simplified as follows: 

(15.2.23) 

Here the subscript "f" indicates that we are dealing with the front 
side of the curved surface. If we are dealing with the back side 
(subscript "b"), it is not difficult to see that formula (15.2.22) with 
a view to our assumptions transforms into the equality 

(15.2.24) 

because at a high flight speed of a body the molecules do not reach 
the back side of its surface. 

Let us consider the transfer of the reflected molecules. Diffuse 
reflection occurs according to the Maxwellian distribution, hence 
we may use relations (15.2.17') and (15.2.22), assuming that x = 0 
because after a collision the particles lose their bulk velocity. Since 
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the reflected particles have a different temperature T n then 

Nr = nr 'VRTr!(2n) (15.2.25) 

where nr is the number of reflected molecules in unit volume. 
If we assume that the total number of incident particles equals the 

number of reflected ones, i.e. N 1 = N n by equating the right
hand sides of expressions (15.2.17') and (15.2.25), we can find a rela
tion between the concentrations nr and n 1 for the front side of the 
surface in the flow: 

nr,t = nl v Tt!Tr [e-x• +X Vn (1 + erf x)] (15.2.26) 

We obtain a similar expression for the back side by equating the 
right-hand sides of (15.2.22) and (15.2.25): 

(15.2.27) 

Pressure 

The pressure on an area is determined by the total loss of momen
tum by a group of molecules in a direction normal to the surface as 
a result of their collisions with the wall, i.e. the pressure equals the 
sum of the momenta per unit time of these molecules before colliding. 
A general expression for the pressure is obtained as follows. The 
pressure produced by a molecule numerically equals its momentum mv. 
That produced by a group of molecules colliding in unit time with 
unit surface area is mn 1v

2f du dv dw. Consequently, the pressure exert
ed by the molecules incident on the front area is 

3 00 

Pt.t = Pt (nc~.t)- 2 ) exp ( - ~ H~) 
-oo 

00 00 

x du) v2 exp (- ~ H;) dv ~ exp (- ~ Hn dw (15.2.28) 
0 -oo 

where p 1 = mn 1 is the density of the gas. 
The values of the first and third integrals have been determined 

by (15.2.11'). 
The second integral by analogy with (15.2.12) has the form 

00 00 

) v2 exp ( - ~ H;) dv = c:n, 1 .~ (x + y) 2 e-Y' dy 
0 -X 

00 00 00 

= cin,ix2 
.\ e-Y' dy + 2cin,tx .\ ye-Y' dy + ci'n,I ~ y2e-Y' dy 
- - --x -X -x 
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Here the first and second integrals on the right-hand side were 
calculated previously. Let us determine the third integral, taking 
it by parts: 

fy 2e-u'dy=7(-xe-x'+ ~nerfx+ ~Ji) 
-x 

Hence, 
00 I 2 ,/- ., 

[' u2e-Z 82 du=...!.....::_ C3 ·(1-+-erfx)(x2 -l-_!_)+ Cffi,i xe-~' 
.) 2 m,l . ' 2 2 
0 

Taking into account this relation and the values of the first 
and third integrals in (15.2028), each of which equals cm.t Vn, 

- V2 k v~ 
and also the expression x 2 = sin2 ~ --T- 0 

2 = sin2 p ~, after the 
ai em. i 

corresponding substitutions in (1502028) we find a formula for the 
dimensionless pre;;;sure on the front side of the surface: 

- - 2pi,f- 0 2A[ 1 -:;:2 I (1+ 1 ) (1_L ·f-)] Pu- ---v:r-- sm 1'-' _ , 1 - e · -:- --=- 1 ei x 
P1 oo x v :1 2x2 

(1502029) 

To find the pressure on the back side of the surface, we must use 
the same expression (1502028) after replacing the integration limits 
with -oo < u < 00 Accordingly 

00 

PLb = p1 (ncin,it31
2 .l ex:p { -4 H~) 

0 00 

~< du J v2 ex:p ( - ~ H;) dv .\, ex p ( - { H~) dw 
-oo 

where 
-

0 -X 

~ vz exp ( - ~ Hn dv = c~.l .\ (x _L y)2 e-?J• dy 

yn - (- 1 ) c
3 

. - -
= -;j- c~.i (1- erf x) x2 +"'2 - ~·' x e-x' (15.2030) 

With a view to (1502030), we shall find the dimensionless pressure 
on the back area: 

?p [ -1 - ( 1 ) -] P1. b = -.~~ = sin2 ~ - .r e-x'+ 1 +-=- (1-erf x) 
P1 ~ x v :n: 2x2 

(15.2031) 
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It is easy to see that the relations for the flow of a gas over the 
!back side of a surface can be obtained from the corresponding expres
sions for the front side, substituting -x for x. 

In addition to the incident particles, the diffuse reflected ones also 
produce a pressure whose magnitude equals the sum of the moments 
-of the molecules leaving the wall normally to it. Since the process of 
reflection of a particle occurs according to the Maxwellian velocity 
distribution corresponding to the temperature T r and the zero veloc
ity of bulk ordered motion (reflection occurs from a surface at 
rest), we use expression (15.2.28), assuming that u' = v' = w' = 0, 
and go over to parameters with the subscript r. Accordingly, for the 
front area 

3 00 

Pr.f = Pr (Jtc~.r)- 2 ~ exp ( - ~ H~) 
-00 

00 00 

:< dU ~ VZ exp ( - f H~) dV ~ exp ( - ~ H~) dW 
0 -oo 

After calculating the integrals, we have 

Pr, f = RprT r/2 (15.2.32) 

Since the density of the reflected particles is Pr = mnr> while 
their number in unit volume nr is determined from the condition 
<>f steady flow Nr = N 1 by formula (15.2.26), then for the pressure 
due to diffuse reflection we obtain 

Prr= 2Pr f = si~2~ .. /Tr [e-x'+xVn(1+erfx)] (15.2.33) 
' PiV~ 2x2 V T, 

A similar formula for an area on the back surface is 

Prb=f 2hb = si~2 ~ .. /Tr [e-x•'::".XrVn(1-erfx)1 (15.2.34) 
· p, v:;., 2x2 V T1 ' 

The total value of the dimensionless pressure equals the sum of 
the corresponding values of p 1 and Pr· For an area on the front 
surface 

Pt = 2 (Pt,f + Pr,r)/(p,V.;,) = Pt,f + Pr,t 

and on the back one 

(15.2.35) 

(15.2.36) 

where the values of the dimensionless pressure p1,r and Pr.r are found 
from expressions (15.2.29) and (15.2.33), and of Pt.b and P~.b• from 
(15.2.31) and (15.2.34). 
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lllstead of relations (15.2.35) and (15.2.36), we can use a general
ized expression for the dimensionless pressure obtained after the cor
re,.ponding summation: 

2(PI+Pr) ___ . zg[±1 (-1-+_1 -./Tr) -x' 
p = V' Slll 1-' - -~- - - V T e PI ;;., - x l _, 2x I 

( 
1 11:t,;r) -] + 1+---+---v _Tr (1+erfx) 

2x2 2x I 
(15.2.37) 

where the plus sign relates to an area on the front surface, and the 
minus sign on the back one. 

Examination of (15.2.37) reveals that the pressure depends on the 
orientation of the area being considered relative to the velocity 
vector V oo (i.e. on the angle ~), the number Moo, and the tempera
ture ratio Tr!T 1• 

At high velocities, which values of x ;;;? 2 correspond to, the 
formulas for the dimensionless pressure can be simplified. We obtain 
the following approximate relations from (15.2.29) and (15.2.31): 

p 1,r = 2 sin2 ~ [1 + 1/(2x2
)] (15.2.38) 

PLb = 0 (15.2.39) 

By (15.2.33) and (15.2.34), we can write the corresponding for
mulas relating to the reflection process in the form 

Pr.b=O 

(15.2.40) 

(15.2.41) 

With a Yiew to these exprPssions, we obtain simplified relations 
or the total value of the tlimensionless pressurP: 

( 15. 2.42) 

Pb=O ( 15. 2. 43) 

Shear Stress 

The shear stress is a result of the momentum of the molecules 
completely losing their tangential component in a collision. This 
loss of momentmn for one molecule is mu, and for tlwse colliding 
with unit surface area in nnit time is n 1 mjuu du dl' dw. Consequent
ly, the shear stress due to the incidence of all the molecnles on a front 
25-055 
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surface area is 
3 00 

T, = p, (rtc~l,i)- 2 ~ u exp (- ~ Hn 
00 00 

x du} vexp (- ~ Hn dv i exp (- ~ H;) dw (15.2.44) 
0 

Using (15.2.10), we transform (15.2.44) as follows: 

3 

( 
2 )-:; 3 T1 =PI rtCm,i ~ Cm,i 

00 

X ~ ( v' + ~~ Cm.l ) exp { - ~ H:} d ( ~~ ) 
-v'/cm.i 

~-------------------------------------

00 

X ~ exp ( - ~ Hn d ( ~; ) (15.2.44') 
-oo 

1---------------
3 

The integrals on the right-hand side of the equation have the 
following values: 

(1) u' Vn _ _ _ _ l 
(2) 0.5cm.l [e-x"+xV rt(1-erfx)] 1 
(3) Vn J 

(15.2.45) 

FricLion on an area of the back surface is determined by the same 
expression (15.2.44') with substitution of -oo < v < 0 for the limits 
of the second integral. Accordingly, for the second integral, we have 

0.5c01 ,, [e-xz-.TVJi (1-erfx)] (15.2.46) 

Bearing in mind these values of the integrals, and also taking 
into consideration that 

u' = v 00 cos~. X= (V oolcm.l) sin~ (15. 2.47) 

we obtain the following relation for the friction factor from (15.2.44'): 

Cf,l = 2Td(p,V~) =sin~ cos~ [ + e-'Xz /(xVn) + (1 ± erf x)] (15.2.48) 

where the plus sign relates to an area on the front surface, and the 
minus sign, to an area on the back one. 
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Since all directions of motion of the reflected molecules are equally 
probable, their overall action produces no shear stress, i.e. Tr = 0 
and, therefore, 

Cf,r = 0 (15.2.49) 

We shall note that for a surface without inclinaLion~,(~ = 0), the 
friction factor Is 

(15.2.50) 

The relations are also simplified when x ~ 2. For the conditions 
on a front and back areas, they are, respectively, 

c(r, 1)r = sin 2~ 

(cu)b = 0 

Transfer of Kinetic Energy 

(15.2.51) 

(15.2.52) 

To determine the pressure, we must know the temperature ratio 
T ri T 1. Calculation of this ratio is associated with finding of the 
energy of translational motion of the molecules that is transferred 
to the surface when the molecules eollide with it and that is reject
ed from it as a result of their reflection. Each molecule upon 
colliding with the surface gives up to it the energy 

0.5 mc2 = 0.5 m ( U 2 + V 2 + W2
) (15.2.53) 

The energy supplied Ly the nnmber of molecules incident 
on unit surface area per 1111it time is 0.5rnn 1c2jv du dL· dw. 
Integrating this expression with respect to u and w between 
the limits from -oo to oo, and with respect to v from 0 to oo 
for an area on the front surface (or from - oo to 0 for an area on the 
back one), we obtain the total amount of transferred energy E 1 upon 
a collision. With a view to the valne off given by (15.2.2), we have 

oo fu oo 

E1 =0.5mn1 (:n:c~,i)- 312 \ \ I c'~exp(-+)vdudvdw (15.2.54) • • J em 1 
-oo lr, -oo ' 

where for a front area tL = 0, tu = oo, and for a back one tL = 
= -00, tu = 0. 

Taking into consideration expression (15.2.53) for 0.5 mc2 • and 
also relation (15.2.10) and performing integration. we find 

E 1 = 0.5mN1 {V~ + RT1 [4 + 1/(cp + 1)]} (15.2.55) 

where N 1 is determined by formnlas (15.2.17') for a front area and 
by (15.2.22) for a back one, while the function 

cr =e-x. f + x Vn (1 + erfx) rl (15.2.56) 
25* 
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The reflected particles carry away the elementary energy 
0.5mnrc2fU dU dV dW from a unit of surface area. Integrating with 
respect to U and W between the limits from -oo to oo and with 
respect to V from -oo to zero, we obtain the total carried off energy: 

00 0 00 

Er = 0.5mnr (nc~,r t 312 
) J ) c2 exp ( - c~~r ) V dU dV dW 

-oo -oo -oo 

(15.2.57) 
Evaluation of the triple integral yields 

E r = Pr (RT r)3f2 (2/n)lf2 (15.2.58) 

Let us substitute mnr for the density Pr and then substitute for nr 
its value from (15.2.25): 

(15.2.59) 

Inserting the value of Nr = N 1 with a view to (15.2.17') and 
(15.2.22) and taking into consideration that m = p 1/n 1, we obtain 

Er= 2mN,RTr = Y2/Jt p,RTr v RT, [e-i• + xVn (1 ± erfx)] 
(15.2.60) 

where mR = 1.38 X 10-23 J /K is the Boltzmann constant. 
The total kinetic energy of the molecules equals the difference 

between the supplied and carried off energies: 

E=E,-Er 
At high velocities (x ::;> 2), we can assume that lf!r ~ lf!b ~ 0 

both for the front and back surfaces. With a view to formulas (15.2.17')1 

(15.2.22), (15.2.55), and (15.2.56), and also simplifying, we obtain 

E,,, = o.5xp. V2RT! (v~ + 5RT!> (15.2.61) 

E 1,b=0 (15.2.62) 

For the energy of the reflected particles, the corresponding rela
tions using (15.2.60) become 

Er,t = 2 V2 p,RTrX V RT1 

Er.b=O 

15.3. Accommodation 

Momentum Exchange 

(15.2.63) 

(15.2.64) 

We already know that in transfer processes, on the basis of the 
hypothesis of diffuse reflection, the molecules have time to completely 
adapt themselves to the conditions on a wall, and the contact be-
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t\veen the wall and the molecules is sufficient to transfer the momen
tum of all the molecules to the wall. 

Experimental research reveals that the real processes of interac
tion of molecules with a surface differ from diffuse reflection and 
are characterized by reflection of a more general kind. 

The concept of reflection being considered is founded on the idea 
that the normal and tangential components of the force produced 
by the reflected flow are determined, respectively, by the accommo
dation coefficient of the normal momentum component 

(15.3.1) 

and the accommodation coeflicicnt of the tangential momentum 
component 

(15.3.2) 

In accordance with this concept, only a fraction of the incident 
molecules /n transfer the normal momentum component to the 
wall. The fraction of all the molecules transmitting a tangential 
momentum component is determined by the coefficient f 1:· It is evident 
that for completely specular reflection f n = f,; =: 0 (with p 1 = Pr 
and T 1 = Tr), while for completely diffuse reflection fn = /,; = 1 
(with Pr = Pw and Tr = 0). 

The pressure Pw in (15.3.1) can be considered as the normal com
ponent of the momentum of the molecules that are reflected in accor
dance with the Maxwell distribution of the velocity corresponding 
to thermodynamic equilibrium at a surface temperature of T w when 
the surface is at rest (V oo = 0). By (15.2.32) 

Pw = 0.5 RpwT w 

or, taking into consideration that Pw = mnw, we have 

Pw = 0.5mRnwT w 

To go over to the free-stream density, we shall use the relation 
p1 = mn 1, by means of which we obtain 

Pw = 0.5 Rp,T wnwln 1 

To find the ratio nwln 1, we shall use the relationship determining 
the equality of the number of reflected N w and incident N 1 molecules: 

nw V RT wl(2n) = N, = (N1/n1) n1 

where N 1 is determined by (15.2.17') and (15.2.22). Having calculat
ed the ratio nwln 1, we find the following formula for the pressure: 

Pw= p2pv~· = si~2 ~ -./ TTw [e-x"±xVn(1±erfx)] (15.3.3) 
I oo 2x2 V l 
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where the plus sign corresponds to an area on the front surface, and 
the minus sign to an area on the back one. 

The coefficients In and f,; are not identical because they character
ize different processes of momentum transfer upon reflection. But 
in approximate calculations, we can proceed from the Maxwell 
hypothesis according to which the reflection process is characterized 
by the same momentum accommodation coefficient f = fn = /,; 
indicating that the fraction/ of all the molecules undergo diffuse reflec
tion, and the fraction (1 - f), specular reflection. 

Consequently, by (15.3.1), the pressure Pr upon reflection is 

Pr =PI (1 - /) + fPw 

The total pressure is 

P = P1 + Pr = (2- f) Pt + fPw (15.3.4) 

Inserting into (15.3.4) instead of p 1 either the Yalue of Pu from 
(15.2.29) or of Pl,b from (15.2.31), and also the value of Pw from 
(15.3.3), we obtain 

p= 2 (PI-1;Pr) =sinz~{(2-t)[ =::=e-x' +(1+_;_)(1±erfx)J 
PI V 00 x V :n: 2x2 

+-4- .. / TTw (e-x'± xVn (1 + erfx)} (15.3.5) 
2x2 V I 

The total shear stress due to the incident and reflected molecules is 
"t = "t 1 - "~"r· Introducing the value of "tr = (1 -f) T 1 obtained 
from (15.3.2), we find 

"t = "~"1- "tr = "ttf (15.3.6) 

The corresponding friction factor by (15.2.48) is 

21: 21: t [ -'- e- x• - J 
cr ="V2=7 =/sin ~cos~ ~- V +(1 + erfx) 

PI 00 PI 00 X :n: 
(15.3.6') 

For very high velocities {z;;;:: 2) and a greatly cooled wall (T w< T 1), 
relation (15.3.5) can be simplified. Adopting the plus sign (we are 
considering an area on the front surface), we find 

Pt = 2 (2 - f) sin 2 ~ (15.3.7) 

For the same high velocities, the friction factor on a front area is 

(cr)r = f sin 2~ (15.3.8) 

and on a back area for the indicated conditions 

Ph = 0, (crh = 0 (15.3.9) 

Equations ( 15.3. 7) and ( 15.3.8) reveal the influence of accommoda
tion on the pressure and skin friction. With an increase in f, the 
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pressnre coefficient Pr lowers, while the friction factor (cr)r grows. 
Such an effect is explained physically by the reduction in the num
ber of specularly reflected molecules. This causes a rednction in the 
additional momentum ("reactive force"), which lowers the pressure. 
At the same time, the number of the molecules that do not transfer 
their momentum to the tangential component diminishes. which 
leads to an increase in the friction factor. 

The coefficient f in the above expressions is close to unity and 
may be taken equal to it in calculations. In the limiting case of 
completely specular reflection. which is not real, the coefficient f = 0. 
In the other limiting case of completely diffuse reflection. which 
is more probable. the coefficient f = 1. 

Ex peri men tal investigations of the interaction of hydrogen, heli nm, 
and oxygen with the polished surface of silver oxide, and also of 
the contact of air with brass show that f :::::::: 0.99; this confirms the 
presence of virtually complete diffuse reflection. At the same time, 
similar investigations allov> us to establish that for some combina
tions of a gas and a surface, the coefficient f may be appreciably 
lower than unity. 

Energy Exchange 

The absence of complete aecommodation features not only the 
process of momentum transfer, but also to a greater extent, as shown 
by experimental studies, the process of energy exchange between 
the ineident molecules and a wall. It is therefore assumed in for
mula (15.2.60) for the energy of the reflected molecules that their 
temperature Tr differs from that of the wall Tw. In this case. tlte 
contact of the incident molecules with the wall is not long enough 
to transfer to them upon reflection the average energy corresponding 
to the temperature T w and equal, by (15.2.60), to 

Ew = 2mNIRT w = Y2/Jt PtRTw -v RTI [e-~ ± xVn (1 + erf x)] 

(15.3.10) 

The case of reflection being considered is the most general one 
and is characterized by the absence of complete accommodation 
between the solid boundary and the molecules upon the exchange 
of energy. Therefore, in this general case, the relation 

(15.3.11) 

known as the thermal accommodation coefficient is other than unity. 
The arising discontinuity in the energy affects the temperature 
jump, i.e. the difference between Tr and Tw. 

The accommodation coefficient 11 is of major importance in cal
culating heat transfer. This is why we must be ablP to appraise its 
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value, which at present is possible only experimentally. Observa
tions reveal that the nature of the change in the thermal accommodaLion 
coefficient is very com plica ted. It was established, particularly, 
that the value off] grows with an increase in the molar mass and the 
temperature of the surface. We can assume that the accommodation 
coefficient depends on the flight speed of a body, the angle of inci
dence of the molecules, the properties of the material, and the state 
of the surface. Investigations shO\v that the values of the accommo
dation coefficient for air interacting with aluminium and steel 
having various surface processing are close to unity and range from 
0. 7 to 0. 97. For machined surfaces and light molecules, particularly 
of gases such as hydrogen and helium, the value of 11 may reach 
about 0.01. 

A comparison of the thermal11 and "force" f accommodation coeffi
cients shows that f » fl· It follows that although the incident mole
cules experience multifold collisions \Vith the wall and the reflection 
process is close to a diffuse one, the duration of contact of these 
molecules with the wall is insufficient for the reflected molecules to 
acquire the wall temperature. 

We can consider the limiting case when fJ = 1. This corresponds 
to the instant when the temperature T r of the reflected molecules 
approaches the wall temperature Tw. In this case, the molecules, 
as it were, completely adapt themselves to the conditions at the wall. 

1 5.4. Aerodynamic Forces 

General Expression for the Drag Force 

To use the relations obtained in Sees. 15.2 and 15.3, let us consider 
the determination of the aerodynamic drag force. We shall find 
a general expression for the force acting on a local unit area without 
taking the effect of accommodation into account, i.e. assuming that 
the coefficient f = 1. As a result of collision with such an area on the 
front side of a body (see Fig. 15.2.4), the pressure and skin friction 
cause a longitudinal force to arise that by (15.2.29) and (15.2.48) is 

PtV2 
[ e-X> 

F1.r = p 1,r sin~+ T1,r cos~= T sin~ .X yJi' 

+( 1+ 
8~~~) (1+erf.X)] (15.4.1) 

The force acting on an elementary area dS on the front side is 

(15.4.2) 
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while the total longitudinal force is 

X~,r = \ Ft.r dS (15.4.3) 
(Sr> 

where S r is the snrface area of the front side. 
The corresponding drag coefficient is 

2Xu 
cx.l.f=pV2" d 

1 oo'"Jml 

_ \ sin~ [ _e~~ + ( 1 + si~ ~) (1 + er£ x)J as (15.4.4) 
J x yn 2~ 

csr> 
where S = S/Smtd• X = (V oolcm.t) sin ~ = Xoo sin ~. and Sr = 
= SrfSmtct· 

We integrate through the front part of the surface with an area 
of Sf· We obtain similar relations for the force and coefficient cor
responding to the back side of the surface. 

Examination of Fig. 15.2.4 reveals that 

F r.b = Pt,b sin~ + T 1,b cos~ 

Here we take the magnitude of the angle~· Using formula (15.2.31) 
for PI.b and computing T 1,b by expression (15.2.48) with the minus 
sign, we obtain the following expression after the corresponding 
substitutions: 

Pt V~ . [ - e- x• ( sin 2 ~ ) - J F,,h = - 2 -sm ~ x V n + 1 + ZX2 (1-erf x) (15.4.5) 

The drag force coefficient is 

2X j. . [ _ e- x• · 2 ~ J 
C 1 = l.b = Sill A __j_' ( 1 + stznx_

2 
) (1-erf X) dS 

x . • b PtV~Smtd _ t' x yn 
(Sb) 

(15.4.6} 

We take the integral through the back part of the surface with an 
area of Sb. We can obtain the same result from expression (15.4.4) 
by substituting - x for X. 

We determine the drag coefficient of a body in a !low as the differ
ence between the coefficients of the forces arising at the expense 
of the molecules incident on the front and back surface areas and 
acting in opposite directions: 

Cx.t = Cx,l,f- Cx,l,d = 2 (X,,r- x,,b)/(p,V~Smtd) (15.4.7) 

The reflected particles produce an additional force. Upon reflec
tion from the front area, they act on it \Vith a force whose magnitude 
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by (15.2.33) is 

PI v~ sin3 ~ .. /T - - v- -Fr,r=Pr.rsin~=-2 -. 2
x

2 
V -i-le-x'+x n(1+erfx)] 

(15.4.8) 

The coefficient of the force acting on the front area Sr is 

2Xr,f 1 \ sin3 ~ .. /Tr 
cx.r.r=p,V~Smtd=z J ~ V Tt 

(Sr> 

X [e-x'+ xVn (1 + erf x)] dS (15.4.9) 

The force related to unit area and due to the action of the reflect
·ed molecules on the back surface area is determined by relation 
·(15.2.34) for Pr.b in the following form: 

. P1V!, sin3 ~ .. /Tr -, - v- -] 
Fr.b = Pr.b SID~= - 2 -· 2X

2 
V Tt [e-x -x Jt (1-erf x) 

( 15.4.10) 

The corresponding coefficient of the force X r, b acting on a Lack 
.area is 

2X t 1 ~ siu3 ~ VT - -v- - -Cx,r.b = v
2 
~ ' = -

2 
--- _Tr [e-x'- X Jt (1- erf x)] dS 

Pt 00 mld x2 1 
(Sbl 

(15.4.11) 

The total drag coefficient at the expense of reflected molecules is 

Cx,r = Cx,r,f- Cx,r,b = 2 (Xr,f- Xr,b)/(p, v~ Smld) (15.4.'12) 

We determine this drag coefficient as the difference between the 
corresponding values for the front and back areas. This is due to 
the nature of interaction of the reflected molecules with the wall 
when a lifting force arises on the back surface area instead of a drag. 
This force in its nature is the reactive force produced when the 
particles rebound from the surface. 

The total drag coefficient for a body in a flow is obtained by sum
ming (15.4.7) and (15.4.12): 

(15.4.13) 

If x~ 2, the above formulas are simplified. Instead of (15.4.1) 
and (15.4.4), we have the following relations, respectively: 

F1,r = p1V!. sin~ [1 + 1!(2x~)l 
cx,1, r = 2 [1 + 11(2x~)l ) sin~ dS 

<Srl 

(15.4.14) 

(15.4.15) 
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anrl instead. of (15.4.5) and (15.4.6), the values 

Fl.b = 0, Cx, l,b = 0 
Relations (15.4.8) and (15.4.9) are also simplified: 

F - PIF~ sin2 ~ -. /--;;; 
r.r--2-·--- V Jt-T 

Xoo I 

li;:i' I -. /T -
Cx,r,[ = --- sin2 ~ v _Tr dS 

Xx • I 
(Sr) 

while instead of (15.4.10) and (15.4.11), we have 

F r,b = 0, Cx,r.b = 0 

(15.4.16) 

(15.4.17) 

('15.4.18) 

(15.4.19) 

For simultaneous diffuse and specular reflection (the momentum 
accommodation coefficient f < 1), the forces are computed by the 
following formulas: 

F I,f = p 1,r sin ~ + /T 1.r cos ~ 

Fl,b = F,,r (-x) 
Fr,f = [p,,r (1- f)+ fPw.rl sin ~ 

F r,b = F r,t (-;) 

(15.4.20) 

(15.4.21) 

(15.4.22) 

(15.4.23) 

where Pw is determined by formula (15.3.3) in which the plus sign 
is taken. The notation in (15.4.21) and (15.4.23) indicates that F 1. b 

and Fr,b are obtained from the expressions for Fl.f and Fr,t by sub-
stituting -x for x. 

Cone 

To apply the obtained relations, let us calculate the aerodynamic 
drag of a body that is a combination of two cones (Fig. 15.4.1a) 
in an axisymmetric flow. The relative quantity dS in the formulas 
for the drag coefficients is 

dS = 2nr dl/(nr~1d) = 2nr dr/(nr~d sin ~c)= dr2/sin ~c (15.4.24) 

Inserting the values of dS into (15.4.4) and (15.4.6) and taking 
into account that for a cone 

;c = Xoo sin ~c =Moo V k/2 sin ~c = const (15.4.25) 

we obtain the drag coefficient in the following form: 
1 -·· 1 -

Cx,l.f =--=---;;==-e-x;;+ ( 1 +---) (1 + erf X 0) (15.4.26) 
Xc y n 2x;, 

-1 -o 1 
Cx,I.b = - V e-xc; + ( 1 + 2x-

2 
) (1- erf Xc) (15.4.27) 

~ Jt 00 
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(a) 

v=[M~) 
~0~--~~~~L-~~--

{b) 

Fig. 15.4.1 
To the calculation of the free-molecule flow over a conical body: 
a- combination of two conical surfaces; b -cone with a cut bottom 

The total drag coefficient for the incident molecules is 

2 -x~ + 2 ( 1 + 1 ) f-Cx,l = Cx,l,f- Cx,l.b = - ,/ e 
2
_2 er Xc 

Xc V n xoo 
(15.4.28) 

Let us consider the action of the reflected molecules, assuming 
for the conditions of flow over a cone that the ratio T r!T 1 = const. 
For these conditions from (15.4.9), we find 

1 , /'T -2 - v- -
Cx.r.r= 2X

2 
V T: [e-xc+xc :rt(1+erfxc)] 

00 

(15.4.29) 

and from (15.4.11), we find 

Cx,r.b = _;_ V ~r [e-x~-Xc Vn (1- erf Xc)] (15.4.30) 
2x!, I 

Bearing in mind that this coefficient characterizes the lifting 
force on a back surface area, by (15.4.12) we determine the total 
drag coefficient due to the reflected molecules: 

sin ~c V ----r; c =c -c =--- :rt-x.r x.r.t x.r.b - r1 Xoo 
(15.4.31) 

Summing (15.4.28) and (15.4.31), we find the total drag coeffi
cient for a cone: 

+ 2 - >:2 2 ( 1 1 ) f-
Cxa = Cx,l cx.r = Xc v Jt e c + + 2,1;~ er Xc 

(15.4.32) 

Axisymmetric Flow over a Flat-Bottom Cone. For this case 
(Fig. 15.4.1b), formulas (15.4.26) for Cx.t.t and (15.4.29) for Cx,r, 
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do not change. Expressions (15.4.27) for Cx.t.b and (15.4.30) for 
Cx,r,b are different because Xc = Xoo sin ~c should be replaced in 
them with Xc = Xoo since the bottom surface is inclined at the angle 
~c = n/2. Bearing this in mind, for the coefficient acting on the 
front surface, we obtain 

-2 

e -xc ( 1 
Cx,f = Cx,l.t + Cx,r,t = --- ---;;=-- + 

Xc V :n: 

+ ( 1 + erf X c) ( 1 + -~-+ .....:s:..::in~~c'- V Jt ~rl ) 
2x~ 2xoo 

(15.4.33) 

The coefficient of the force acting on the bottom surface is 
-2 

e-xoo ( -1 1 /~Tr) 
C =C C =-- -- --- ' -x.b x.l.b + x.r.b - r- + 

2
- } T 

Xoo l :n: Xoo I 

+ (1-el'fxoo) ( 1 +__;__ _ _;_ V n Tr) 
2x~ 2xoo . r, (15.4.34) 

The force determined by this coeffieient acts on the bottom sec
tion in a direction opposite to the free stream and, consequently, 
is a propelling force. Accordingly, the total drag coefficient for 
a cone is 

(15.4.35) 

At very high flight speeds{;:» 1), formulas (15.4.32) and (15.4.35) 
become 

Cx = 2 a 

and this result does not depend on the shape of the body. 

(15.4.36) 

At flight speeds which small values of x correspond to, the values 
of Cx grow becanse of the substantial influence of the rei1ected a 
molecules. This can be seen from the graph in Fig. 15.4.2 v,-hero the 
values of Cx are given for a cone and a spherical surface. 

a 
We shall note that the value of Cxa = 2 exactly corresponds to the 

conclusions of Newton's collision theory. Indeed, by this 
theory, the force of resistance is determined by the complete loss of 
momentum of the particles on the area of the maximum cross section 
of a body. On this basis, we fmd that for any body with a mid
section area of nrin 1ct (for example, for a cone) in a free-molecule 
flow at the velocity V oo, the drag force at a zero angle of attack is 

Xa = pooVoom~ldVoo- Pool'oonrin!ct X 0 = Pooll~nrinlct 

where the fust term of the difference is the momentum of the free 
stream before a collision, and the second term is the momentum 
after the collision. 
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2.8 \ I 

\ 

' ~ '-.... 
~' 

...... ___ 
1-----· --Fig. 15.4.2 2. o 

Drag coefficient for a sphere (1) 
and cone (2) in a free-molecule 
flow 
(the angle of attack a=O, the semi
apex cone angle i.s (3c=60°) !.2 

D 4 8 12 16 M~ 

The coefficient of this force is Cx = 2X/(p,x,V!,nrin 1d} = 2. We 
a 

also obtain this formula for an arbitrary angle of attack. Here the force 
should be calculated as the product of the coefficient Cx = 2, the 

a 
velocity head, and the projection of the surface onto a plane normal 
to the direction of the velocity vector V 00 • 

It can be seen from the above that the collision theory differs from 
the Newtonian scheme of elastic reflection treated in Sec. 9.4. Accord
ing to the Newtonian scheme, the particles after colliding with 
a surface continue to move along the wall, i.e. deviate by the angle 
of incidence of the molecules. The normal velocity component is 
cancelled, while the tangential component remains unchanged. 
In accordance with the collision theory, both components are can
celled and, consequently, a shear appears in addition to the normal 
stress (pressure). 

A glance at Fig. 15.4.2 reveals that notwithstanding a certain 
difference, the results of accurate calculations for numbers Moo > 4 
do not virtnally differ from the value of Cxa = 2 found by Newton's 
collision theory. Therefore, for relatively small numbers Moo, the 
aerodynamic forces may be calculated by the diffuse reflection 
scheme, and for large numbers M oo• by the collision theory. 

Non-Axisymmetric Flow. The calculations of the axial and normal 
force coefficients, and also of the moment coefficient should be 
based on the expressions for the local pressure coefficient and fric
tion factor. The angle ~ in these expressions must be replaced by 
the angle 80 between the direction of the molecule flow velocity 
and the local area. 

Knowing how the local pressure coefficient and friction factor 
are distributed and using the general expressions for calculating 
the aerodynamic coefficients (see Sec. 1.3), we can compute their 
specific values for a given body shape. Figure 15.4.3 shows the re
~Hlts of such a calculation for a combination of a truncated cone 
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Fig. 15.4.3 
Results of calculating the aero
dynamic coefficients for free
molecule flow over a body of 
revolution · 
(i3c~15'; d 11/D11 =0.831,;x cMIDu=l; 
xcyl/D 11=3) 

4'] qn 15J ZOO IX, CB:j 

with a cylinder obtained provided that the ratio of the t1ight speed 
to the molecular velocity is Xoo = 7, and the temperature ratio is 
T r / T 1 = 0.18. The moment coefficient (Fig. 15.4.3) was calculat
ed about the centre of mass at a distance of one cylinder diameter· 
from the major base of 1l1e cone. 

Cylinder 

Let us consider the drag of a cylinder with a cross free-molecule 
11ow according to the scheme of diffuse reflection assuming that 
the accommodation coefftcient j = '1 (Fig. 15.4.4). To do this, we 
shall liSe formnlas (15.1.1)-(15.4.13). Seeing that in (15.4.4) 

(15.4.37) 

and the quantity X= Xoo sin ~. we find 

"I~ 

= .\ [ 
0 

For the coefficient ex, !,b with account taken of (15.4.G), we have 

2X,,b 

rt/2 

I [ 
0 

-e-x' +sin~ ( 1+ 
2

_x\ ) (1-erfx)J d~ (15.4.38) 
Xoo V n 

00 
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I j s c: ,q/1 :f) ~-!-~---+-+-""' 
v ,~\ .'H ~) 

--+-=-"--

Fig. 15.4.4 
Free-molecule flow over a cylinder 

The drag due to the reflection of molecules from the front sur
face area is determined from (15.4.9) by the coefficient 

2Xrr c - . 
x.r,f- P1V~Sm1d 

:rt/2 -

= _21 (' [ ~e-Vx: J . ~ .. /T J -=---= .. =-+(1+erfx) xVn s~~ v T: d~ (15.4.40) 
0 00 

Reflection from a back surface area produces a force whose coeffi
cient by (15.4.11) is 

:rl/2 -

=-12 I [ ~e-Vx•n J . ~ .. /-J --- -(1-erfx) xVil s~u v !_r_ a~ 
o .x2oo T, 

(15.4.41) 

The difference between the values determined by (15.4.38) and 
(15.4.39) allows us to compute the coefficient of the total force 
rl11e to the incident molecules: 

_ vii exp ~:+ ~~) . {I o ( ;; ) + ( x~ + T) 

X [10 ( x;) +11 ( ~"") ]} (1;).4.42) 
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where I 0 (x;,/2) and I 1 (x;,/2) are the modified Bessel functions of 
orders 0 and 1, respectively: 

;;2 1 n x2 
I 1 (-f) = n I cos q> exp ( -T cos q> ) dq> (15.4.43) 

0 

We find the coefficient of the total force due to the reflected mole
cules by subtracting (15.4.41) from (15.4.40). Assuming that for 
the entire surface T r!T 1 = const, we obtain 

__ rt/2 

c ... c.r = Cx.r.t -cx.r.b = x12 v :rt ~: .\ X sin~ d~ 
00 0 

- n:3f2 ITr 
- 4xoo V "'T; (15.4.44) 

The total drag coefficient of a cylinder is 

vn exp ( ---}- x;.,) ( x2 
Cxa = Cx,l -+- Cx,r = -----::X:-oo---- { Io T) 

+ ( x;., + y) [I o ( ~; ) +I 1 ( x; ) ] } + ~~: V ~~; (15.4.45) 

Plate 

In the simplest case, when the flow is calculated according to 
Newton's collision theory, the drag force on a plate of area S pl is 
determined by the change in the momentum before and after a col
lision: 

Xa = (pooVooSp1 sin a) Voo- (pooVooSpl sin a) X 0 = PooV;.,Sp 1 sin a 

where a is the angle of attack (Fig. 15.4.5). 
Therefore, the drag coefficient is 

Cxa = 2X/(poo v;.,sp J) = 2 sin a (15.4.46) 

Since a lift force is absent, the lift-drag ratio is zero. These con
clusions are close to what actually occurs at very high velocities 
of free-molecule flows. For low velocities, the reflection effects must 
be taken into consideration, and the relevant relations used for the 
pressure coefficient and friction factor. 

26-055 
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y 

-

~----------------

pf~~/Pr,r 

Fig. 15.4.5 
Free-molecule flow over a plate 

Let us consider reflection with an accommodation coefficient of 
f < 1. The force on the lower surface of the plate due to the incident 
molecules, by formula (15.4.20) with a substituted for ~ is 

X t.r = Fl.f SP, = (Pt,r sin ex+ j-r: 1,r cos a) Sp1 (15.4.47) 

and the coefficient of this force is 

2X;. 1 2 ( . f ) 
Cx,J,f = v2 S = ~ Pt,rSlll tX + T1,t cos a 

Pt 00 PI Pt 00 

(15.4.47') 

Let us replace 'tLf using (15.2.48) and retaining the plus sign' 1in 
it. We shall simultaneously insert (15.2.29) instead of Pt,f· Since 
the angle a is taken instead of~ in (15.2.48) and (15.2.29), we obtain 
after these transformations 

-x' ( 1 J 
cx.!.f = sin3 a[~+ 1 + ---) (1 + erfx) 

x y :n: 2x2 

_;.2 
+ f sin a cos2 a ( { yn + 1 + erf x) (15.4.47") 

where x = Xoo sin a. 
Similarly, for the upper surface [see (15.4.21)], we have 

c - 2X,,b 2Ft,b =-2- Ftr(- x)= c r (-x) 
x.t.b- p,v;.,spl PtV~ p)V~ ' x.!. 

= sin3 a [ =-~:· + ( 1 + 2~2 ) (1- erf x) J 
-X• 

+ f sin ex cos2 ex ( :-v :n: + 1- erfx) (15.4.48) 

Let us consider the forces due to reflection of the molecules. 
Inspection of Fig. 15.4.5 reveals that the lower surface experiences 
the force X r.f• which can be represented with the aid of (15.4.22) 
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in the form 
X r,r = Pr,r Sp1 sin a = F r.r SP1 (15.4.49) 

The coefficient of this force with a view to (15.4.22) is 

_ 2Xr.f _ 2Fr,f __ 2sina [ (1 /)+/ J c x.r,f - p v2 co --- -p v2 ---p v2 Pt.r - Pw,f 
I oo''Pl I oo I oo 

(15.4.50) 

Substituting for p l.f and p w, r the corresponding values from 
(15.2.29) and (15.3.3) (with the plus sign), we obtain 

[ 
-x' 1 

cx,r.t= (1-/) sin3 a .! .r + (1+----) (1 +erfx) 
x y n 2x 2 

+t s~~ a y _z;;- re-x'+ xVn (1 + erfx) 1 (15.4.50') 

The molecules reflected from the upper surface produce a propel
ling force [see (15.4.23)]: 

(15.4.51) 

The coefficient of this force, by (15.4.23), is 

_ 2Xr,b _ 2Fr,b _ 2 F ( -) _ ( -) 
Cx,r.b- PiV~S - p,V~ - p,V~ r.f -X - Cx,r.f - X (15.4.52) 

By (15.4.50'), we have 

cx.r.b = (1- f) sin3 a [- xe;: + ( 1 + 2~2 ) (1- erfx) J 
+ /siuaa l/Tw [e-;:'-xVn(1-erfx)J 

2x2 Tt (15.4.53) 

From the difference of the coefficients calculated by formulas 
(15.4.47") and (15.4.48), we have 

Cx,l = Cx,l,f- Cx,l,b = 2 Sin
3 tX [ X ~ n e_;:z + ( 1 + 2~2 ) erf x] 

+2fsinacos2 a( x ~n e-~"+erfx) (15.4.54) 

Using (15.4.50') and (15.4.53), we obtain a similar expression 
corresponding to the reflection process: 

Cx,r = Cx,r,f - Cx,r,b = 2 (1 - j) sin3 a 

X [ x ~n e-x'+ ( 1 + 2~2 ) erf x] + f si:S a v n ~7 (15.4.55) 

26* 
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The resultant drag coefficient is 

Cxa=cx,t+cx,r=2 (2-/) sin3 a [;;;/j1 e-;:'+(1+ ~2 )erfx] 

+fsina[2cos2 a ( ;~~
2

Jt +erfx)+ si:2

CG v/Jt ~~ J (15.4.56) 

In a similar way, we can determine the lift force Ya and the 
coefficient of this force: 

where 

2 
- p,v;,., (15.4.57) 

Gu = Pt,r cos a - /Tt,r sin a; Gr,t = [pl.f (1 -f) + fPw.rl cos a 

(15.4.58) 

The drag and lift coefficients can be obtained for completely 
diffuse reflection if in the corresponding expressions we assume that 
f = 1, and for specular reflection if we assume that f = 0. 

15.5. Heat Transfer 

Temperature of Reflected Molecules 

We already know that the pressure on a wall due to the reflection 
of the molecules depends on their temperature T r· To determine 
this temperature, we must use the equation of the energy balance 
between the body and the fluid. Let us derive this equation for 
a unit area at an arbitrary location on the surface. The energy E 1 
of the translational motion of the molecules is supplied to this 
area. The corresponding energy of the reflected molecules can be 
determined by (15.3.11) and (15.3.10) as follows: 

Er = (1- YJ) E, + YJEw = (1- YJ) E, + 2YJ mN1RTw (15.5.1) 

If we take into account the supply of the heat qrad by external 
radiation (for example, by solar radiation), the supplied energy 
will be Ei + qrad· 

Let us assume that the removal of energy in addition to its trans
fer by the reflected molecules is also due to radiation by the external 
surface, and to its additional cooling or heating from inside (corre
spondingly, a plus or minus sign before qc1). Hence, the equation 



Ch. 15. Aerodynamics of Rarefied Gases 405 

of the energy balance for a unit area in stationary heat transfer 
will be 

(15.5.2) 

or with a view to expression (15.5.1) forE r 

Y}E I + qrad = llEw + wTtv + qci (15.5.2') 

Relation (15.5.2') and the expressions for E 1 (15.2.55) and Ew 
(15.3.10) entering it correspond to the motion of a monatomic gas. 
If a gas consists of poly atomic molecules (particularly, air can be 
considered as a diatomic model), each particle, in addition to the 
energy of translational motion, will also have an internal energy due 
to its rotation and vibration and depending on the properties of the 
gas. Such particles, when falling on a unit Sltrface area, transfer 
in unit time an internal energy which by the kinetic theory of gases is 

5-3k mRT1 
E!.ln= k-1 . 2 Nl (15.5.3) 

The molecules leaving the smface at the temperatnre T w carry 
away the internal energy 

E = 5-3k . mRTw N (15 54) 
w.ln k-1 2 w · · 

where Nw = N 1• 

Accordingly, for a diatomic gas, the energy balance equation 
(15.5.2') has the following form: 

(15.5.5) 
where 

E1 = E1 + E1.1n; Ew = Ew + Ew,ln (15.5.6) 

Introducing into (15.5.5) the values of E 1 from (15.2.55) and E w 

from (15.3.10) (provided that in these expressions the plus sign is 
chosen for the front surface area, and the minus sign for the back 
one), we determine the wall temperature Tw at given values of the 
emittance e, heat flows qrad• qc 1, and the air temperature T 1. 

Calculations of Tw by Eq. (15.5.5) for a plate depending on the 
angle of attack a show that the influence of solar radiation on the 
wall temperature is more appreciable at small angles a. This influ
ence also grows with an increasing altitude. Beginning from an 
altitude of 240 km and higher, solar radiation is the main factor 
determining the wall tern perature. The tern perature T w can be low
ered by using surfaces with a low accommodation coefficient 'YJ· For 
this purpose, the wall inclination should be as small as possible, 
which is achieved when flying at small angles of attack. The found 
temperature Tw can be used to compute the temperature Tr of the 
reflected molecules. The corresponding relation is obtained as 
follows. 
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By analogy with (15.5.1), let us write a formula for the energy 
of reflected diatomic molecules: 

(15.5.7) 

The value of this energy can also be expressed as 

E -E E -2 NR 5-3k mRTr N r- r+ r.ln- m 1 Tr+ k- 1 ·--2- 1=2mN,RTrk1 

(15.5.8) 

The value of the energy on the right-hand side of (15.5. 7) is 

Ew = Ew + Ew,ln = 2mN,RT wkl 
where 

kl = (k + 1)/[4 (k - 1)] 

(15.5~9) 

(15.5.10) 

The value of the second energy component m (15.5.7) is 

if,= E1 + E1.1n = E1k 2 (15.5.11) 

It depends on the coefficient 

k = 1 + Et, In = 1 + _1_. 5-3k . mRT1 N, (15 5 12) 
2 E1 Et k-1 2 .. 

Inserting (15.5.8), (15.5.9), and (15.5.11) into (15.5. 7), we find 
a relation for the temperature of the reflected molecules: 

TTr = TTw [ ~1 ~ ~:~k: + f]J ( 15. 5.13) 
I I m I w 1 

We calculate the temperature T r separately for the front and 
back surface areas which definite values of N 1 and E 1, and, con
sequently, of T w correspond to. If the accommodation coefficient f] = 1, then T r = T w· We also obtain the same result for what is 
called an adiabatic wall, for which the thermal process is character
ized by the absence of any external supply or rejection of heat ex
cept for the inflow of energy due to the incident molecules. In this 
case, the wall is heated only as a result of the translational motion 
of the molecules. Accordingly, Eq. (15.5.5) becomes E1 = Ew, or 
with a view to (15.5.11) and (15.5.9), it becomes 

(15.5.14) 

If we introduce this relation into ( 15.5.13), we can see that the 
temperature of the reflected molecules equals that of the wall. This 
temperature is determined from (15.5.14) after inserting the value 
(15.2.55) for E 1 as follows: 

~~ = ~~ = 4Rk;
1
k

1 
[ V!, + RT1 ( 4 + cp~ 1 ) ] (15.5.15) 
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The product RT1 in this formula can be replaced with the aid of 
(15.2.19): 

( 15.5.16) 

A glance at this formula reveals that the temperature of an adia
batic wall is a distinctive analogue of the stagnation temperature 
for a continuous flow. 

The conditions of flight at high altitudes make it necessary to 
ensure a certain constant wall temperature. In this case, the wall 
temperature is preset, and the calculations consist in determining 
the temperature of the reflected particles by formula (15.5.3). This 
temperature is then used to calnlate the pressure. 

Calculation of Heat Transfer 
and Wall Temperature 

The total specific heat flow to a wall can be determined as the 
difference between the energies of the incident and reflected mole
etlles: 

q =Et-Er 

Combining this equation with (15.5.7), we find 

q = YJ (if1- ifw) 

(15.5.17) 

(15.5.17') 

or with a view to expressions (15.5.11) and (15.5.9) for E1 and Ew, 
q = YJ (E tk 2 - 2mN 1Rwk1) (15.5.17") 

Substituting for E 1 its value from (15.2.55) yields 

q= 'rJmt1 {k2 [V~+RTt(4+ qJ!t )]-4RTwk1 } 

Bearing in mind that N 1 is determined by expressions (15.2.17') 
for the front surface and by (15.2.22) for the back one, while the mass 
of a molecule m = p 1/n 1, we obtain 

llPi /-lff;"{k [ 2 T (4 · 1 )-] k} q=-2-J' """2J1 z Voo+R 1 + cp+i -4RTw 1 

>~[e-~'+.TVn(1+erf.T)l (15.5.18) 

where (jl is determined by (15.2.56), k 2 by (15.5.12), and k 1 by 
(15.5.10). With a view to these relations for the front area, we have 

q=npl y (~~~)
3 

{re-x'+;:Vn(H erf.T)J 

[
-2 k+ 1 r"" , k_L 1 J 1 -v-(1 f-} 1 518' 

X Xoo- 2(k-1) ·--r;---t- 2(k,-1) +yx Jl +er x) ( 5.. ) 
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where 

RTI = PtiPt = af/k; X= Xoo sin~; Xoo = (V oolat) Yk/2 (15.5.19) 

We can also obtain a similar expression for q for the back area of 
a body in the flow, by substituting -x for x in (15.5.18'). 

Assuming in the relevant formulas that the heat flux q = 0, we 
can determine the equilibrium temperature of a wall. Particularly, 
with this assumption, we find from (15.5.18) that 

Tw=Te= 4~~~ [v~+RT1 (4+ qJ~i )] (15.5.20) 

A close look at (15.5.12) and (15.2.55) reveals that at very high 
velocities (V oo ::;p a 1) the parameter k 2 ;::::: 1. Therefore, using formula 
(15.5.10) for k1 and disregarding the second term in brackets in 
(15.5.20), we obtain 

or 

k-1 v;., 
Tw=Te= k+1 ·-,r 

T _ T _ 2Tt (k-1) - 2 
w- e- k+i Xoo 

(15.5.21) 

(15.5.21') 

Let us consider the expression for the Stanton number, which is 
a dimensionless number of heat transfer: 

(15.5.22) 

In such a form, this dimensionless criterion is called the local 
modified Stanton number. When high velocities (Xoo » 1, x » 1) 
are involved, the heat flow can be written for a front surface area, as 
follows from (15.5.18'), in an approximate form: 

q=-{-l']Rp1T1 V RT1 ( xe~: + 1 +erf x) xxZ., 
Using relation (15.5.19) for x, after introducing the value of q 

into formula (15.5.22), we obtain 

s 2k RTi VRT! ( e-x' 1 f-) -3 . ~ 
t= k+1 • Voocp,t(Te-Tw) y2 x yn + +er X XooSlll 

Since T w ~ T e• instead of the difference T e - T w we can use T e 
determined by (15.5.21'). In addition, performing the substitution 
Cp,t = kR/(k- 1) and Xoo = (VooiYkRT 1)Vk!2, we obtain 

sin 13 ( e-x• -) St=-- _ +1+erfx 
2 x Vn (15.5.23) 
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Now let us consider the friction factor. By (15.2.48) and (15.3.6'} 
for this factor related to the conditions on an area of the front snrface, 
we have the following expression: 

- "\z 
cu = f sin ~ cos ~ ( ~ v'" n + 1 + erf x) (15.5.24} 

By comparing (15.5.23) and (15.5.24), we can establish the rela
tion between the Stanton number and the local friction factor: 

St = Ct,!/(2/ cos ~) (15.5.~5)· 

Experimental investigations reveal that the specific heat flow 
(W/m 2

) at the stagnation point is 

where V0 is the orbital velocity, while the subscripts "H" and "ter" 
signify the conditions at the altitude H and the Earth (H = 0). 

The corresponding equilibrium temperature at this point is 

(15 .. 5.27} 

If no heat is supplied to a wall from inside (qc 1 = 0) and external 
radiation is disregarded (qrad = 0), the wall temperature is 

(15.5.28)> 

vVith a greatly cooled surface, the energy of the particles reflected 
from the wall is very small, i.e. E w « E 1• Therefore, instead of 
(15.5.17'), we can use the equation 

(15.5.29) 

When considering very high velocities at which k 2 ;:.:::; 1 and E ~e 
is determined by (15.2.61), we obtain the following expression for 
the specific heat flow on an area of the front surface: 

Expressing RT 1 in terms of the speed of sound a 1 by (15.2.1\:l) and 
assuming in accordance with (15.2.20) that x = sin~ (V oola 1}Vk!2 = 

= sin~ M ooVk/2, we find the heat flow [J /(m2s)l: 

q = 4.9 f]p 1Voo [1 + 5/(kM~)] sin~ (15.5.30' 



410 Pt. II. Methods of Aerodynamic Calculations 

At the stagnation point, ~ = n/2, therefore 

q = 4.9 l'JPtV~ [1 + 5/(kM'loo)l (15.5.31) 

In these expressions p 1 is in kg/m3 , and the velocity V oo in m/s. 
We have considered skin friction and heat transfer for a continu

()US and free-molecule gas flows. Slip flow occupies an intermediate 
position. Most modern methods of calculating skin friction and 
heat transfer for thisJ.flow are based on the use of boundary layer 
equations whose solution must satisfy special boundary conditions 
with a velocity jump (slip). These methods are described in [24, 
27' 28]. 
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sharp-nosed, in supersonic flow, 

298f 
transition point, 314 

Angle, 
attack, 

effective, 130 
empennage, 189, 197 
span-averaged, 190 

harmonic oscillations, 116 
local, 130 

tail unit panel, 132 
reduced, 235 

cone, 22 
critical, 21, 23 
and dissociation, 29 

disturbance, 66 
downwash, supersonic flow, 199f, 202 
rolling, and body-wing interference, 

155ff 
setting, tail unit, 132 



Angle, 
shock, 67f 

ahead of cone, 29 
and cone angle, 22 
conical surface, 27 
ahead of sharp-nosed cone, 24 

sideslip, 155 
sweep, 196 
wash, 130, 187, 244 
wedge, critical, 23 

Blackbody, heat emission. 326 
Blunting, 

degree, 31f 
and heat transfer, 34 

at hypersonic velocities, 34 
landing spacecraft modules, 34f 

Boattail, parabolic, 89 
Body(ies), see also Combination 

bluff, 302 
and drag reduction, 302 

blunt-nosed, 
with gas injection, 3G6f 
in supersonic flow, 32 
wave drag, 32 

conical, in free-molecule flow, 396 
equivalent, 227 
of revolution, see Borly(ies) of re

volution 
slender, aerodynamic theory, 107ff 
streamlined, 302 

Body(ies) of revolution, 128 
affine-similar, 72f, 93 
conical, 93 
in linearized flow 79 

sirnilarily law, 1 06f 
longitudinal moment coefficient, 123 
normal force coefficient, 117, 123 
parabolic, 86f, 89f 

in supersonic flow, 91 
with parabolic generatrix, 72f 
with parabolic nose and boattail, 89 
pitching moment coefficient, 117f, 

123, 399 
pressure coefficient, 81, 97f, 106 
sharp-nosed, 75ff 

27-055 
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Body(ieR) of revolution, 
density, 64 
pressure coefficient, 64 
in supersonic flow, 61ff 
temperature, 64 
velocity, 64f 

slender, i5ff, 81, 105 
in axisymmetric linearized flow, 

81ff 
centre-of -pressure coefficient, 1 08f 
harmonic oscillations, 119ff 
normal force coeffici nt, 107ff 
pitching moment coefficient, 108, 

11if 
pressure on, 85f 
wave drag coefficient, 89ff 

stability derivatives, 124ff 
in supersonic flow, 61ff, i4f 
in unsteady flow, 111 ff 
velocity potential, 79 

Boundary condition(s), 
flow over cone, 15 
on shock, 16 
behind shock wave, 39 
unsteady flow, 116ff 
for velocity, 250 

Boundary layer, 
bleed, 304f 

and aerodynamic drag, 304 
blowing, 304 
conditional thickness, 256f 
control, 304ff 
on curved surface, 295ff, 338ff 
density, 250 
displacement thickness, 256f 

incompn·ssible flow, 265, 277 
energy equation, 331ff, 339, 343 
enthalpy, 278ff 
entropy profile, 334f 
flow conditions and nose blunting, 

33 
flow stagnation in, 256 
friction force and density, 287 
integral relation, 253ff 
laminar, see Laminar boundary layer 
laminar flow, 109 
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Boundary layer, 
laminarization, 305 
laminar sublayer, 267, 276 

thickness, 268 
laminar-turbulent, 307 

!transition zone, 308f 
mixed, 307 

on flat plate, 308, 314ff 
momentum thickness, 256 

and compressibility, 265 
incompressible flow, 265, 277, 315f 

motion equation, 334 
and Reynolds number, 307ff 
separation, 

and aerodynamic characteristics, 
299ff 

in compressible flow, 303 
shear stress, 335 

ratio at wall, 263f 
shock action on, 303f 
skin friction, 282, 290ff 
stability on curved surface, 313 
stabilization, by cooling, 305 
temperature, 277ff, 281 
thickness, 261f, 297 

and compressibility, 263 
compressible flow, 261f, 285 
incompressible flow, 262f, 285 
ratio, 263, 285 
reduced, 298 

turbulent, see Turbulent boundary 
layer 

turbulent flow, 109 
turbuliza tion, 312 

and shear stress, 276 
velocity, 

distribution, 261, 296f 
at edge, 268 
profile over cross section, 275, 

334f 

Centerbody, 306 
Centre of pressure, 

body-wing combination, 148ff 
position and interference, 150 

Characteristics, aerodynamic, 
bodies of revolution, slender sharp

nosed, 75ff 
body-empennage combination, 206f, 

218ff 
body-wing-empennage combination, 

206f, 220ff 
boundary layer separation, 299ff 
overall, body, 35 

Circulation, distribution, 195 
Coefficient(s), 

accommodation, 
and heat transfer, 391 
normal momentum component, 

389f 
tangential momentum component, 

389f 
thermal, 391f 

aerodynamic, see Aerodynamic 
coefficients 

axial force, 100 
cone, 103 
in linearized flow, 103 

catalytic, 360 
centre-of-pressure, 105, 221f 

body of revolution, 108f 
body-wing combination, 147, 

150, 163f, 178, 219 
linearized flow, 105 
slender body of revolution, 105, 

108£ 
slender cone, 105 

drag, see Drag coefficient 
heat transfer, 324f 

and friction factor, 335 
laminar boundary layer, 364 
reference, 336 

hinge moment, see Coefficient(s), 
longitudinal moment 

lateral force, 
body-wing combination, 172 
in rolling, 164f 

lift (force), 
body of revolution, 399 
free-molecule flow, 399 
and molecule reflection, 404 



Coefficient(s), 
body-empennage, 198 
section with empennage, 244 
in wind coordinate system, 106 

longitudinal force, 110 
longitudinal moment, 123 

body of revolution, 123 
wing-body combination in roll

ing, 164 
normal force, see Normal force 

coefficient 
pitching moment, see Pitching mo

ment coefficient 
pressure, see Pressure coefficient 
pressure-drop, 

body-wing, 140, 142, 157f, 168f 
circular cylinder, 142 
control surface, 215 
wing-body, 142 
wing with subsonic leading edge, 

176 
wing with supersonic leading edge, 

175 
radiation, blackbody, 326 
rolling moment, 238 

additional, 182, 185 
body-wing combination, in roll-

ing, 165 
in rolling, 184 
rotary derivative, 236f 
sideslip, 238 
total, 182 

stagnation, 179f 
suction force, 230 
wave drag, see Wave drag coeffi

cient 
yawing moment, 

body-wing combination, 172 
in rolling, 164 

Coincidence, affine, 93 
Combination, 

body-all-movable empennage, 218ff 
body-all moving wing, 219 
body-cruciform wing, 166ff, 186 
body-empennage, 198, 206f, 218ff, 

240f 

27* 

Combination, 
lift (force) 
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curvilinear motion, 233 
stability derivatives, 233f 

body-flat empennage, 186 
body-flat wing, 132ff, 163, 165, 186 

disturbance velocity potential 
135 

pressure, 15/ff 
in rolling, 164ff 

body-triangular wing, 143ff 
body-wing, 132ff, 143ff, 147ff, 153f, 

157f, 160f, 163ff, 168f, 172, 178, 
193f, 240f 
centre of pressure, 148ff 
normal force, 153f 
rolling moment, 149 
with tail part, 17/f 
without tail part, 177f 

body-wing-empennage, 188ff, 206f, 
220ff 

cylindrical body-flat panel, 166ff 
empennage-body, 220 
wing-body, 180, 187f, 190ff 
wing-empennage, 187ff 

Compressibility, and boundary layel' 
thickness, 263 

Condition(s), boundary, see Boundary 
condition(s) 

Conduction, heat, molecular, 319 
Cone, 

in axisymmetric supersonic flow, 
12f 

blunt-nosed, 30ff, 51f 
drag, 58f 
in supersonic flow, 32ff 
wave drag, 55 

boundary conditions, 15 
density ratio on, 23 
with elliptical blunting, 31f 
flat-nosed, 31 

minimum pressure, 34 
pressure coefficient, 34 

in flow at constant specific heats, 
14ff 

laminar boundary layer, 293 
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Cone, 
maximum velocity on, 53 
pressure on, 23, 27 
sharp-nosed, 12ff, 57 
slender, 

centre-of-pressure coefficient, 105 
normal force coefficient, 104 
pitching moment coefficient, 105 
at small angle of attack, 97 
wave drag coefficient, 88 

spherical nose, 35ff, 48f 
temperature, 23, 27 
turbulent boundary layer, 294 

Cone-sphere, 30ff 
secant, 31 
tangent, 30f 

Constant, 
Boltzmann, 388 
Stefan-Boltzmann, 326 

Control surfaces, 
aerodynamic calculations, 213ff 
all-movable, 209f 
pitching effectiveness, 222f 

and empennage turning angle, 222 
and wing deflection angle, 222 

and slot formation, 223f 
tip, 210 
along trailing edge, 210f 
uses, 211 
yawing effectiveness, 223 

Controllability, craft, 212f 
and static stability, 213 

Control(s), see also Control surfaces 
all-movable, normal force, 216f 
boundary layer, 304ff 
combined, 209 
effectiveness, 212 

longitudinal, 220 
tip, 209f 

Correction(s), 
Dorodnitsyn's, 267 
interference, 133 

Craft, see also Aircraft 
cruciform arrangement, 236 
non-stationary characteristics, 231ff 
pitch damping, 232ff 

Criterion, similarity, 106, 346 
Crossflow, 

additional velocity potential, 79f, 
93f, 102, 111f 

velocity, 130 
Curve(s), 

apple, 19ff 
family, 22 

gas flow conditions, 373 

Degree, stagnation, 205 
Density, 

boundary layer, 250 
on cone, 27 
dimensionless, 38 
dissociating and ionizing gas, 25f 
ratio, on cone, 23 
relative, on cone, 27 
sharp-nosed body, 64 
behind shock, 25f 
stagnation, at boundary layer wall, 

259 
Derivatives, 

roll-damping, 236 
rotary, 233, 236ff 
stability, see Stability derivatives 

Distribution, 
circulation, 195 
Maxwellian, 375f 
pressure, see Pressure distribution 
velocity, see Velocity, distribution 

Disturbance, propagation in super
sonic flow, 94f 

Dissociation, 319 
Doublets, 94 

distribution function, 95 
Downwash, 131f 
Drag, 224ff, 392ff 

additional due to pressure re
distribution, 300f 

body, 225£ 
and superstructures, 225 

conical nose, 110 
conical surface, 56 
cylinder, 399ff 



Drag, 
empennage, 226f 
in free-molecule flow, 397 
friction, 276, 295 

cone, 292 
plate, 264 

induced, 229f 
laminar-flow airfoils, 314 
plate, 401f 
slender blunt cone, 58f 
suction, 301 

and compressibility, 302 
total, 227 
two-cone combination, 395f 
vortex, 301f 
wave, 23 

blunt-nosed body, 34, 55 
wing, 226f 

Drag coefficient, 
in absence of lift force, 224 
body of revolution, 399 
cone, 396ff 
conical surface, 56 
cylinder, free-molecule flow, 400£ 
induced, 229f 

and angle of attack, 230 
and molecule reflection, 402ff 
parabolic boattail, 90 
plate, 264 

free-molecule flow, 401 
due to reflected molecules, 396 
sharp-nosed cone, 57 
slender blunt cone, 59f 
sphere, free-molecule flow, 398 
total, 56, 224, 227 

Edge, 
leading, 

subsonic, 176 
supersonic, 175 

sweptback, 
subsonic, 176 
supersonic, 176 

Effect, entropy, 33f 
Elevators, 211 

Elevons, 212 
Emittance, 

gas, 326 
surface, 330 

Subject Index 421 

and roughness, 330 
Empennage, 

cruciform, 181, 234 
effectiveness, 188f, 192, 197, 202f 

and flow stagnation, 205f 
and shocks, 204f 

non-tandem, 204 
plus-shaped, 234 
rotating, 209 
vertical asymmetric, and rolling, 

185 
Energy, 

balance, 405f 
exchange, 391f 
kinetic, transfer, 387f 

Enthalpy, 
boundary layer, 278ff, 283 
on cone, 26 
in dissociating and ionizing gas, 25f 
dissociation, 360f 
mixture component, 319f 
recovery, 2/9, 364 
reference, 283 
on shock, 25f 
stagnation, 249, 278, 332 
total, 249 

Entropy, 
gradient, /0 
profile in boundary layer, 334f 

Equation(s), 
Bernoulli, 52, 80 
Bessel, 114 
boundary layer, 245ff, 250f, 346 

generalized, 251ff 
differential form, 251f 

three-dimensional axisymmetric 
flow, 251f 

characteristic element, 
first family, 61, 65f, 68 
second family, 68ff 

continuity, 13, 38, 76, 246, 249f 

laminar boundary laye1·, 339 
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Equation(s), 
differential, disturbance velocity po

tential, 135 
diffusion, flow in frozen boundary 

layer, 356f 
energy, 249f 

for boundary layer, 331ff, 339, 
343 

energy balance, 
diatomic gas, 405f 
in stationary heat transfer, 405 

heat balance, 318f, 363 
hodograph, 16 
linearized, aerodynamics, 75ff 
mass transfer, 375 
motion, 36ff, 339, 342 

boundary layer, 334 
Navier-Stokes differential, 245f 
potential function, 76 

linearized differential, 77 
Prandtl, 248ff 
shock polar, 16 
state, 249f 
system, axisymmetric flow over 

cone, 12ff 
von Karman's, 268 

Equilibrium, local Maxwellian, 376 

Factor(s), 
correction, 151 

for compressibility, 173 
for slot influence, 224 

enthalpy recovery, 279f 
laminar boundary layer, 280 
and Prandtl number, 280f 
turbulent boundary layer, 280 

friction, see Friction factor 
interference, see Interference fact-

or(s) 
intermittence, 308 
Reynolds analogy, 336 
temperature recovery, 279, 283 

Fences, aerodynamic, 305 
Field, velocity, 19 

approximate calculations, 129 

Field, velocity, 
in disturbed flow over cone, 15 
in flow due to interference, 135 
isentropic flow, 63 
at zero angle of attack, 141 

Flap, jet, 209 
Flow(s), 

axisymmetric, 12f, 24, 101 
over flat-bottom cone, 396f 
pressure distribution, 102 
over slender body of revolu-

tion, 81ff 
three-dimensional, 251f 
unsteady, 112 
zero angle of attack, 77, 79 

in boundary layer, see also Bound
ary layer 
and nose blunting, 33 

over circular cylinder, 136 
compressible, 257ff, 264, 285f 
over cone, 

blunt-nosed, 51f 
boundary condition, 15 
dissociating gas, 14 
and equilibrium gas dissocia-

tion, 24ff 
and gas ionization, 24ff 
skin friction, 290ff 
with spherical nose, 35ff, 48f 
supercritical, 21 
supersonic, 20f, 290ff 

conical, 12 
at constant specific heats, 14ff 
continuum, 371f 
disturbed, 

over cone, 15. 292 
incompressible, 135 

downward, 199f 
external incompressible, and critic

al Reynolds number, 309f 
over flat nose, 57f 
free, 245 

and viscosity, 245ff 
free-molecule, see Free-molecule flow 
frozen, 324 
heat, specific, see Specific heat flow 



Flow(s), 
incompressible, 135, 262ff, 273, 277, 

285, 301, 315f 
intermediate, 371 
isentropic, 63 
laminar, boundary layer, 1 O!l 
linearized, 75f, 79, 81ff, 102ff, 174 

disturbed, 77 
normal force and angle of attack, 

134 
three-dimensional, 138 

longitudinal, disturbed, 79f 
nearly uniform, 77, 79 
non-axisymmetric, 77, 93ff, 398 
non-isentropic, 63, 67 
oblique, 95 
over plate, 257ff, 291ff 
potential, 71f 
separation, 299f 
without separation, 79 
over sharp-nosed cone, 12ff 
over slender body of revolution, 

75ff 
at angle of attack, 106 

slip, 371f, 410 
and velocity profile, 372 

at small angle of attack, 97 
over smooth curved surface, 300 
stagnation, 

and aerodynamic parameters, 
178ff 

in boundary layer, 256 
and empennage effectiveness, 

205f 
near stagnation point, 35 
steady, 

over curved surface, 245ff 
inviscid, 76 
linearized, 78 
at small angles of attack, 75f 
viscous compressible fluid, 245ff 

subsonic, 189f, 295f, 31 7 
supercri tical, over cone, 21 
supersonic, see Supersonic flow 
turbulent boundary layer, 109, 275 
undisturbed, 78, 116, 292 
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Flow(s), 
unsteady, 111ff, 118 

axisymmetric, 112 
over body of revolution, 111ff 
boundary conditions, 116ff 

viscous, 
in circular pipe, 273ff 
dissociating gases, 279 
in turbulent boundary layer, 275 

vortex, 63, 67ff, 72f 
vortex-free, 63 
over wedge and cone, 22f 
at zero angle of attack, 61ff, 77, 79, 

141 
Force(s), 

axial, 99 
drag, see Drag 
friction, 252 

excess, 252 
lateral, body-wing combination, 

160f 
lift, and molecule reflection, 404 
longitudinal, 99, 392f 
normal, see Normal force 
in rolling, 181 
suction, 110f 

Formula, 
Newton's, 51, 260, 263, 269, 292, 

324 
modified, 52 

Prandtl-Schlichting, universal, 277 
Zhukovsky's, 191 

Free-molecule flow, 371f, 374ff 
aerodynamic coefficients, 396ff 
over conical body, 396 
over curved surface 
drag force, 397 
over flat surface, 380f 
friction factor, 386f, 390, 409 
kinetic energy transfer, 387f 
over plate, 401ff 
pressure, 382ff 
shear stress, 385ff 

Friction, see Skin friction 
Friction factor, 

average, 
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Friction factor, 
average 

disturbed flow, 292 
plate, 316 
turbulent boundary layer, 295 
undisturbed flow, 292 

body of revolution, 316f 
compressible flow, 264, 285f 
free-molecule flow, 386f, 390, 409 
incompressible flow, 264, 273, 276f, 

285f 
local, 271, 276, 285 

disturbed flow, 292 
laminar boundary layer, 297 
undisturbed flow, 292 

supersonic flow, 299 
and temperature, 286 

Function, 
distribution, 3 77 

Maxwellian, 375f 
doublet distribution, 95 
drag, 92 
MacDonald's, 114 
potential, 76, see also Velocity po

tential 
Laplace-Gauss, 175 
stream, 340 

Gas, see also Air 
dissociating, 25f, 28f, 284 
effective emissivity, 326 
emittance, 326 
flow conditions, 370ff 

curves, 373 
and velocity near wall, 372 

highly rarefied, 371 
parameters, 

on blunt-nosed surface, 54 
on conical surface, 27f 
on peripheral conical surface, 54 
reference, 283 

Gradient, 
entropy, 70 
pressure, 

at centre of flat nose, 58 
longitudinal, and friction, 295ff 

Gradient, 
temperature, 319, 331 
velocity, 344f 

initial, 50, 53 
at stagnation point, 50 

Heat flux(es), 
aerodynamic, 318 

at high altitudes, 368 
at stagnation point, 328 

average over plate, 337 
conduction and diffusion, 323f 
on cone, 353f 
by diffusion, 319ff, 359 
distribution on blunt-nosed cone, 

353f 
to flat nose, 354f 
radiant, 326 

maximum, 327 
spherical nose, 327 
from Sun, 328 

at stagnation point, 328, 348f, 360 
total, to wall, 360f 
transition region, 366 

Heat transfer, 
blunt-nosed bodies, 34 

hypersonic velocities, 34 
on blunt-nosed cone, 351ff 
in boundary layer, 319, 322ff 

on curved surface, 338ff 
and catalytic reaction rate constant, 

362 
coefficient, 324f 

and friction factor, 335 
laminar boundary layer, 364 
reference, 336 

by convection, 324 
by diffusion, 322, 356ff 

in boundary layer, 322ff 
and dissociation, 325 
and flight speed, 362 
free-molecule flow, calculation, 407ff 
by gas to wall, 338 
from heated gas, 319ff 
rate, at stagnation point, 349 



Heat transfer, 
on spherical surface, 351 
in turbulent boundary layer, 355f 

Heating, aerodynamic, 318ff 
Hodograph, 19f 

equation, 16 
Hypothesis, 

absence of boundary layer influ
ence, 248 

constant shear stress over boundary 
layer, 267 

continuum, application to flow 
studying, 371 

kinematic similarity in fluid flow, 
274 

Integral, 
Euler-Poisson, 378 
probability, 379 

Interaction, molecule-wall, 374f 
Interference, 128ff, see also Combina

tion 
aerodynamic, see Interference 
body-empennage, 183 
body-flat wing, 157ff 

disturbance velocity potential, 
135 

rolling angle, 155ff 
velocity components, 158 

and compressibility, 173 
corrections, 133 
factors, see Interference factor(s) 
nature, 128ff 
tail unit-wing, and shock, 205 
wing-body, 128f, 183 

non-slender configuration, 174 
normal force, 143 
due to sideslip, 160 
with sideslip, 160ff 

wing-empennage, 130ff 
and angle of attack, 204f 
subsonic velocities, 189f 
supersonic velocities, 190ff 
thin combination, 188 

wing-tail unit, 132 
linearized supersonic flow, 131 
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Interference fac,tor(s), 133f, 193, 22& 
body, 173, 217f 

non-slender configuration, 174 
body-wing, 145ff, 153, 171, 177f 
and boundary layer of body, 151f 
determination, 143ff, 196ff 
empennage, 207 
panels, 184 
in rolling, 161f, 171 

cruciform wing-body combina
tion, 162 

flat wing-body combination, 162 
triangular empennage, 201f 
wing, 173, 207, 217f 
wing-body, 145ff, 153 
and wing taper ratio, 151 

Ionization, 319 
I rradiance, 

Earth, and altitude, 330 
Sun, 328f 

Laminar boundary layer, 250, 25/ff, 
285ff, 290ff 
calculation, 297ff 
in compressible flow, 257ff 
continuity equation, 339 
enthalpy recovery factor, 280 
on flat plate, 257ff, 285ff 
friction factor, 297 
heat transfer coefficient, 364 
heat transfer on curved surface, 

338ff 
incompressible, 285 
skin friction, 282, 290ff 
stability, 

and Mach number at edge, 312f 
and surface roughness, 310f 
and wall temperature, 311, 313 

thickness, 
on cone, 293 
and dissociation, 287 
on flat plate, 293 
and temperature ratio, 286 

Law, 
Fourier's, 319 
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Law, 
similarity, 72f, 91f, 106f 

body of revolution in linearized 
flow, 106f 

Stefan-Boltzmann, 326, 330 
velocity distribution, turbulent 

boundary layer, 273ff 
Layer, 

boundary, see Boundary layer 
high-entropy, 32 

flow in, 32f 
Length, 

characteristic, 242 
mixing, 266f 

in incompressible flow, 267 
Lines, hinge, 209f 
Loading, wing, 198f 

Manoeuvrability, craft, 212f 
Method, 

analogy, 94f 
characteristics, 61 ff 
direct solution of equations, 356 
Dorodnitsyn's, 302 
Newton's, 51 

flow over blunt-nosed cone, 51£ 
reduced angle of attack, 235ff 
reference parameters, 299 
reverse-flow, 197, 213ff 
sources, 82f, 111 

Model, 
Euler's, 52 
Newton's, 52 
vortex, 

body-wing eombination, 193f 
flat craft configuration, 231 
wing-body combination, 190fi 

Modules, landing spacecraft, 34f: 
Molecules, 

reflected, temperature, 404ff 
velocity, 

mean, random motion, 376 
mean :"square, random motion, 
376 
most probable, 376 

Moment, 
damping, 126 
pitching, 101 

additional due to rolling, 163 
body-wing combination, 148 

rolling, 
additional, 185 

in sideslip, 163 
body-wing combination, 186f 
flat combination, 186f 
tail unit, 207f 

in rolling, 182 
spiral, 234f, 237, 239 
yawing, 234f 

Momentum, transfer to wall, 389ff 
Motion, see also Flow(s) 

body of revolution, 116f 
rolling, 223 

Normal force, 100 
additional, with V-shaped surface, 

183 
all-movable controls, 216f 
and aspect angle, 217 

in linearized flow, 134 
body-empennage combination, 198 
~ody-wing combination, 132ff, 

143ff, 153f, 160f 
in sideslip, 169 
supersonic flow, 191 

body-wing-empennage combina-
tion, 188ff 

developed by control urface, 214££ 
empennage, 232f 
due to rolling, 170f 
in rolling, 180ff 
wing-body interaction, 143 

Normal force coefficient, 101 
additional, 

due to all-moving wing deflec
tion, 218f 

due to interference, 173 
with V -shaped surface, 183 

axisymmetric flow, 101 
body-empennage combination, 

220 



Normal force coefiicient. 
body of revolution, 117, 123 

slender, 1 07ff 
body-wing combination, 134, 143ff, 

153f, 163, 165, 172 
body-wing-empennage combination, 

206f, 220ff 
empennage, 189f 

in rolling, 235f 
empennage-body combination, 
220 
in harmonic oscillations, 119 
linearized flow, 104 
reduction due to vortex, 203 
in rotation, 122 
slender cone, 104 
subsonic sweptback edge, 176 
supersonic sweptback edge, 176 
tail part, 193 
wing-body combination, 180 

Noses, 
blunt, shape, 30ff 
conical, 110 
flat, 57f, 354f 

velocity gradient at centre, 
58 

ogive, 93 
parabolic, 71ff, 89 
spherical, velocity distribution, 50f, 

53 
Number, 

Knudsen, 370, 373 
Lewis, 322 
Mach, 

on conical surface, and velocity, 
29 

and pressure on cone, 29f 
Nusselt, 325f, 335 

laminar boundary layer, 335 
local, 335 

Prandtl, 249, 280, 284, 322 
for air, 280 
reference, 336 

Reynolds, see Reynolds number 
Schmidt, 322, 357 
Stanton, see Stanton number 
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Opaqueness, air, 327 
Oscillations, harmonic, 

about lateral axis, 119ff 
low-frequency, 118ff 
normal force coefficient, 120 
pitching moment coefficient, 120 
pressure coefficient, 119 
unsteady flow, 116f 

Panel(s), 
flat, and circular cylinder, 166ff 
horizontal, 181 
interference factor, 184 
with rounded tips, 182 
tail unit, local angle of aspect, 132 
triangular, 182, 199 
vertical, 181 
wing, rectangulat', 151 

Parameter(s), 
gas, 27f, 54, 283 
inviscid flow, 74f 
kinematic, dimensionless, 122, 232 
stagnation pressure, 23 

Path, free molecules, 369f 
Pitching moment coefficient, 101 

additional, 233 
body of revolution, 117f, 123, 399 
body-wing combination, 149, 172 

in rolling, 164 
body-wing-empennage combination, 

206f 
in harmonic oscillations, 120 
linearized flow, 104 
in rotation, 122 
slender body of revolution, 108 
slender cone, 105 
total, 243 

Plates, wing-tip, 305 
Point, 

separation, 300f 
and compressibility, 302 

transition, 
location, 309 
wing airfoils, 314 

Polar(s), shock, 22 
equation, 16 



428 Subject Index 

Potential, 
complex, 167 

crossflow, 158 
disturbance velocities, 158 
flow over circular cylinder, 136 
horizontal panels, 166 
vertical panels, 166 

disturbance, 78 
velocity, see Velocity potential 

Pressure, 64 
on body, body-flat wing combina-

tion, 157ff 
in boundary layer, 248 
coefficient, see Pressure coefficient 
on cone, 23, 27 
dissociating and ionizing gas, 25 
distribution, see Pressure distribu-

tion 
excess, conical body, 51f 
on flat-nosed cone, minimum, 34 
in free-molecule flow.~ 382ff 
gradient, 295ff 
on shock, 25 
on slender body of revolution, 85f 

stagnation, 67 
behind conical shock, 64 
ratio, 179 

on wing, body-flat wing combina
tion, 159f 

Pressure coefficient, 51 
body of revolution, 81, 97f, 106 

additional, 117 
body-wing combination, 139, 157 
component, 

axisymmetric flow, 81 
crossflow, 81 

on cone, 23, 27 
axisymmetric supersonic flow, 24 
flat-nosed, 34 
with gas dissociation and ioni

zation, 28 
on conical surface, 88 
distribution over body with para

bolic nose and boattail, 89 
in harmonic oscillations, 119 
in rotation, 122 

Pressure coefficient 
sharp-nosed body, 64 
wing-body combination, 142, 159 

Pressure distribution, 
on airfoil, 

subsonic flow, 295f 
supersonic flow, 296 

in axisymmetric flow, 102 
near body of revolution, 71f 
over flat nose, 57f 

Radiation, solar, diffuse, 328 
Ratio, 

aspect, 196, see also Ratio, fineness 
effective, 229 

base taper, 108 
boundary layer thickness, 263, 285, 

289 
density, 

on cone, 23 
with dissociation in boundary 

layer, 286 
fineness, 71 

nose, 72 
friction factor, 285f, 288 
lift-drag, plate, in free-molecule 

flow, 401 
pressure, 

blunt-nosed cone, 351 
three-dimensional linearized flow, 

138 
shear stress, 285, 294 

laminar boundary layer, 285 
turbulent boundary layer, 288, 

290f 
stagnation pressure, 179 
taper, 196 
thickness, 288 

Reflection, molecular, 
diffuse, 374f, 381 
specular, 374 

Region, heat flux transition, 366 
Reynolds number, 

critical, 275, 307ff 
experimental, 309 



Reyndols number 
longitudinal pressure gradient, 

314 
subsonic flow, 317 
supersonic flow, 317 
and surface shape, 313 

local, 263 
pipe, 274 

Rocket, 128 
Roll, damping, 235ff 
Rotation, about lateral axis, 116f, 

121ff 
aerodynamic coefficients, 122f 

Roughness, 
height, 

critical, 311 
effective, 311 

surface, and critical Reynolds 
number, 310 

Rudders, 211 
Rule, 

area, 227ff 
and drag calculation, 228f 

conjugate radii, 190 

Separation, flow, 299f 
Shear stress, 252f 

boundary layer, 335 
on cone in supersonic flow. 291f 
and dissociation, 287 
in free-molecule flow, 385ff 
laminar flow, 253 
on plate in supersonic flow, 291ff 
and pressure gradient, 296 
turbulent boundary layer, 288, 294 
turbulent flow, 252 
at wall, 255, 263, 269, 271, 274ff 

laminar boundary layer, 285 
and temperature, 264 

Sheet, vortex, 187, 192, 194 
Shock(s), see also Shock wave 

ahead of blunt body, 306 
and empennage effectiveness, 204f 
kinetic parameters, 15 
motion away from cone tip, 21 
velocities ahearl and behind, 16 

Subject Index 429 

Shock wave, see also Shock(s) 
detached, 32f 
detachment distance, 46ff 

and dissociation, 48 
from flat nose, 57 
and ionization, 48 
relative, 47f, 50 

deviation from concentric shape, 
46 

generatrix, 48f 
radius of curvature, 49f, 57f 

Similarity, aerodynamic, 93 
Skin friction, 

in boundary layer, 282, 290ff 
on cone in supersonic flow, 290ff 
and heat transfer, 331ff 

Solutions, similar, 344 
Specific heat flow, 318 

resultant, 321f, 360 
due to terrestrial radiation, 328ff 
at stagnation point, 409 
to wall, 407 

Speed, sound, 77 
Stability derivatives, 111, 231 

body-empennage combination, 
240f 

body of revolution, 124ff 
body-wing combination, 240f 
dynamic, 125f 
low-frequency oscillations, 120ff 
and Mach number, 124f 
static, 124ff 
total, 242 

body-empennage combination, 
233f 

yawing, 234f 
Stanton number, 325f, 335, 408 

average value, 337 
on cone, 338 
on plate, 338 

laminar boundary layer, 335 
local, 336 

modified, 408 
and local friction factor, 409 
reference value, 336 
turbulent boundary layer, 336 
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Streamline(s), 
mean displacement, 257 
sonic, 32f 

Strength, 
vortex, 44 

dimensionless, 193 
vorticity (vortex sheet), 195 

Stress, shear, see Shear stress 
Sublayer, laminar, 267 

thickness, 268 
Supersonic flow, 12f, 20f, 24, 29, 32ff, 

174, 199f, 290ff, 296, 317, 366 
over body of revolution, 74ff, 91 
over cone, 20f, 32ff, 54f, 290ff 
disturbance propagation, 94f 
friction factor, 299 
over plate, 291ff 
over sharp-nosed airfoil, 298f 
over sharp-nosed body of revolu-

tion, 61ff 
over spherical surface, 36 
at zero angle of attack, 61ff 

Surface(s), 
auxiliary, 305 
control, see Control surfaces 
V-shaped, and rolling moment, 

183f 

Tail unit, 
angle of attack, 132 
effectiveness, and flow stagnation, 

205f 
non-tandem, 204 
setting angle, 132 

Temperature, 
over boundary layer, 281 
on cone, 23, 27 

and gas dissociation, 28 
equilibrium, 363, 408£ 

with additional heat sources, 
367£ 

equilibrium emission, 363ff 
distribution over airfoil surface, 

366 
at moderate flow velocities, 366 

Temperature, 
near stagnation point of sphere, 
365 
in supersonic flow, 366 

gradient, 319, 331 
recovery, 279, 284 

reduced, 367 
reference, 282ff 
reflected molecules, 404ff 
sharp-nosed body, 64 
stagnation, 250 
wall, 281 

and ablation, 368 
determination, 363ff 
equilibrium, 408f 
equilibrium emission, 363ff 
and solar radiation 

Terms, interaction, 158 
Theory, 

aerodynamic, slender body, 1 07ff, 
203, 213 

boundary layer, 246 
conformal transformation, 135 
continuum flow, validity limits, 

369f 
linearized, limits of application, 

91£ 
Newton's, 

collision, 397f 
corpuscular, 51f 

slender body, 109, 122, 126 
Thickness, displacement, relative, 152 
Transform, Laplace, 112f 
Transformation, 

affine, 93 
conformal, 135f, 166f 

Turbulent boundary layer, 252, 268, 
275, 288ff, 293ff 
enthalpy recovery factor, 280 
on flat plate, 265ff 
friction factor, 295 
heat transfer, 355f 
and separating flow, 301f 
stability and surface roughness, 311 
Stanton number, 336 
thickness, 276 



T urbulent boundery layer 
in compressible gas, 288 
thickness, 
on cone, 294 
and dissociation, 289 
on flat plate, 294 
in incompressible flow, 288 

velocity distribution, 273ff 

Upwash, 131f 

Velocity(ies), 
axial component, 84, 96f, 137, 140f 
on body in presence of wing, 139 
boundary conditions for, 250 
at boundary layer edge, 268 
complex, 129 

disturbance, 158 
components, in body-flat wing in

terference, 158 
on cone, 54 

and cone angle, 22 
maximum, 53 

crossflow, 130 
distribution, 

on blt.nt cone in supersonic flow, 
54f 

in boundary layer, 261, 267, 296f 
on spherical nose, 50f, 53 

disturbance, 
axial component, 137, 140f 
complex, 158 
lateral component, 138, 140f 
vertical component, 138, ~140f .: 

disturbed, components, 77 
in wind coordinates, 156 

field, see Field, velocity 
free-stream, components in cylin

drical coordinates, 78 
friction, 311 
gradient, 344f 

initial, 50, 53 
at stagnation point, 50 

in high-entropy layer, 33 
hypersonic, 34 

Velouty(ies), 
disturbance, 
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lateral component, 138, 140£ 
maximum, 

on cone, 53 
sharp-nosed body, 64f 

molecules, 376 
normal component, 

behind shock, 17f, 25 
undisturbed flow, 116 

orbital, 349 
over pipe cross section, 274 
profile, over boundary layer, 275, 

334f 
radial component, 25, 8-H, 98, 141 
sharp-nosed body, 64 
near stagnation point, 40ff 
total, behind shock, 39 
vertical component, 138, 140f 
vertical downwash, 200 
on wing in presence of body, 140f 

Velocity potential, 
additional, 

crossflow, /9f, 93f, 102, 111f 
longitudinal disturbed flow, 791 

axisymmetric unsteady flow, 112 
body of revolution, 79 
continuously distributed unsteady 

doublets, 115 
determination with interference, 

134ff 
disturbance, 78, 135 
linearized flow, 79 
non-axisymmetric flow, 94, 115 
undisturbed flow, 78 
unsteady flow, 118 
unsteady sources, 111, 114f 

Viscosity, turbulent, 252f 
Vortex(ices), 

attached, 1 90f 
bound, see Vortex(ices), attached 
conjugate, 190f 
double component, 40 
empennage, 196 
formation in separation zone, 297 
free, 190f, 1 93f 
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Vortex( ices) 
influence on rolling, 185ff 
on nose surface, 43 
rolled-up, 193 
sheet, 187, 192, 194 
behind shock wave, 43ff 

strength, 44 
near stagnation point, 45f 
strength, 44 

dimensionless, 193 
wing, 196 
zone of influence, 199, 203 

Wall, adiabatic, 406f 
Wash, 130, 187f 

wing, 131f 
rectangular, 131 

Wave, shock, see Shock wave 
Wave drag coefficient, 

axisymmetric supersonic flow, 24 
blunted nose, 56 
body of revolution, 74f 

parabolic, 74f 
slender, 89ff 

flat nose, 57 
slender cone, 88 
spherical nose, 55f 
supersonic flow, 74f 
in wind coordinate system, 106 

Wedge, 
critical angle, 23 
and flow on oblique shock, 22 

Wing(s), 
all-moving, 218ff 
crossed, 133 
cruciform, 166ff 
flat, 132f 
flying, 212 
isolated, 134 
loading, 198f 
plus-shaped, 133 
rectangular, 151 

wash, 131 
rotating, 209 
separate, 134 
triangular, 143ff, 161 
vertical asymmetric, and rolling, 

185 
wash, 131f 
zone of influence on tail unit, 131 

Zone(s), 
doubtful similarity, 73 
separation, 108f 

vortex formation, 297 
stagnation, 300 
transition, boundary layer, 308f 

location, 309 
undisturbed flow, 143 
vortex influence, 199, 203 
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